APPENDIX A
MAURER'S THEORY OF INSTRUCTIONS

In a recent article, W. D, Maurer (1966) has proposed a mathema-
tical description of computers relating the notions of memory and
instructions in a manner which, at least formally, is rather different
from the approach taken here. IHowever, as the motivation behind his
formulation is similar to ours in some respects, there are interesting
correspondences, and as we shall see, several of Maurer;s definitions
are special cases of those given in this dissertatiom.

According to Maurer's definition, a computer (which we shall hence-

forth call an M-computer to avoid confusion with the definition in

Chapter IV) is specified by a é4~tuple (M,;E,Aa,ci) where

(i) M is a set called the memory,
(i1) B 1is a collection of sets'{Bx} called base-sets indexed
over M,
(iii) 45 is a subset of ><J?: that is, .4 is a collecticn of

mappings Q:M - L_J BX such that Q(x) € Bx for all x. The elements of
xeM

48 are called states.
(iv) ef is a collection of (total) functions 1:48-+48 called

instructions.

An immediate difference between a computer as previously defined
and an M-computer is that an }M-computer does not include the specifica-
tion of a global transition function. In order to determine the next
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state of an M-computer both the current state and the instruction being
executed must be known, whereas in our definition the latter was complete-
ly determined by the former. Thué in order to describe a computer as an
M-computer we must modify either the notion of state or instruction. We
could, for example, take the mappings I: A -+ ‘8 to be partial functions.
(altho-ugh then Maurer's theorems on the composition of instructions will
not hold). 1In this case, for any computer ¥ = (S,f,4,w) we can by
relabelling obtain an M-computer whose states ¢3 correspond one—to—-one
to the states of €, whose memory is the set of registers of &, such
that for each instruction Z of ¢ there is a (partial) mapping IZ: 48 +J
which coincides with £ on Z.

An alternative approach is to consider the memory of a computer

to be just those registers which are not part of any control location,

i.e. those in A (w). Then if A is cartesian and the control location
1s constant for each operation, we can construct an M-computer whose
states correspond one-to-one to the blocks of m, such that the
mappings IZ which correspond to the instructions Z of &€ are total
functions on xg to ,8 . The formal details are spelled out in A.1l.

Maurer further requires that an M-computer satisfy the following
two requirements:

(P1) For all Ql’ Q2 3 ,8 and M, & M, there exists Q3 £ ,8 such

1
that

Q3(x) = Ql(x) for x e Ml s -

Qa(x) QZ(X) for x e M - Ml :

(P2) For all Qq, Q, ¢ § , {&x e u|Q (x) # Q,(x)} is finite.
(This latter condition clearly corresponds to the finite marking property

defined in 3.2.)
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The first restriction is particularly relevant to the question of
when the state-set 42 of an M-computer has a decomposition whose registers
correspond to the elements of the'memory M. Ve can, of course, always
construct a set of partitions of AY corresponding to M by defining for

each x ¢ M an equivalence relation &x on ,3 such that
Q8,Q, 1ff Q (x) = Q,(x), Q;,Q, ¢ 4

and letting oy be the corresponding partition of.8 . Note that if

Q2 € ale for all x, then Ql and Q2 are the same function (Ql(x) = Qz(x)

for all x) and so a, =1 . But in the absence of some further
xeM

restriction on the state mappings, the a, may not even be disjoint so

we can not in general construct a decomposition with the a, as atoms.
However, (P1l) supplies sufficient structure for the construction to

be carried out. Since the a, are in 1-1 correspondence with the elements

of M, we can drop the distinction between M and'{ax}, and (Pl) can be

given an equivalent reformulation as a condition on a set of partitions

M of a state-set S:

CD* IfM €4, (MNas) A L\ at) is

ocM 1 acl-M 1

non—empty for all s, t ¢ S.

By A.3, if } satisfies (P1l)*, then M generates a Boolean decomposition
A of S, and since by A.2, any finite subset of M is permutable, the
resulting decomposition is cartesian if M is finite, This, together
with the finite marking property (P2), allows us to reverse the construc-—
tion in A.1(2) and define for any ll-computer (M,8, d,ef) a class of
computers which realize it (in the sense that applying the construction

of A.1(2) to any member of this class yields the given M-computer).
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Briefly, the idea is to add an extra register w to the set of partitions

'{ax}xeM’ whose blocks Z. correspond to the instructions I € eé s

I
and to define a transition function f on an enlarged set of states ,X A

such that when the computer state is in the set Z_, f maps the contents of

I’
the memory registers in M in the same way that I does. The details are
spelled out in A.4.

