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1. CLASSES AS CLOSED SETS

The problem of constructing distributionally defined grammatical
classes can be loosely stated as follows :

Given a language L of strings over some alphabet A and
some finite set M of sentence segments, such that each sen-
tence in L can be ‘spelled’ as a unique sequence mm,...m,
of elements of M, select from all possible subsets of M those
which incorporate in some useful way information about
how elements of M occur in sentences of I.

The criterion to be employed in selecting such subsets is clearly the nub
of the problem; a typically vague formulation has been to say that ele-
ments of M are to be assigned to the same class if they ‘“‘pattern alike’’.

It hardly needs saying that classification problems of this sort
are not peculiar to linguistics. They arise whenever we have a set of objects
which are known to have certain properties, where the objects are to be
clustered together in terms of the properties they have in common. For
this reason, we begin by considering the structure of the object-property
relationship in quite abstract terms.!

(1) Definition : Let the finite set of objects to be clustered or classified be
denoted by M and let E be a set of properties such that :

each object m has at least one of the properties in E, and
each e ¢ E is a property of some object in M.

* This research was partially supported by the National Research Council of Canada,
Grant A5551,

1 The notion of class which results is obviously “weak’ since it is applicable to any
objects and properties meeting certain minimal restrictions. This weakness is itself not without
significance, however, for it makes clear the degree of theoretical elaboration required before
one can, in any essential way, exploit such elementary linguistic features of the problem as, for
example, that.the elements of M are substrings of the elements of L.
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34 ; P. H. ROOSEN-RUNGE ' L3

Certain subsets of M are then distinguished by the fact that they can be
specified in terms of a list of those properties in E which all elements of
the subset have in common. To put it another way, such subsets are the
extensions in M of conjunctions of properties in E, and are therefore of
the form :

{m eM:m has e,e,, ...,}

for some set of properties e, e,, ... ¢ E. The following definitions lead
to an algebraic characterization of the structure of these sets :
Definitions :

(2) Let P(A) denote the lattice 2 of all subsets of A partially ordered by
set inclusion. Define

n: P(M) - P(E) and ¢ : P(E) - P(M) by
n(X)={e cB:m has e for all m « X},
w(Y) :{meM:m has e for all e ¢Y}.

(3) X e P(M) is closed if un (X)= X. (pn(X) is termed the closure of
X and we will usually abbreviate it by X.) Y ¢ P (E) is closed if nu(Y)=
=Y. '

(4) Let M and E denote the collections of closed subsets of M and E
respectively. ’

In the terminology of Birkhoff, the mappings p and v constitute a
Galois connection between P(M) and P(E), and px and nu are dual closure
operators on P(M) and P(E). The following basic results will be extensively
used in the remainder of the paper (for proofs, see Birkhoff, [1967] or
Szasz, [1963]) :

Proposition 1: (A) For al XC M, Y C E,

(a) X C X' implies n(X') C 9(X), and Y C Y’ implies a
w(Y') © w(Y); |
(b) n(X) and p(Y) are closed;
(¢) X C un(X) and Y C nu(Y),
X C X' implies pn(X) C un(X’), and

Y C Y’ implies nu(Y) C nu(Y).

2 A laltice is a partially ordered set in which any two elements have a greatest lower
bound (meet) and least upper bound (join). As an example, in the set P{A), whose elements
are subsets of A, the join of any two elements is their union, the meet is their intersection. Since
these nnions and intereactinne are apain entheete nf A PrAVic a lattina i R
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(B) M and E are complete lattices 3 under the partial ordering
C, and for any subset X of M or E, the meet operation (II) is that of set
intersection, i.e.

IX = nX.

The join operation (X) is not, in general, that of set-union ; however,
UX C =X.

~ (C) Each of the lattices M and ¥ are dually isomorphic to each
other under the mappings u and v ; hence, for Y C E,

ZY = y(I{u(Y): Y e Y})
Y = Z{y(Y) 1Y Y},

and dual results for X C M.

In order to derive some non-trivial structure for the concept of
‘class’, some initial restrictions must be imposed; it would not lead us
very far to allow any subset of M to be a potential class. In what follows,
we shall restrict the range of choices for classes to the closed subsets of
M which are determined by the properties in E. Henceforth, then, class
will be a synonym for closed set. This restriction has the following intui-
tive interpretation : we can think of E together with the connective ‘“and’’
as the vocabulary of a very primitive language for expressing what a
set of objects in M have in common. To describe a set of objects in this
language means to specify a set of properties which hold for all and only
the objects in that set ; and it follows immediately from (3) that the closed
subsets of M are exactly those so describable.

We observe that one effect of restricting the concept of ‘class’
to closed sets is to make the distinction between objects and their pro-
perties purely nominal, at least with respeet to the structure of the classes
which they generate. By Prop. 1(C), the lattice M is just the lattice K
turned upside-down ; hence, all relationships among classes of objects are
mirrored by corresponding relationships among clagses of properties.

The concept of closure was introduced as a basis for defining gram-
matical classes by Sestier [1960] and has reappeared, apparently independ-
ently, in several other models of syntactic descripfion. (For a review
and citations, see Marcus [1967, 1969].) As a result there has been a kind
of theoretical ‘inflation’, particularly as regards the elementary results
in Prop. 1, which have been frequently restated and reproved under
various disguises. It is perhaps worth-while, teherefore, to recall the vener-
ability of the underlying mathematical framework upon which this
approach depends; the algebraic characterization of closure operators
goes back to E. H. Moore (Introduction to a form of gemeral analysis,
New Haven: 1910), and the construction of dual lattices of closed sets
from a binary relation appeared in the first edition of Birkhoff’s Latfice
Theory in 1940.

: AR

? A lattice L is complele if, for any A C L, the join (ZA) and meet (ITA) exist in L. Any
finite lattice is complete. .
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The most extensive application of the concept of closure to the for-
mal description of syntactic distribution appears in an important series
of papers by J. Kunze (1967, 1968, 1970, 1971). Of particular interest
in these papers is Kunze’s development of a specific distributional taxono-
my of word forms and the detailed structure which he proposes for sys-
tems of “form-classes”’. But as our main concern here is with what can
be said about M and its lattice-strueture in advance of any commitment
to specific taxonomic or classificatory criteria, we shall not, in what
follows, make direct use of the details of Kunze’s theory, though at the
level of definitions there are a number of points of contact and overlap.

