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Abstract We present two new ways to implement ordinary programs with logic gates.
One, like imperative programs, has an associated memory to store state; the other, like
functional programs, passes the state from one component to the next. Circuit design can
be done more effectively by using a standard programming language to describe the
function that a circuit is intended to perform, rather than by describing a circuit that is
intended to perform that function. The resulting circuits are produced automatically; they
behave according to the programs, and have the same structure as the programs. For
timing we use local delays, rather than a global clock or local handshakiagyivé/a

formal semantics for both programs and circuits in order to prove our circuits correct. By
simulation, we also demonstrate that the circuits perform favorably compared to others.

1 Introduction

The design methods for digital circuits that are commonly found in current textbooks
resemble the low-level machine-language programming methods of forty years ago.
Manually selecting individual logic gates in a circuit is something like selecting individual
machine instructions in a program. These methods may have been adequate for small
circuit design when they were introduced, and they may still be adequate for large circuits
that are simply repetitions of a small circuit (such as a memory), but they are not adequate
for circuits that perform complicated custom algorithms.

In general, we do not build circuits to perform complicated custom algorithnes. W
build general-purpose processors, and customize them for a particular algorithm by writing
a program. That we can do so was a fundamental insight, due to Turing, upon which
computer science is based. But for some applications, particularly where speed of
execution or security is important, a custom-built circuit has some advantages over the
usual processor-and-software combination. The speed is improved by the absence of the
“machine-language” layer of circuitry with its “fetch-execute” cycle of interpretation, and
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by the ease with which we can introduce parallelism. Security is improved by the
impossibility of reprogramming. In addition, unless the application requires a lengthy
algorithm, there are area savings compared to a combination of software and processor

The VHDL [8] and \érilog [14] languages are presently being used by indu3tmgse
languages allow circuit designers to describe circuits more conveniefthere are
interactive synthesis tools to aid in the construction of circuits from subsets of these
languages. The circuits are then “verified” by simulation.

We do not present a new language for circuit design. Instead, we advocate using a
standard programming language (for example, C), not to describe circuits, but to describe
algorithms. The resulting circuits are produced automatically; they behave according to the
programs, and have the same structure as the programs. For timing we use local delays,
rather than a global clock (synchronous) or local handshaking (asynchronoaigjve/é
formal semantics for both programs and circuits in order to prove our circuits correct, using
a theory presented in [5]. By simulation, we also demonstrate that the circuits perform
favorably compared to others.

There are other high-level circuit design techniques being developed and reported in the
literature. Early work includes [12], [13], and [4]. In [3,7], a circuit is specified in a
subset of CSP as a set of communicating processes, and is transformed into circuits via an
intermediate mapping to production rules. A similar approach (and a similar circuit design
language) is used in [1,2], except that specifications are mapped into connections of small
components for which standard transistor implementations exist. In [15] circuits are
modeled as networks of finite state machines, and their formalism is used to assist in
proving the correctness of their compiled circuits. The work of [6,10] is most similar to
ours, but their designs have a global clock; ours do not.

The success of high-level circuit design will probably be judged the same way high-
level programming was judged: on whether the circuits produced are competitive with low-
level designs, and on whether we are able to design complex circuits more easily and more
reliably. The outcome will probably be the same for circuits as for programming.

This paper is intended to be self-contained, showing how circuits are built from the gate
level up. Consequently we must ask for the patience of knowledgeable readers whenever
we cover familiar ground. Sometimes we cover familiar ground in an unfamiliar way

2 Diagrams

Circuits are often expressed as diagrams constructed from “and”, “or”, and “not” gates.
We can give a diagram to any other operator by the expedient method of placing its symbol
in a box. Here is theif then else (also called multiplexer). On the right we show an
implementation using negation, conjunction, and disjunction.

X X

\
if >
y .
y ——> then > if xtheny elsez if xthenyelsez
z— > else — Q>

By this pair of diagrams, we do not intend to suggest ithtitenelse is best implemented
as shown, but only to show one way it can be implemented, and to show how we obtained
our performance estimates by counting gate delays.
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It is also convenient to define the switch (or demultiplexer), and to give it a diagram.

X X
) |
if D% if xthenyelsel
then— if xtheny else L
y—> T
elsel—> if 4 y L
1N XthﬂWﬁel O)e E"Xt enyiel

The symbol L is for “low voltage” or “ground” or “false”. W use T for “high voltage”
or “power” or “true”.