Maurer defines for each instruction I of an M-computer two regions

or subsets of the memory M. The output region is defined as

OR(I) = {x e M| for some Q,Q(x) # I(Q)(x)}.

The input region is defined as

IR(I) = {x ¢ MI for some Ql’QZ’ there exists y e OR(I)
such that Ql(z) = QZ(Z) if z # x, and

1Q) ) # 1(Q) O}

Clearly, the output region corresponds to the notion of range, and
indeed, if we consider a computer of the sort defined in A.4 which

realizes a given M-computer, then

OR(D) = ¢(p (2))) AN,

where M is the set of memory registers excluding the control location A(w).
The concept of input region is related, as one might expect, to the
‘notion of domain. In order to discuss the connection, it is helpful to

introduce some further terminology: two states s.,s, will be said to

1’72

be an a-minimal pair if

as, # as, and as, = as

2 1 2
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and 8138, will be said to contrast on B8 if

BE(sy) # Bf(s,).

Then the definition of the input region of a computer instruction can
be expressed as follows:
a register is in the input region IR(Z)
if there exists an o-minimal pair in Z
which contrasts on p(Z).
(For the sake of simplicity, we have replaced OR(Z) in Maurer's definition
by p(2).)
From A.5, we have that

LIR(Z) < 8%(z),

(where as before, § *(Z) = §*(Z;p(Z))), and by A.6, if (P1)*
holds,

LIR(Z) = §*(2).

The advantage of the notion of "input region" as compared with the
definition of domain is that it provides a criterion for testing each
register ¢ separately to see if knowledge of the contents of a is
necessary to predict the next state of p(Z). Its disadvantage is
that unless the states of the registers are independently assignable,
i.e. A is cartesian, there may be no g-minimal pairs in Z and so the
test cannot be applied.

Note that it does not follow from Maurer's definitions of IR(I)
and OR(I), that if for states Ql and QZ’ IR(I) has the same contents, then
OR(I) has the same contents for the states I(Ql) and I(QZ). As Maurer
shows, this property holds only if (P2) holds. This result is in a

sense a special case of Theorem 3.3, for by definition, the domain of
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an instruction (which includes the input region) has the desired property
if it exists, and its existence is assured by the finite-marking property

which is equivalent to (P2).
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A.1 (1) In order to interpret a computer ¥ = (5,f,A,u) as an
M-computer (M,Q,A,J), let the memory M be the set of registers
A(A), and let the base-sets Ba = o for each o e A(A), so that

= A(A) = M. |
For each s ¢ S define

sh:A(A) > U a by sq(a) = as
acA(A)

and let the set of states 4 of the M-computer = {s"]s e S}.

Finally, define the partial functions IZ: P ,3 such that

Iz(s") = t4 where t¥(a) = £y, (6%(Z;0)8)

for all s ¢ Z. Then by the definition of fZ'a’ when s ¢ Z,
s

[1,(s) 1) = t¥(a) = af(s).

(2) An’ alternative interpretation is obtained by setting

M= q‘:(m) and®&= M. For X = —J\—a)s, define Xq(a) = gs

for each register o in ¢(m)), and let the set of states ;8 of
the M-computer = {X"IX e AMw)} . If & is cartesian and

A(w) = X(A) for all A £ w, then §*(Z;a) im) for each
instruction Z, and for each Y ¢ §*%(Z3a), YA 2 is non-empty.
Hence fZ;a is defined on all blocks of §%(Z;a). Define

IZ: ,8 ->£ by setting [IZ(X”)](a) = fz;a (Y) whenever X & Y.

Since §*(Z;a) < A(w), every block X € m) is contained in

exactly one block of § #(Z,a) and so Iz is well-defined for all

x? e .X , and as before, if s ¢ Z and X = A(uw)s, then

[IZ(XQ)](OL) = af(s), for each a ¢ M.
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Theorem: If M is a collection of partitions of S such that (Pl)%

holds, then any finite subset of M is permutable.