2. AN INTERPRETATION FOR M AND E

As indicated in Sec. 1, the intended interpretation of M will be a
set of sentence segments which for the purposes of the distributional ana-
lysis are treated as minimal (i.e. not subject to further segmentation.]
Hence there is no need to distinguish between M and the alphabet A.
For the sake of definiteness, we will follow the example of Harris [1946]
and Wells [1947] and take M = set of morphemes of L. But it should be
emphasized that subsequent formal results do not dependinany essential
way on this choice, since they do not involve any intrinsic properties of
morphemes (e.g. their “meaningfulness”); we eould equally well have
taken M to be the set of morpheme alternates, or the set of words of T
or any other set of segments whose distribution is deemed linguistically
interesting.

The intended interpretation of E is the set of environments o
elements of M, where by environment is meant a pair (u, v) of string
(possibly null) over M. Thus the properties of elements of M will be th
environments they occur in. There are several plausible ways of definin
the relation “oceurs in’’ : :

(5) Let E, = set of total environments
= {(x,y): xmy € L for some m € M};
{6) Let B, = set of partial environments

I

{(x,y):3u,v such that uxmyv € L for some m e Mj.

There is an obvious sense. of ‘oceurs in’ corresponding to each of thes
choices for E :

(5.1) m occurs in (x,y) € E, if xmy € L.
(6.1) m occurs in (x,y) € E, if 3u, v such that uxmyv € L.

The concept of environment in Harris and Wells, to the extent that :
is explicitly defined, appears to be that of definition (6) but from the
examples, it seems that a narrower interpretation of ‘oceurs in’ than (6.
was intended. For in these examples, classes are characterized by parti
environments which are so chosen that their expansion into total enviro
mante dnag nat alter tha class of noasible substitutions. Thus in order i
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characterize a class of adjectives one does not need to give a total environ-
ment such as

“The _  man, having given away all his money, finds peace
at last.”,

since the shorter environment “The___man’’ will yield the same class.
By contrast, under (6.1) both ‘“and’ and ‘‘is” oceur in the environment

“black beautiful®’

even though in a great many complete sentences containing the fragment
“black and beautiful’’, “is”’ cannot be substituted for “and”. This suggests
yet another definition of E and ‘oceurs in’:

(7) Ex = set of restricted partial environments
. = {(x,y): uxmyv € Lfor some meMand if w'xm’yv’ € L then
uw'xmyv’ € L}.

Thus a partial environment (x,y) is in Ey only if every extension
of the environment which actually occurs in L has the same substitution
potential. Though this seems to capture the sense in which ‘environment’
was intended by Harris and Wells, it turns out to be inequivalent to Er,
for (7) excludes certain total environments as being distributionally relev-
ant. Thus, in English, the word “go’’ has a part of its distribution the null
environment (,), but this environment is not in Eg, since it can be extended
to another total environment, say, (he,) in which “go” cannot ocecur.
This is an obviously undesirable byproduct of the above definition, since
the fact that some words can serve as complete sentences is the sort of
information we would wish to incorporate in our choice of E.

One plausible solution is to treat sentences as ‘unextendable’ by
adopting a convention that strings in L are bounded by special marks,
say ‘#’, so that every sentence is of the form # x # and hence cannot be
a substring of another sentence. With this convention, E, C Egand this,
in turn, implies M, C M. The converse holds in any event :

Lemma 1: Let My, and My be the classes of M defined by E, and
Eg. Then My C M.

Proof : Let pg, ng, and pq, ny be the Galois connections associated
with E; and Eg, and ‘occursy’ and ‘occurs,’ be the corresponding senses
of ‘occurs’. Consider ep = (X,y) €7y(X) where X e My. Let e; be any
total environment of the form (ux, yv) € E;. By definition, some m,
ocecurs, in e;. Hence,by (7),for any m which occursy in eg,m occursy in e,.
Thus, for all m € pgp(eg), M € py(ey). Now, if we set Y = {(ux, yv)eE,:
(x,y) € nr(X)}, by the above argument '

ep €np(X) and e; e Y and m e py(eg) = m e py(e;) or equivalent
(a) m € pgng(X) = m € uy(Y).

Conversely, for any ey = (X, ¥) € nx(X) there exists a string uxmyv
e L and for all v, v’, if 3m, such that uxmyyv’' € L then (u'x,yv’) e E;.
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§o if m oceursy in all e € Y, then m occurs, in (u'x, yv'), and m oceursy
in (x,y). Hence,

ep € Mg (X) and m e py (Y) = m € pg (eg)
or equivalently, :
(b) m € py(¥) = m € pene(X).

Since X was closed, upng(X) = X and combining (a) and (b) we have
X = pp(Y) € My.

Thus every class in My is a class in M. . ,
Our discussion of alternative interpretations of E given in (3) —(7)
leads to the following conclusions : ‘
(i) The definition of partial environments (6) is too broad and
leads to a large number of ‘unnatural’ classes. .
(i) The restricted partial environments (7) do not include 2ll dis-
~ tributionally relevant environments, and do not yield any
clagses not generated by E.. ' ' )

For this reason, we shall, for the purpose of iﬁtérpreting the structure M,
use the simplest definition of ‘occurs in’ (5.1), and take E = Ej. :

Remark : :

It was, of course, the observation that partial environments exist
which provided the basis for the attempts by taxonomic linguists to define
immediate constituents in distributional terms, but the concept does not
seem to have been given any precise definition. The principal task for a
rigorous reconstruction of immediate constituent analysis would be to
formalize the conditions under which partial environments can be treated
as ‘constituents’, and to make clear the relationship between such environ-
ments and sequences of classes obtained from their distribution.

3. EQUIVALENCE AND SIMILARITY

‘We observe that M, being complete, always has a greatest element
2 M which is equal to M. Similarly XE = E. Since E is the dual of M,
by Prop. 1C the least element of M :

-TIM = u(ZE) = w(E).