The if then elseand switch also come in a more general form in which the selection is
made by an integer rather than a boolean. For a 2-bit integer selection the diagrams are

X

.
X yo
case —()
yO% 0 7
y—>1 y Y1 \
Yo—>2 X Yy
y:_:v,H 3 /
70 —
Ys
Y3

wWwnN —O

case —()
—> if x=0thenyelsel — if x=1thenyelsel
— if x=1thenyelsel
if x= y 1
y > .

A thin line indicates a single wire, and a thick line indicates any number of wires. Crossing
wires are not connected.

Circuit diagrams are helpful when planning the layout of a circuit, but for designing the
logic we prefer to use algebraic notation for its ease of manipulatios.giVé both
diagrams and algebraic descriptions, but we do not intend the diagrams to indicate layout.
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3 Time

Ideally, we might suppose that circuit components act instawith no gate delays, and
are represented accurately by timeless boolean expressions. Realishieadlyare gate
delays, and sometimes there are transient signals (glitches) while a circuit settles into a
stable state. ¥Wmust introduce a timing discipline to ensure that we do not require, and are
not affected bya result before it is readyWe can consider time to be continuous or
discrete; nothing in this paper will depend on that choice.

To talk about time, we find it convenient to introduce the operadoy pronounced
“delay” or “previous”. It gives the value that its operand had previpasfort time ago.

Its diagram looks like this:
<X %

Whenever we need to say formally what constraints a delay time must, satestyrite it
to the left of the delay operator, and inside its circuit graphic:

O<Xx %

Delay time is dependent on context and technglatgis usually determined by
experiment, and can be known only approximatedy with an upper and lower bound.
Sometimes we want the delay to be as short as possible; when that is the case, signal
propagation time through the wire and surrounding gates is sufficient, and no extra
circuitry is required. When more delay is needed, it can be implemented as an even number
of negations, or by a suitable choice of layout; these implementations are not subject to
glitches, and so do not raise again the problem they are solving. In addition to its logical
use, the delay sometimes has the electrical job of reshaping a pulse, both height and width,
to compensate for degradation. But that is a level of detail below our concern in this paper

As a formal requirement, for proof of correctness, we need to define the output of a
delay to be initially L for the delay time, and thereafter it is the same as the input but
delayed. This initial L is the only initialization in our circuits; we don't consider
initialization circuitry in this paper

X

X

4 Flip-flops

A flip-flop has inputs C (clock) and D (data), and outpulQ (the letter Q is like the
letter O for output, but distinguishable from the digit 0). A flip-flop behaves as follows:
If the clock is T , then the output is the data input, otherwise the output remains as it was.
This behavior can be formalized directly as follows.

if C=T thenQ=D elseQ=<1Q
We can simplify this boolean expression in two ways. Equatinglto is always
superfluous, just as adding zero or mutiplying by one are superfluous. And we can factor
out the “Q=", obtaining

Q = if CthenD else<1Q
which we might well have written in the first place.e Wow have a definitional equation,
which is the form suitable for automatic circuit fabrication. An equation is “definitional” if
one side is the output. Here are the black box and implementation diagrams.
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D ——then
else

<

For the circuit to operate correctiyre delay must be small enough that no changb to
occurs during the delay preceding the fall of the clock. For the circuit to be as fast as
possible, the delay must be as small as possible. There will be a constraint on the
minimum delay for electrical reasons, which we do not consider here. With npttieday
circuit is logically equivalent to a standard textbook flip-flop.

We generalize the flip-flop to allow any number of pairs of clock and data inputs. If
exactly one of the clock lines i$ , then the output is the corresponding data input; if none
of the clocks areT , then the output remains as it was. Let the clock line€$peC, , ...
and let the corresponding data linesg, D, , ... . Then the formal specification is

(0i- ©) O Q=(0- G ODy)

(-0-G) O &=<Q
Actually, the formal specification is the conjunction of the two formulas. As is customary
in mathematics, we sometimes write a list of boolean expressions when we mean their
conjunction. The specification is nondeterministic, or in circuit terminglbdyas “don't
cares”, when more than one clock inpuflis (because we don't intend to make more than
one clock input T at the same time). ®/can strengthen the specification if we wish
(resolving nondeterminism, deciding “don't cares”) because all behavior satisfying a
stronger specification will also satisfy the original specification. The circuit designer's job
is to find an equivalent or stronger specification in the form of a definitional equation.
Here's one:

Q = (0-COD) O (-0 C)0<Q
We will find it convenient later to provide a clock outpGt that is T when any of the
clock inputs areT .

C = O- Ci
Here are the more general flip-flop diagrams.