Proof: Let T = [Gl, .« e ,an] and let Xi € ai. Pick s, € Xl’ and

S1 > XZ' By hypothesis, there exists Sy such that a152 = s = Xl

In particular, os. =X ,

and Gs, = asl for a # o a232 = 48, 2

2 1°

S0 Xl N X2 is non-empty., Repeating this argument a finite number

of times, we have that if s £ (’\ X, and s € X , there exists
n-2 i<n i n-1 n

s such that
n

a.s = 0,8 = X, for i < n, and
i'n i n-2 i

0s =08 X
nn n n-1 n

so (N\ Xi is non-empty.
in

Theorem: If M is a collection of partitions of S such that (P1)*
holds and IM = I, then there exists a Boolean decomposition A
of S such that A(4) = M,
Proof: 1If ﬁ is finite, then by A.2, (P1l)* insures that M is a
permutable set and so Theorem 2.17 gives the desired result. 1In
this case, A is cartesian.

If M is infinite, we can still use the proof pattern of
2.17 by defining A = {0} M {IN|@ # N & M}, and showing that A is
lattice-isomorphic to B(M). However, as now arbitrary subsets of M
are not permutable, the proof of 2.17 must be modified in two places,

using (P1l)*:
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In order to show that M is an independent set, we need
to show (see proof of 2.14)
a's. ~( ‘ . 0s,) # ¥ for all s ,s, e S,o,a’' ¢ M.
1 ' 2 1’72
ofa
But this follows immediately from (P1l)*. Likewise, the
proof that A is closed under meets rests on the existence of

T e (f\as)f\ (M at) where X and Y are disjoint subsets of
aeX acY

M, and this is guaranteed by (P1l)#.

In order to define a computer which realizes a given M-computer

o1, &,.8,¢);

(1) lets=Jd xd;
(ii) 1let f by any function on S to S satisfying

£(Q,1;) = (1;@),L,) forall Qed , I, eel;

(iii) define for each x ¢ M, &x to be the equivalence relation

(Ql,Il)&X(QZ,IZ) iff Ql(X) = QZ(X);

(iv) 1let ZI = {5 ¢ S!s = (Q,I)} and define o = {ZI}I . ¢e°

Then since M satisfies (P1l), it can be easily seen that

M%x = ({ax} ) U {u} satisfies (P1)* and hence generates a

xeM
Boolean decomposition_A with M* as the set of registers. As the
M—-computer satisfies (P2), A has the finite marking property, and
so (S,f,A,u) is a computer. 1In this compufer, the control loca-
tion A(w) = w, and so its instructions are the blocks ZI .

Furthermore, the following identities hold:

s (@) = 6() =" {o ), , and if
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X e A(w)s and s = (Q,I) then %= Q, where X is defined as in
A.1(2). As a further consequence of (P1)* we have that w and w ar
permutable, and w and«S*(ZI;aX) § ; are permutable. Hence

.. (Y) is defined for all Y ¢ §6%(Z_ 30 ). Thus, for all
I’ax I'"x

s = (Q,I) ¢ ZI’ fZ - () = axf(s) = ax(I(Q),J) and this by
I°x

definition is the block of o which corresponds to I(Q)(x).

tz

Theorem: I IR(Z) < d&%(Z).

Proof: 1If a register a is not in ¢(§*(Z)), and $1 and s, are

an a¢-minimal pair in Z, then

* = 8§ %
§ (Z)s1 8 (Z)s2

and so p(Z)sl = p(Z)sz. Hence $1 and s, do not contrast on p(Z).

So a ¢ $(5%(2)) implies o ¢ IR(Z) and IR(Z) & ¢(8§*(2)),

or equivalently ILIR(Z) < L@ *(Z)) = §*(7).

Theorem: If A(A) satisfies (P1)%, TIR(Z) =S *(Z).

Proof: By A.5, it suffices to show ¢ *(Z)) & IR(Z). Pick
ae ¢(E*(2)), and let X,Y be distinct blocks of a. By hypothesis,
any finite collection of disjoint components in A is permutable,

and so, as Z € A(Z2), and A(Z).a = 0, there exist

sy € ZAaX r\(;223.zbs,
s, € ZAY A ((2).0)s,

for any s. By comnstruction 53 and s, are an g-minimal pair in Z.

Suppose every such o-minimal pair fail to contrast on p(Z). Then

for alls e Z, t ¢ as implies p(Z)s = p(Z)t and hence E'g-p(z)




-121-
on Z. Since a e ¢(6%2)), o > A(Z) and therefore o> §(Z) > §%(Z).
But .o = 0, so a.8%(Z) = 0, which is a contradiction. Hence

at least one o-minimal pair in Z contrasts on p(Z) and

a e IR(Z).