Hence [1M = the empty set @ iff no m oceurs in every environment. This
seems plausible as a general property of natural languages (except perhaps
for early forms of children’s grammars), and as it allows us to simplify
certain subsequent proofs, we restrict ourselves henceforth to languages
for which

(8) M = .
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The corresponding property for ¥ is more problematic. If a language
permits quotation, then there will exist environments illustrated by

‘He said*___ 7.

which accept as minimal substitution instances words, or, on another
interpretation of quotation, any string of sounds or letters representing
the sounds in the quoted utterance. But, in general, there will be no single
environment whose minimal substitution instances are precisely the set
of morphemes, so we will also assume that

(9) 7(M) = NIE = O,

We recall some basic definitions from lattice theory : an element

x of a lattice L is said to cover another element y if x O y, and for no
z does x D z D y hold. The elements of L which cover the least element
of L are called atoms and the elements covered by the greatest element
of L. are co-atoms. We shall call the greatest and least elements of M
(M and @) the trivial classes of M ; the atoms and co-atoms of M are then
the minimal and maximal ¢ non-trivial classes, respectively. That this
redefinition works follows from the fact that (8) and (9) together with our
original definition of M and E guarantee the existence of non-trivial classes.
Proposition 2: M has at least two non-trivial classes.
Proof : The case M = {M} cannot occur since then IIM = M which con-
tradicts M == ®@. Suppose M = {M, ®}. Then since every environment e
has, by definition, at least one substitution instance, and u(e)’ is closed,
p(e) = M. But this means yn(M) = & which contradicts n(M) = @.

‘The remaining case to be considered is M = {M, X, ®} with ® &
5 X C M. Since u(e) cannot equal M, and p(e) == @, we must have p(e) =
= X'for all e e E, which implies p(E) = X, contradicting w(E) = .
Q.E.D.

The atoms and co-atoms of M have special properties related to
traditional notions of distributional classification. Perhaps the oldest
such notion is that of classification on the basis of identical distribution,
whieh as Hiz [1960] has pointed out, goes back at least to Husserl’s
Logische Untersuchungen (1913).

Two morphemes have identical distribution, or briefly, are equi-
valent, if m(m;) = n(m,). The relation of equivalence partitions M into
maximal sets of equivalent morphemes, which, following Kulagina [1958]
and Marcus [1967], we will call families. (The family to which m belongs
will be denoted by 1m.) As we shall see, families constitute the ‘building
blocks’ of which classes are composed. But the families of a language, by
themselves, do not in general yield an interesting classification of M.
In a finite corpus, the fact that two morphemes have identical distribution
can be usually be taken as an accidental characteristic of the choice of

4 A set is maximal with respect to a property if it is not properly contained in any larger
set having that property ; it is minimal if it does not properly contain any smaller set with that
property. :
by 5 ® u(e) and n(m) are abbreviations for p({e}) and y({{m}). Similarly we abbreviate {x }

y X. .
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sentences in the corpus, and for the language as whole, one could argue
(and a distributional theory of meaning would require) that if two mor-
phemes have completely identical distribution, then there can be neither
a semantic nor a syntactic basis for distinguishing between them, so
that they are in fact not distinet morphemes after all. Thus, computing
the families of a natural language may give us nothing more than the trivial
partition = {{m}: m e M}. _ ~

The following propositions relate the notion of equivalence to that
of closure :

Proposition 3: A class is a family iff it is an atom of .

Proof : Suppose F is a closed family, and let F' be a non-empty
class C F. Pick m € F'. Since F' CF, and v is constant on F, n(m) =
= n(F). Then m = F = F, but by 1A(¢c) m CF' = F, so F =¥F', and
hence F covers @. A

Conversely, if F covers @, then by 1C, »(®)=E covers 7(F).
Now if m eF, n(m) D »(F) by 1A(a), and so either

n(m) = 7(F)
or -

n(m) = E.
But if 4(m) = E, w(E) = m = ® which contradicts (8), so x(m) = n(F)
for all m e F. .
Proposition 4 (Kunze, 1967): If C is a class, then C = U {m :m e C}
where m is the family to which m belongs.

Proof : It suffices to show that if C is a class, m e Ciand % (m) =

—

= n(m’), then m’eC. From x(m’) = n(m), we have m = m’. Since
me O and C is closed, m C C and hence

m’ e’ = m CC. Q.E.D.

(Note that the converses to Props. 3 and 4 do not hold : in general,
not all families are classes. The case in which families and atoms coincide
is discussed further in sections 6 and 7.)

The following proposition, though it requires rather cumbersome
formal machinery, is not as complicated as it looks ; it expresses the intui-
tively expected result that ‘collapsing’ equivalent morphemes into single
elements leaves the structure of M invariant.

(10.) Definition : Let ™ be the family to which m belongs, and
for x = m, ... my, define x = m, ... M,

={a, ... ap:a; em, for i=1,...,k}.
Set
1&={fh:meM},

>

= {(X,7): (x,¥) eE}.
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. A . . .
If m oceurs in e, then m is said to occur in e.

Proposition 5: The lattice JAl[ of classes obtained from f{ and iﬂ is iso-
morphic to M.

Proof : For any XC M, let X — {ﬁrmeX} By Prop. 4, it X e M,.
the mappmg X >X is 1-to-1, the inverse mapping being that Whlch sends«
! X—>UX XAlso,byProp41fX YeMthenXCYlffXCY,
so M = {X : X e M} is a lattice isomorphic to M. What remains to be
shown is that if X is closed (with respect to E) then X is closed (with

respect to E) and vice-versa.
The key idea of the proof is that if m occurs in €, as defmed in
(10), then e C n(i). To see this, we note first that if m occursine, e e w(m) ,

since any m’ equivalent to m also occurs in e. Now let e = (X1 R &%
; X1 -+ . X;) Where the x; e M. If we replace x, by an equivalent X1, then
: since x; occurs in
‘ (o« oo X; MXyg ... Xy)
| A . : .
| for any m, e m, x; also occurs in these environments. So all myem
\ oceur in
H ’
“\ (X1X2 . Xj, b1 = v Xk)
‘ By a similar argument for i = 2, .. .k, any replacement of an x, in e by"
|

an equivalent x| ylelds an environment e’ € é in which all elements of m

occur. Hence & C v (m). The case in which the left or right parts of the
environment are the empty string A can be handled in a similar fashion
| by defining A = = {A}.