—Q

C
<

Co % —O -0Q
D, \
C, > >—>C C, T
D, —>Q D,
C, > C,
D, D,

C,

D
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5 Edge-Triggering

The flip-flops we have just described remain sensitive to the data input as long as the clock
is T . Sometimes we want a flip-flop that is sensitive to its data input only at the rising or
falling edge of the clock input. For example, a falling-edge-triggered flip-flop can be
defined as

Q = if ~CUy<Cthen<D else<Q

y = (edge time) + (negation delay)
The expression- C [1 C says that the clock is down but was just previously up, so it is
a falling edge. Thé&-delay y should be just large enough to all@to fall and to allow
that falling edge to be negated. Theelay determines what data is latched; for example,
we might want the data from before the falling edge, or at its start, or at its end (this delay
could be omitted). As always, tligdelay should be as small as possible. The diagrams
(note the down-arrow in the black-box diagram to indicate falling-edge-triggering):

@
i c—

D> ' >Q D—‘>% —>Q

Aside The standard way to obtain an edge-triggered flip-flop is with a master-slave pair of
flip-flops. For example, we obtain a falling-edge-triggered flip-flop as follows (since we
use a triangle for delaye use just a circle for negation):

c 0]

D— P —>Q

Algebraically this is
P = if CthenD else<1P
Q = if ~CthenP else<Q

We now prove that this master-slave pair is equivalent to our single flip-flop. Apply a

delay to theP equation and to th€ equation to obtain
<P = if <ACthen<D else<1<IP
<Q = if = <aCthen<IP else<1<1Q

FromtheP, Q, and <P equations we find
-CUO<C 0O P=<POQ=PO<P=<1D

and so, by transitivity

(*) -CO<C O Q<D

FromtheP, Q, and <Q equations we find
ACO-<dC O P=<dPOQ=PIO<AQ=<P

and so, by transitivity
-CO-<C O Q@&E<Q

Also, from the Q equation alone,
C O Q&=<Q

Putting these last two implications together we find
-CO-<C OC O @&«Q

The antecedent can be rewritten

**) - (-CO«dC) O QE=<Q
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Putting (*) and (**) together we have
if -~C 0 <CthenQ=<1D else Q=<1Q
which can be rewritten
Q = if ~C<Cthen<D else <1Q
So the master-slave combination is logically equivalent, but more complicatet of
Aside

Edge-triggering is applicable to more than just flip-flops. For example, to create a switch
(demultiplexer) that triggers its output on the rising edge ofythaput, and then holds its
output for the duration off on y (ignoring fluctuations orx ),

t = if xOyO-<ythenT elseif y then<itelsel

e = if-x0OyO-<ythenT elseif y then<eelsel
These equations can be simplified, and delay times can be added, to get

t = (xXO-y<y O1at) Oy)

e = (((xOy<y) O1<e) Oy)

P> (edge time)d T<
By induction over significant instants of time (induction hypothesis: it's true up to some
time; induction step: it's still true after the next time that something changes), we can prove

t = (-ely) e = (-tQy)
and further simplify our circuit. The diagrams (note the up-arrow in the black-box diagram
to indicate rising-edge-triggering):

X

X /T|
* yD D {
! WO >t
y then—— t y | O
1 | e

else— e

6 Memory

We can aggregate flip-flops into a larger amount of memory called a “word”, suitable for
storing anint or real value. V¥ use the same diagram as for a flip-flop but with a thick
D input andQ output to indicate many data lines.

C
C o 0
> N
D Ql
D —3>Q 1
D2 2
D3H 3
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All bits in the word are written at the same time, and read at the same time. Algebraically
we describe the word by

Oi- @ =if CthenD; else<1Q
More convenientlywe write

Q =if CthenD else <Q
as before, even whe@® and D are several bits each.

A RAM (random access memory) is an independent way to aggregate flip-flops into a
larger amount of memaryOne bit is written at a time, and one bit is read at a time. A bit to
be written is selected by the writing addréas, and a bit to be read is selected by the
reading addresf .

W D R
\ J \ 4
case case
0 >
0
%
WC R >
\ 2 ! 1
! ? —
D—— —>Q C —> —>Q
2 %
2
%
3 > 2
%
Algebraically
Q= M[R]

Oi- M[i] = if Cdi=W thenD else <IM[i]
where M[i] is bit i in the RAM.

The two ways of aggregating bits can be combined to provide a RAM of words. Here
are the diagrams.

W D R
\ 4 \ 4
case case
0 >
—> 0
>
WC R 1 >
L 2R —3 1
I >
2 > 3l
-3
3 >

Adding an arrow in the diagram indicates that the flip-flops are edge-triggered.
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7 Merge

A merge turns two sequences of pulses into a single sequence of pulses. (A pulse is a
momentary T ). In a sense, any circuit with two inputs and one output is a kind of merge.
An or-gate allows pulses on either input to pass through; an and-gate allows only
simultaneous pulses to pass through.