APPENDIX B

RANGES AND DOMAINS OF TYPICAL
COMPUTER INSTRUCTIONS

Z p(2) 8§(2) §*(Z;AC) 8*%(Z;100) &8*(Z;R) &%(Z;L)
sSSP R+L+AC | R+LAM 0 100 L+M L
STZ 100 | P+L+100 RHL4+M AC 0 L+M L
STO 100 | R+L+100 | RHLAMHAC AC AC T+M L
STO* 100 | R+L+M R+LAMFACHXRS AC M+ACHXRS LM L
ADD 100 | R+L+AC | R+LHM 100 100 LM L
IADD 100,1| R+L+AC | R+L4+MHXRI M+XR1 100 LM L
IADD* 100 | R+L+AC | R+LAMHXRS M+XRS 100 LM L
XEC 100 R R+100 AC 100 100 L
TRA 100 R+L R+100 AC 100 100 0

TRA* 100 R+L R+MEXRS AC 100 M+XRS M+XRS

TZE 100 R+L RM+LHAC AC 100 M+L+AC| MHL+AC

The above instructions are from the repertoire of the IBM 709/90
and are written in the usual assembly-language format.

R = storage register containing the instruction currently being
executed = A (2);

L = location counter; XR1l = index register 1, XRS = index registers
1,2,4;

AC = accumulator; M = addressable core storage = registers 0—777778.

The operation codes have the following interpretations:

SSP = set sign of AC to plus;
STZ 100 = store zero in register 100;
STO 100 = store contents of AC in 100;
ADD 100 = add contents of 100 to AC;
XEC 100 = execute instruction in 100;
TRA 100 = transfer to register 100;
TZE 100 = transfer to 100 if AC contains zero.

=122~




Proof: (a) Let X be a block of a, and let X

APPENDIX C
THE INFORMATION MEASURE H APPLIED TO PARTITIONS

If § is finite, we define
H(a) = - z X log X
S S
Xeo
for o € P(8),(where KXI = number of elements in X). The connection
between the information measure H and the partial ordering of parti-

tions of S is summarized in the following theorem:

(2) o <B implies H(a) < H(B),

(b) H(a + B) < H(a) + H(B) - H(a.B),

it

(¢) H{a +8) H(a) + G(B) - H(a.B) for all u,R € A,

iff A is cartesian.

1000t XK be

the blocks of 8 contained in X. Setting h(u) = -u log u, it suffices

to show

K
I, ndxl/ish 2 ndx|/[s]

for each X ¢ B. But h(u+ v) = -u log (u+ v) - v log (u+ v)

| A

~u log u =~ v log v = hi(u) + h(v),
and so by finite induction

Iy ndlxl/Ish 2 nC L7 1% 1 /1sD.
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Since the X1 are disjoint and their union is X, Zi ]Xil = IXI and
so
7 rdx 1 /IsD) 2 ndx|/]s]).
(b) Let us assign to each s ¢ S the uniform probability p(s) = T%T .

Then we can treat a partition o of S as a finite probability scheme
in the sense of Khinchin (1957, p. 2), the probability of a block

X ¢ a being [X|/|S|. The conditional probabilities of Y ¢ 8 given X,

pY|X) = [X AY|/]X]

are then exactly the probabilities associated with the partition BIX
defined in 5.9. Hence HQ |X) agrees with the customary definition of
the conditional information in B given the event X. This allows us to

define in the usual way

H(a|8) = ] 1o H(a|X).

XeB
Note that3 > o iff X ¢ 8, Y. € o implies either |Y A X| =0 or
IY'r\XI = ]X[; and therefore 8 > a 1is equivalent to H(alB) = 0.

The probability of the event "X and Y" is p(X A Y) and so the joint
probabilities of X ¢ a, Y € B correspond to fhe probabilities associated
with the partition o« + 8. Thus H( ¢« + 8 ) coincides with the usual
definition of the joint information in o and 8 (Khinchin, 1957, p. 5).

As a consequence of the above identities, we can apply a number of
known results derived for the information measure defined on probability
schemes to the H measure defined on partitions.

In particular, H( o« + B ) = H(a) + H(B) - T(a,8), where

T(asB) = T(B,c) = HB) - HE|a).