! Assume X is closed, and let & be an environment in B in whlch all

‘ eX o oceur. To ) prove that X i is closed we need to prove that 1f m oceurs.
? in é then m e X. Since all x eX oceur in &,&6 C N (W(X) X cCX) =
| = 7( U{x :x e X}) = 9(X). Now, m oceurs in & implies m occurs ine and
e eé C n(X). Hence, m € X (since X is closed) and so m e X.

To show the converse, observe that if e e »( LAJ}A() then for any xe U f(,

A

A
X occurs in &. If m also occurs in e, then if X is closed, m €X, which

implies m em cuU X. So X closed implies U X is closed, which com-
pletes the proof.
(Further ‘collapsing’ of inequivalent morphemes, say by replacing M
by M = {m : m € M}, does not leave the structure of M invariant. For
example, if L = XY where X C Y C M, then X, and Y are closed,.
and we have for all meM that m = X it m e X, otherwise m = Y,
In this case, the environments of M are ]ust {(LY), (X,)}, and M = {M, {X},,
{Y} ®} which is not isomoprhic (or even homomoprhic) to M, since
X} L {Y})

Families arise by clustering together objects with identical pro-
perties. Since this yields in many cases of interest an extremely fine or-

M>

T —

e
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-even trivial classification, one can instead consider weakening the notion

-of equivalence to one of similarity, in which the reflexivity and symmetry
of equivalence relations is retained but the requirement of transitivity is
dropped. (We can have a gimilar to b and b similar to ¢ without implying
that « is similar to ¢.)

There is a well-known procedure for constructing a classification
from & similarity relation which follows the pattern of constructing fami-
lies : the classification is induced by considering the maximal sets of
mutually similar objects. Carnap in 1928, applying this notion to epistemo-
logical problems, referred to the elements of the induced classification as
‘similarity circles’ [Carnap, 1967]. The same concept appears in graph
‘theory under the name ‘clique’ [Berge, 1958], or ‘maximally connected
-subgraph’, and has been applied under various names in areas ranging from
ontology (cf. Sommer’s U-relation and B-types, [1963]) to information-
-retrieval [Kumar, 1968]. We shall use the term S-clique to refer to ‘the
cliques obtained from a particular similarity relation S.

-~ To obtain a specific similarity relation defined in terms of properties,
we can weaken the notion of distributional equivalence by defining x,
y € M to be similar iff they have a single property in common. Let us call
this relation o; the o-cliques can then be defined as follows :

(1) For @£ X C M, X is an o-cligue if n(x) () n(y) = ®, for
all x e X, implies y € X.

The classification induced by o is, in general, very coarse; in the worst
-case, where the set of properties is, so to speak, too rich, any two objects
have some property in common and there is only one o-clique, namely M.
We note further that every class in M (except perhaps M) consists of
similar elements (since if X e M and X == M theny (X) = ® and so
all elements of X have some property in common.) It follows that every
class is contained in an c-clique. But o-cliques are not, in general, closed ;
a non-trivial o-clique is only closed if all its members are similar with
respect to the same single property.

Proposition 6: Let X be an c-clique, X C M, with y (X) s~ ®. Then
X 18 closed and a co-atom of M.

Proof: Let x e X and y € X, then 7 (y) Dy (X) = %(X), and n(x)
= 7 (X). Hence ’

(XN Y 29(X)s= O

and so by (11), ye X,

.- Suppose M does not cover X (in M). Then there exists a Ye M
such that X C Y s£M. By our previous remark, this implies that X is
properly contained in some o-clique containing Y. But this contradicts
the maximality of X as a o-clique.

4. THE PROBLEM OF THE MIDDLE

h By the duality of ¥ and M, the eo~at6ms of M are images under the
mapping u of atoms of F; so we can apply Prop. 3 to E, mutatis mutandis,
to yield the result that the environments shared by elements of a co-atom
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are all equivalent, that is:
(12) if X is a co-atom, u(e) = p(e’) for all e, ¢ e (X),
and hence
~(13) X = pfe) for any e en (X).

The correspondence belween the distributional equivalence of the
eléements of atoms and the equivalence of properties associated with the
elements of co-atoms allows us to formulate, if not to solve, a basic dilemma
which arises in devising classificatory criterin — how to strike a happy
medium between too fine and too coarse classifications? If (within the
latice M) we attempt to construct a classification by clustering together
distributionally indistinguishable elements, we obtain ‘small’ disjoint
classes — the atoms of M, and sinee not all families need be closed, some
elements of M may be left unclassified. If we cluster objects on the basis
that they occur in distributionally indistinguishable environments, we
obtain the co-atoms of M. These are ‘large’ (typically overlapping) classes
whose union is M, but whose elements are only mutually substitutable in
‘small’ sets of environments — the atoms of E.

i+ Ideally one would like to combine these two criteria to produce a
classification {X;, X, ...} which would satisfy simultaneously the'cons-
traints: ; , o

. if my, m, € X; and m, occurs in e, then m, occurs in e;

if m; e X, and occurs in e and m, occurs in e, then m, e X

but as we have seen (cf. Prop. 3, and (13)) this is only possible in the
special case that the atoms and co-atoms of M coincide. Here M has a
trivial strueture which can be represented graphically ¢ as follows:

/ M \ﬁ\
L

The ideal case serves to clarify why it is so difficult to formulate a
‘ classification criterion which approximates it. To construct such a crite-
| rion would involve defining something like the ‘middle’ of a lattice, and
| lattices in general simply do not have well-defined middles. One can,

! of course, define constructions which capture something of the notion
‘ of the ‘middle’, for example, by maximizing with respect to one lattice-

8 To represent lattices graphically, we use a Hasse diagram, in which the nodes or vertices
of the graph represent the elements of the lattice, with two nodes being connected by an edge
if one of the corresponding lattice elements covers the other. If x > y in the lattice, then
the node x is placed above the node y in the diagram.

S
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property and minimizing with respect to another, but there are many
ways such a construction can be carried out, and in order to choose be-
tween them we would need a more detailed analysis of the theoretical aims
of such classification criteria than is available at present. )
Remark : In order to make the problem of defining a mean between too
fine and too coarse classification reasonably coherent, we need some sort
of structure which mediates or connects the extremes and is dependent on
the actual distribution of objects and properties. The lattice M is one such
structure, but as we have seen it fails to connect the intuitively plausible
extremes of equivalence and o-similarity. It, however, suggests the follow-
ing (to my knowledge) open problem : .

Find a lattice whose structure is dependent on the underlying
distribution of M and E with the property that its atoms are the set of
families and its co-atoms are the set of o-cliques.

5. CLASSIFICATION AND ASSIGNMENT

Suppose we are given a classification {X,, ..., X;} of M where the
sets X; are to serve as types or categories of objects. Unless the X, form a
partition of M, some objects will belong to more than one category. For
linguistic purposes, we should like the categories to reflect in some sensg
the ‘roles’ or ‘functions’ of morphemes in sentences, and so membership
in more than one category should correspond to multiple roles or functions.
In the ordinary way of describing English sentences, one says, for example,
that ‘sign’ functions as a noun in the sentence

‘Noam letters signs.”’
and as a verb in

“Noam signs letters.”

To capture the flavor of this, we need a notion of ‘assignment’ of an
object to a category relative to an environment, over and beyond ‘belong-
ing’ to a category in the sense of set-membership.

(14) Definition : x is assignable to X C M in the environment e if
xeX Cu(e)

(15) Definition: Let G C M-M. G is a complete classification
if for all m e M, and e e w(m), m is assignable to some G e @ in e, (The
reason for excluding M from & is that, as v(M) = @, there is no environ-
ment in which m is assignable to M.)

Proposition 7: @ is a complete classification iff for all e, p(e) is the
union of some set G’ of classes in @.

Proof : Combining (14) and (158), if G is complete then for each
m e p(e), there exists a G, C p(e) such that m e G, €G. Hence, letting
G = {Gy:mep(e)}, we have

u(e) = UG.

The converse is obvious.



13 ALGEBRA OF DISTRIBUTIONALLY DEFINED CLASSES 45

The classification of morphemes discussed by Harris and Wells is
based on sets of morphemes obtained by substitution in a single frame or
environment, i.e. classes of the form p(e). Wells called such classes ‘mor-
pheme-classes’, but as we are here using the term ‘class’ in a wider sense,
we. shall refer to them as diagnostic classes, since a set X © M is of the
form p(e) iff there exists an environment e which is ‘diagnostic’ in the
sense that ‘occurs in e’ is equivalent to ‘is an element if X.7

The structure of the diagnostic classes determines the structure of
| the remainder of M, for if X is a closed set, we have

X = N {ule) e € q(X)}.

Hence, if we begin with the diagnostic classes and compute all possible
intersections, we obtain the lattice M.

Any classification which includes all diagnostic classes is complete,
but such a classification may contain redundant classes which can be
expressed as the union of smaller classes. This raises the question of
finding a complete classification containing the fewest possible classes.
The problem need not have a unique solution in general, but if we restrict
the classes in a classification to be diagnostic, there is exactly one smallest
complete classification :

Proposition §: Let

Gy = {p(e) : u(e) is not a union of smaller diagnostic classes}.
Then @, is the smallest complete classification by diagnostic classes.

Proof : G, is a complete classification, since for every up(e), either
u(e) e Gy, or is the union of smaller diagnostic classes, which in turn are
: either in Gy, or the union of smaller diagnostic classes. This process must
‘ terminate since the classes at each stage become smaller and M is finite ;
| 80 every u(e) is a union of elements of G, and hence Gy, is a complete
clagsifieation.

Further, every complete classification consisting of diagnostic classes
must contain @, ; hence Gy, is the smallest such.

: A methodological digression :

| A definition such as that given in Prop. 8 for Gy can be taken as
i a proposal that a set of grammatical categories of a language be defined
| in such-and-such a way. It seems appropriate therefore to consider, at
| this - juncture, the methodological status of such proposals. Fundamentally,
| a particular classification criterion and the mathematical structure within

which it is embedded simply enables (in principle) certain calculations to
| be performed which can generate precise facts about particular languages,
! to wit :

“Applying criterion A to language B yields categories C.
Obtaining such facts does not seem to me to be quite as uninteresting as
the current lack of interest in discovery procedures would suggest, but

7 Kunze (1967) defines a set X to be complete if for all Y -2 @, 9(X) S U {n(¥): y€ Y}
implies X N Y == ®, and as he shows, this is equivalent to X being diagnostic.

| |
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unfortunately the calculations are for obvious combinatorial reasons quite
difficult in practice. (Some initial computer experiments suggest that
they are barely feasible, but that the cost will be considerable for any
corpus large enough to be representative.) Clearly, any distributional
grammatical theory must be supplemented by quite sophisticated algo—
rithms if we are to be able to see its consequences.

However, classification criteria need not be purely instrumental;
they can provide a basis for well-defined empirical hypotheses. For if
a criterion is defined in the context of a particular mathematical frame-
work, then further properties can be stated within that framework which
are either true or false of the particular classification generated by the
criterion for a particular set of data. In order for such a property of a
classification to be empirical, it must be contingent on the data ; that is,
the criterion used to define the classification must itself be so framed as
prevent the property from being either necessarily true or necessarily
false.

To illustrate, let us look again at classifications which are derived
or are presumed to be derivable from considerations of similarity. If the
resulting categories are in some sense intuitive or ‘natural’ and the simi-
larity relation is hard to state precisely, one may be tempted to take the
fact that two objects are assigned to the same category as itself a form of
similarity. Why is ‘raven’ like ‘writing-desk’? A possible answer is that
they are both nouns; but at the same time, the question ‘“what is a
noun ?’’ can have the reply that nouns are words which share the gramma-
tical similarities of ‘writing-desk’ and ‘raven’.