Let us define

TY(a,B) = H(a|y) - H(a|B + Y>-
and

I(asBsy) = TY(a,B) - T(a,B)

for arbitrary y ¢ P(S5). Then since Ty(a,s) can be shown to be always

non-negative (Khinchin, 1957, p. 37),
I(as8,5y) 2 -T(xs3)-
By a result due to MeGill (1954), we have also
T(a +85y) = T(asy) + T@B,y) + I(as8,y).
If y = 0.8, then y < a, so H(y[a) = 0, and
T(a,y) = H(y) = H(y|a) = H(y).
Likewise, T(8,y) = H(y) and hence
T(a +8,y) = 2H(y) + I(asB,v).
But T(a + 8,y) = H(a + B) + H(y) - H(a +8 + v)
= H(y), since g +3+ y = a + 8,
and so I(a,8,y) = -H(y) > -T(a,3). Hence
H(a +8) = H(a) + HB) - T(a8) < H(e) + H(B) - H(a.8).
(c) Suppose A is cartesian, and o,8 € A are disjoint. Then
a and 3 are permutable and by 2.13, there is a Qne-to-one correspondence
between the blocks of ¢ + B and the elements of oo x 8 . Hence if o

has m blocks and 3 has n blocks, o + 8 has mn blocks. Since A is

cartesian, all blocks of a component have the same number of elements,




-

~120-

so X € y ¢ 4 implies |X| = |S|/K where K is the number of blocks in Y .
Hence if X ¢ 0, and Ye B, XY e a + B, and b(r\YI = ISE/mn.

Then p(X A ¥) = 1/mn

-(sle) (Lfé,’“) = PCOP(M) .

B

But this means that the probability schemes corresponding to a and B are

independent (in the probabilistic sense) and hence

H(a + 8) = H(a) + H(B)
(see Khinchin, 1957, p. 5).

Now let a«,8 be arbitrary components in A . Then we can write

H(a.B) + H(e.8) + H(a.B)

]

H(a + B)

H(e.8) + H(ad) + H(a.3) + H(a.8) - H(a.3)

]

H(a) + H(B) - H(a.B).

]

Conversely, suppose H(a + B8) = H(a) + H(B) - H(c.3) for all a3 ¢ A .
Pick a,8 ¢ A(A). Then 0.8 = 0 and so H(a +3) = H(a) + H(B). But
this implies the schemes corresponding to o and 8 are independent in the

probabilistic sense and therefore
PV = [XAY[/IY] = p) = |x]/]S] # 0,

for al1 X € a, Y € 8. Thus XY is non-empty, and o and 8 are permu-
table. Since A is finite, this implies A(A) is a permutable set, and

hence A is cartesian.




Symbol

AQd)
c(f)

£7(s)

LIST OF SYMBOLS

Meaning

set of atoms of A

maximal weagkly connected subsets
of §

transition function

state reached in n transitions
from s

mapping from 6*(2;6) to B
largest element of P(S)

kernel of the mapping h

lattice of partitions with S.P.
sub-lattice of L generated by X
smallest element of P(S)

stored program

lattice of all partitions ofﬁ§:7

Xe

X, Y, Z, etc.

prediction relation between
partitions

set of states
states in S

transmission relation between
partitions

cartesian product of a collection
of sets @

subsets of S
partitions in P(S)
partition cbtained by restricting

a, B, Y
alz
o to Z
a complement of «
e .
T access path )
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79
46

57
64
15
38
82
18
15
93
13

60
10

65

31

70
20




r(s)

A (o)

(@)
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access path whose path-state
contains s

decomposition
location of o in A
location of w
{(x}
largest component contained in o
location of the stored form of

the instruction Zi+1(s)

greatest lower bound of the
set A

partition defined by a collection
of disjoint sets ¢

block of w containing s

n“:—”"“——"“—~____——-mapping of S onto 7
¥ ——————_ ______equivalence relation determined

p (X)
p (X)
pi(S)

A
¢ (@)
a
w

+

h

6(2)
6(Z;8)
§%(Z;8)

by w

range of X

" largest component stable on X

component written in by instructions

Zy(8)ene,Z; ().
least upper bound of the set A
set of atoms contained in a
filter of components containing a
operation repertoire
join
meet
inclusion relation
6(z;p(2))
B—domain of Z
A(2)"8(z;8)

94
10, 17
39

79

98

15

40
12
12

12
60
59

93
15
18
39
46
10
10

10, 13
63
63
64
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