This circularity can be reformulated as a condition on classification
criteria : given a classification ¢ = {X,, ... X,}, we can treat the set G
itself as a collection of new properties, defining ‘x has the property X,’
as synonymous with ‘x € X;’. From these properties, we define a similarity
relation o(G) as ¢ was defined as Sec. 3: X o(6) y if for some X, €@,
X, y€ X,. Now let c¢(c(G)) be the collection of o(G)-cliques. The classifi-
cation ¢ admits of the circular interpretation described above, if the
similarity relation o(@) yields the same classification as G itself; that is,
if

(16) c(o(6)) =

(One motivation for eonstrueting similarity relations from eclassi-
fications by means of ¢ and classifications from similarity relations by
means of ¢ is that the reverse. equation to (16) always holds : if 8 is a simi-
larity relation it is easy to verify that o(c(S)) = 8.)

Now if (16) is to be a contingent property of a classificatory cri-
terion, so that whether or not it is satisfied by some distributionally defined
clagsification of a particular natural language becomes a question with
empirical content, then certain classificatory criteria can be ruled out in
advance. For example, the set F of families of M is excluded as an inte-
resting type of classification, since F is always a partition and (16) always
holds for partitions. Similarly, the set C of o-cliques (see (11)) is excluded,
for we always have .

e(a(C)} = e(s(e(o))) = ¢(s) = C.
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By ‘way of contrast, complete classifications are not excluded by the-
requirement that (16) be contingent, since examples can be constructed.
for whiech it fails, and others for which it holds. :

6. AMBIGUITY AND CONTEXT-INLEFENDENCE

For linguistic purposes, two aspects of assignment of objects to
categories are of particular interest :

(i) When is an object assignable in each environment to a unique:

category ?

(ii) When is an object assignable to the same categories in all en-

vironments %
We make the following definitions :

(17) m is unambiguous in e with respect to a given complete classi-
fication G if m is assignable to only one G € G in e.

(18) m is context-independent with respect to G if m is assignable.
to G in all e € n(m).

Proposition 9: G is an unambiguous classification (i.e. all m e M are
unambiguous with respect to @) iff G, G, € G and G, 5= G, implies either
G, N Gy=0or G + G, =M

Proof : If @ is unambiguous, then for any m, if m € G; C p(e) and
m e G, C ple), G, = G,. Soif Gy # G, and G; N G, 3 ¢, no diagnostic
class contains G; U G,. But, by the definition of join, this implies no
diagnostic class contains G, + G,. Then since every non-trivial class is.
contained in a diagnostic class, we must have G, -+ G, = M.

Conversely, suppose G; + G, = M. So any class containing G; U G,
equals M. But, from (9), M is not a diagnostic class, so no diagnostic class
contains G; U G,, and hence no me G; U G, can be assignable to both
G, and G, in the same environment.

- Thus the ambiguity cf a complete classification can be ‘read off”
from the structure of the lattice M in which it is embedded : in Fig. 1,
the classification {A, B, C} is ambiguous while {D, E, F} is not.

The condition for unambiguous assignment with respect to Gy has.
a possible application as a purely distributional criterion for the detection
and resolution of syntactic homonyms. For, as illustrated in the example
which follows, elements of Mwhich are ambiguous caninsome circumstances.
be ‘split’ to create new unambiguous elements. To accomplish this, we
need a rule to determine in which environments the new elements are.
to occur:

(19) Disambiguation rule : If Gy, G, € Gy, G, &G, and Gy U G,C p(e),
then replace any elements m in G; (| G, by new elements, m* and m**.
Let m* occur in all e € 3 (Gy), m**in all e € 3(Gy). If m € p(e) C Gy,
let m* occur in e, similarly for m € p(e) C G, and m**,

The reason for the condition G, & G, (rather than just G, #+ G,) is as
follows : if G, C G, and we were to apply (19) to m € G, N G, = Gy,
m* and m** would satisfy

m: € un(Gy)y,
m* € un(G,), (since (Gy) 2 %(Gs))
m** € pn(Gy). ’
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Hence pr(G,), which is the class resulting from replacing each m in G,
by m*, would be contained in py ( G,) (obtained by replacing m by m**)
and the elements m* would again be ambiguous.

M

Figure 1.

This suggests slightly modifying the definition of assignment w.r.t.
€y in order to make the case Gy C G, no longer ambiguous :
(20) m is assignable to G in e if G is a maximal element of Gy

satisfying m € G C p(e).
This definition, rather than (14), is used in the example which follows.

To illustrate, consider the corpus L, and the corresponding lattice
M given in Fig. 2. Here
"M = {up, down, high, low, er, ly ,ing, ed, s}

~L:up up(p)-er up(p)-ing up(p)-ed up-s
down down-ing down-ed down-s
high high-er high-ly high-s
low low-er low-1y low-ing low-ed low-s

_Abbreviating the elements of M as U, D, H,L,1,7,g 4,8, the lattice M
is:

UDHL rygds
N 7N\
UHL uoL rys rgds
] ]
HL UL ] gds
\/ \

s

Figure 2.
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Gy = {{U7 H, L}, _{U’ D, L}a {Hy L}; {I‘, hE) S}, {1‘, g, d, S}’ {g7 d, S}},
and we find the following ambiguities :
U and L are assignable to {U, H, L} and {U, D, L} in the environ-
ment (, ).
r and s are assignable to {r, y, s} and {r, g, d, s} in the environment
(low,).
Applying (19’) to U and L yields I, and M,, given in Fig. 3. For M,,

Gy = {{UU H, L,}, {U, D, Ly}, {IL Ll}: {I‘, Yy 8} {I‘, S}’ {g, d, i

and this classification is now unambiguous. Considering only the maximal
categories in Gy (the remaining categories are only needed to make the
classification complete), we see that splitting ‘up’ and ‘low’ has produced,
a8 we might expect, a ‘noun/adjective’ category {up,, high, low,}, a ‘verb’
category {up,, down, low,} and corresponding suffix categories : {er, ly, s},
and {ing, ed, s}. Note that ‘s’ is not ambiguous in L, — whether it is
functioning as a ‘noun/adjective’ suffix or a ‘verb’ suffix can be determined
from the context in which it occurs.

L: U, Ur U;s
U, Uy,g Uyd TUgs
D Dg Dd Ds
H Hr Hy Hs
L Lr Ly Ls
L, L,g L,d Lgs
M,

/M

}UZD\HHLZ F T
U}{ U, DL, r,s
HL, \ \
¢
Figure 3.

For this artificial corpus, the intuitive solution is also the most
economical. If, for example, we split r and s first, rather than U and L,
we obtain a slightly more complicated lattice M, (Figure 4) in which L

4 — c. 2805
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is still ambiguous. Splitting L then yields M, (Figure 5) and the unintuitive
clagsification

Gp = {{U, D, Ly}, {U, Ly}, {H, L,}, {ry, ¥, 13y {rer &5 d, 85}, {g,d, 823}

in whieh there are two forms of the comparative “-er’’, one for the ‘noun-
-adjective’ category {high, low,} and one for the ‘verbs’ {up, low,}.

It is interesting to note that if the ambiguity of a classification
is to be invoked as a means of detecting syntactic homonymity, then the
classification criterion must yield classifications which, roughly speaking,
lie in the middle of the lattice M. The situation here is analogous to that
noted earlier with respect to the ‘circularity’ condition (16), for we would
like unambiguity to be a contingent fact about elements of M ; but if the
categories in a classification are very ‘large’, the condition for unambiguity :

X, + X, =M

will be satisfied automatically; if the categories are very ‘small’, ther
the condition

X, NX,= @

will hold, and again unambiguity is ensured.

Ly: U Ur, Ug Ud Us,
D Dg Dd Ds,
H Hr, Hy Hs,
L L, Lr, Ly Lg Ld Ls; Ls,
M,:
/M\
UDHL 1y ygds, s
ubL HL rys, r7ds2

T
\/
BN

Figure 4.
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L,: U Ur, Hg ©Ud Us,
D Dg Dd Ds,
H Hr, Hy Hs,
L, Ly Ly I8,
L, L,r, L,g L,d L,s,
M,:

UDHL4L, nys; r,gds,

UL,
o gas,

UL,

¢

Figure 5.

"Like ambiguity, context-independence can be characterized in
terms of the lattice structure of M.
Lemma 2 : m is context-independent w.r.t. G, iff G = m.

Proof : If m is context-independent with respect to G then

G C p(e) for all e € n(m).
Hence
G C N{w(e): e e y(m)} = m.

But G is closed and m e G, so
mC G=G

from which we have m = G. -

Conversely, if G = m, then m e p(e) implies mC p({e) = u(e), so m
is assignable to G in all e € n(m).
Corollary : If m is context-independent w.r.t. all G e m, it is unambiguou
w.r.t. G. ‘
Proposition 10: Let G be a complete classification of M. Then all me M
are context-independent w.r.t. all G e G iff :

G = {Mm: m e M} = set of atoms of M.
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Proof : Let G €@. Since G == M, 5(G) = &, and as all m are con-
text-independent, any m € G is assignable to G in e € #(G). So, by Lemma
2, G = m for all m € G. But this entails

7(m) = n(Mm) = 7(G) for all m e G,

and so G is contained in a family. Hence, by Prop. 3 and 4, G is a
family and an atom of M.
Conversely, let G = set of families of M. If all families are atoms

(and hence closed), then m = m for all m, and asm C u(e) for any
e € y(m), all m are context-independent w.r.t. all G e @G,

A class containing an m which is context-independent with respect
to it is of the form m by Lemma 2. Such classes, which we will call CI
clagses are, in a sense, the ‘duals’ of diagnostic classes — the former are
the closures of single elements of M and will tend to be at the ‘bottom’
of the lattice, while the latter are defined by single environments and will
tend to be at the ‘top’.

The duality of diagnostic and CI classes appears to be related to
the long-familiar distinction between ‘open’ and ‘closed’ grammatical
categories. (Let us call them O and C categories, since ‘closed’ is being used
in this paper for another purpose.) Typical O categories are (in English)
nouns, adjectives, and verbs, which are, distinguished, among other things,
by the fact that they are large and can be extended by new lexical items ;
that is, neologisms can be assigned their grammatical functions and thus
can have similar distributions. The C categories include articles, pronouns,
prepositions, ete. ; they are small categories (easily enumerated) and neo-
logisms cannot be assigned their grammatical functions. Obviously there
is much more to the distinetion than this, but within the present frame-
work, we can only scratch the surface-structure for distributional symptoms
of the dichotomy, ignoring its further syntactic and semantic ramifi-
cations.

Consider the classical example :

“The gostak distims the doshes.” :
How is it that we know that the doshes are being distimmed and that
there are not two gostaks doing it? Clearly some process of assignment
of nonsense-words to grammatical categories is involved; but as the
words are nonsense, the assignment must, in such instances, be possible
without reference to the orthographic ‘shape’ of the word being assigned,
and we will take this as the relevant symptom that the categories involved
are O categories.

To translate this condition into a property of classes in M, we
observe that, by the definition of assignment (14), we can assign m to
G in e without knowing which m it is, if we know that m occurs in e, and
that G C p(e), and it is the case that these two conditions imply m € G.
But it is easy to see that

(21) m e p(e) aﬁd G C p(e) imply me G

exactly when G is the diagnostic class w(e).
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Now imagine an algorithm for class-assignment which takes as
input a sentence m, ...m, from which it produces a list of pairs (m,, e,)
where e, = (m,; ... m;_y, M;4; ...Mm;), and then uses the structure of M
to determine to which clagses m, can be assigned in e;. Since m can always
be assigned to p(e), the algorithm can compute the ‘name’ of this class
directly from e without using the datum m, and hence can perform the
same assignment for the pair (n, e) even when n is a neologism or unknown,
i.e.ne M. With respect to such an algorithm, the diagnostic classes and
only those will be ‘extendable’.

If such an assignment algorithm is to be able to handle the above
example, it must in some cases be able to identify the appropriate diag-
nostic class from only small portions of e which serve, so to speak, as
syntactic clues, since as in the example, new words can be assigned to
parts of speech even when the environments they occur in themselves con-
tain unknown words. The obvious candidates for such syntactic clues are
the so-called ‘function words’, i.e., members of C categories. But if function
words are to serve as syntactic clues even in environments containing
unknown words, their grammatical role or category must be identifiable
independently of the environments in which they occur. This suggests i
converse property to (21):

(22) m e p(e) and m e G implies G C p(e),

which, by Lemma 2, is exactly equivalent to G = m. Thus, an assign-
ment algorithin, when given sn input pair (v, e) can immediately make
one assignment for m, say, by leoking up m in a table of CI classes, without
considering the internal structure of e ; and this respect, CI classes resemble
C categories, just as diagnostic classes resemble O categories with respect
to extendability.

Note that we cannot deduce from the fact that a class is CI that it
is non-extendable (i.e. not a diagnostic class), even though this is usually
taken as the defining characteristic of C categories. In fact, CI classes
which are diagnostie arise quite naturally as distributional symptoms of
grammatical agreement. For example, if m is the only morpheme which
can occur in e, then p(e) = {m} = m. An instance in English is given
by taking m = ‘T, and e = (,am).

We suggest as a somewhat speculative hypothesis that CI diagnostic
classes are in fact not perceived as ‘natural’ categories or parts of speech,
thus accounting for their non-extendability. If this hypothesis is correct,
it poses some difficulties f or any attempt to define, on purely distribution-
al grounds, classifications which aim at capturing the categories suggested
by linguistic intuition ; for as CI classes cannot be unions of smaller classes,
any diagnostic CI class must be included in every complete classification
by Prop. 7. (The same result was previously proved by Kunze (1968)
for classifications meeting a stronger condition than completeness : namely,
thet for any [x = m, ...m, € L, these exist classes G, ...G in the classi-
fication with m, e G, and G, ... G, C L.)
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7. MARCUS’ CONSTRUCTION OF “ELEMENTARY GRAMMATICAL CATEGORIES”

The purpose of this concluding section is to consider briefly an alter-
native definition of grammatical categories, proposed originally by Do-
brouchine [1957 ; and developed further with some modifications by Marcus
(1962 ;. The point of departure here is to use the partial ordering of F to
induce a partial ordering of M, termed domirance : x is said to dominate y
(written x —y) if 1 (x) C n(y). Thusx —y if y has ‘wider’ distribution
than x. The dominance relation is extended to P(M) as follows :

Definition (Dobrouchine): For A, BC M, A—->B if .

vxeA, yeB, x>y.

Some connections between the notion of grammatieal category as
derived from the dominance relation, and the concept of closure have
previously been explored by Marcus [1967, who gives some conditions
under which categories, in his sense, are closed. The following serves to
supplement those results by reconstructing the dominance relation in
terms of the closure operation, and by giving some conditions under
which classes are categories. (For counter-examples, that is, eases in which
the concepts do not overlap, see the examples from German given in
Kunze [1967).) )
Proposition 11: A —~ B iffn{X:xe A} D B.

Proof : From the definition, we have

A->Biff xeA, x—B.
But x — B iff y(x) C (y) for all y € B. Hence
x — B iff 9(x) C N{y(y):y € B} = 4 (B).

By Prop. 1A(a), n(x) C n(B) implies ¥ D B; and conversely, if X 2 B,
then

7(x) = 1(X) C n(B) = 5(B).
80,

x — B iff X D B.

From this we have
(vxeA, x>B)iff N X:xeA} DB,

which completes the proof. ‘ '
Marcus’ definition of a catégorie grammaticale élémentaire (henceforth
abbreviated to CGE) can be informally described as follows: the con-
struction begins by considering a subset A which has the property that the
distribution of any m, not in A is either wider than or overlaps the distri-
bution of some m € A. A CGE is constructed from such an A by adjoin-

e ettt
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ing to A any m’ whose distribution is wider than that of every m e A.
More formally :

Definition : A C M is initial if m — A implies m e A,
The ‘saturated products’ sp(A) = largest B C M such that A — B.

(The existence of such a B follows from the fact if A - B and A — C,
then A -B U C.

If A is initial, the CGE(A) = A U sp(A).
Lemma 3: sp(A) = (| {m:me A}

Proof: Let i(A) = N{m:meA}. By Prop. 1B, i(A) is closed.
Substituting i(A) for the set B in Prop. 11, we see that A —i(A) = i(A)
and if A — B then i(A) D B D B. Hence i(A) = sp(A). From this, we
nave immediately that sp(A) C A, since m C A for all me A, and so
Corollary [Mareus, 1967;: A C A U sp(A) C A. Using this, we can show
that, roughly speaking, all sufficiently large classes in M are CGE’s.
Proposition 12: C e M is a CGE iff no m properly contains C.

Proof : By the corollary, if C is initial then CGE(C) = O. Further-
more, if C = CGE(A) for some initial A, then C is initial since C D A.
Hence, to characterize the closed CGE’s, it suffices to characterize the
closed initial sets.

By Prop. 11, x — A iff X D C = (. Soif Cis initial, X D C implies
x € C and we have x = C. Thus C is not properly contained in X. Con-

-versely, if no x properly contains C, then X D C implies X = C; so x e
and C is initial.

Proposition 13 : The following are equivalent assertions :
(a) All classes are CGE’s.
“{b) All families are closed.
(c) = is an equivalence relation on M.

Proof : If all classes are CGE’s, then by Prop. 13, no m properly

contains an atom of M. Thus m is an atom for all m ; from which it follows,
by Prop. 3, that ‘

m = m for all m,

s0 (a) implies (b). .
If all families are closed, then n(m;) C y(m,) implies
mleﬁll =m; C m, =1f113

8o n(m,) = y(m,). Thus m, - m, implies m, — m;, and as — is by defi-
nition reflexive and transitive, adding symmetry makes — an equivalence
relation. Hence (b) implies (¢).

Now assume that—is symmetric, and let C be closed with m C 7 C.
Then .

n(m) C »(C), hence m —C, and by symmetry, C - m,
l.e.

WO C N {a(x):x e 0} C q(m)
But C is closed, so

- € = y(0) D pn(m) = T,
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Thus no class is properly contained in m for any m, and using Prop. 12,
(e) implies (a), which completes the proof.

. Hence, by Prop. 10, the case in which all classes are CGEs coincides
with the case in which there exists a complete context-independent classi-
fication of M.
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