The 1-2-merge has inputs and b and outputqg . It outputs a pulse when pulses
arrive on a and b in that order, or simultaneouslyut not in the other ordefTo design a
1-2-merge, we introduce an internal wife with the meaning @ is T or has beenl .

A = (@Oa<A)

q= (Alb)

a < (pulse time)

(Recall that<dA isinitially L .) Unfortunately this is a one-time-only circuit; if ever there
is a pulse ona, it will allow all subsequent pulses dn to pass. @ obtain a circuit that
resets itself on the falling edge of ready to be used repeatedle introduce one more
internal wirer thatis T except at the falling edge @f. The circuit becomes

r=(@U-y<o)

A = (rO@Oa<A))

q= (AUb)

o < (pulsetime)d a <y

a ——>

T

b —> =

A\:1>

Internal wires can be left exposed, as in the above specification of 1-2-merge and the right-
hand diagram, or they can be hidden as in the left-hand diagram and the following
specification:
0yA- 1= (qU-~y<dq)
O A= (UO(@da<A))
O q= AOb)
If a pulse ona follows a pulse onb , there must be a delay of at legstafter the end of
b before the start of to avoid truncating the output pulse. No circuit can constrain its
inputs; its context of use must constrain its inputs, so a constraint is expressed formally as
an antecedent rather than a conjunct. The circuit specification is therefore
-s(ad-ydalb) O O, A r=(q0-ydqg) OA=(O(@Oa<A)) Og=(A0b)
A merge that outputs a pulse when the second of the two input pulses arrives,
regardless of their order, and resets itself for reuse, is as follows. The inpatsasuc
b and the output igy . Internal wire A means “a is T or has beenT ”; internal wire
B means ‘b is T or has beenT ”; internal wire r is T except at the falling edge of
g. The circuitis

¢

r=(qU-y<a)
A = (rO@Oa<A))
B = (rO(b OR<B))

g= (AOB0O (allb))
o < (pulsetime)J a <y O B<(pulse time)d B<y
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o

The first of our two translations from programs to circuits produces “imperative” circuits

(as in “imperative programming”). An imperative circuit has two components, an
imperative controll , and a memory , connected like this.

N
1

%

Y
:
VY

a—— a

b —

ﬁ@

8 Imperative Circuits

S—— —— g

? -
o lRo Co lWo Do
?

!
M

The memory consists of a word for each global variable and a RAM for each global array in
the program. (W present local variables laté8y making variables as local as possible,
we minimize the need for the global mempr$uppose the variables are and y, and
the arrays areA and B . Then there are four clock wires, call€x, Cy, CA, and
CB, and collectively calledCo . With one clock wire for each variable and each athey
variables and arrays can be independently and asynchronously changed. The data inputs
are Dx, Dy, DA, and DB, collectively calledDo . The address wires aMA, W B,
RA, and RB, collectively calledWo and Ro. The memory outputs are, y, A[RA
and B[R B, collectively calledo , the state of memaryAltogether, memory is
M = ( x = (if ~CxO<ICxthen<IDx else<Ix)
Oy = (if ~CyU<Cythen<IDy else<ly)
O (Oi- Ali] = if “CAO<CAOI=WA then<IDA else<1A[i])
O (Oi- B[i] = if ~-CBO<ICB0i=WBthen<IDB else<iBJ[i]) )
We mention again that we are depicting logic, not layout; the best place for a bit of memory
may be with a part of the control that uses it.

The state is input to the control, along with an initiator véire A pulse ons starts the
computation. As the computation progresses, the control changes the state of,memory
thus providing itself with further input. olchange the value of variabbe in memory the
control must send a pulse on clock wi and the desired new value on wibx . If the
computation is finite, then when it is complete, the control indicates termination by a pulse
on the completion wires' . It is the responsibility of the context to ensure that the control
is not restarted before it has completed an execution.

A program is sometimes composed of smaller programs. (In other terminaogy
statement is sometimes composed of smaller statements; we do not distinguish between
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“program” and “statement”.) When a program is composed of parts, the control will be
composed of the controls for the parts mMake the composition easye require of each

part that its outputDx be L at any instant when it is not changing varialsle Then we

can disjoin theDx wires on their way to memaryOther variables and arrays are similar
Here's the diagram.

— >
lg

—) ? ]

sanini
Yy

v
P

Each disjunction is really many disjunctions, one for each bit in its operands.

It is not our intention to present a new programming language for circuit design; we
advocate using a standard programming language.ndWw describe the control for a
sampling of programming constructs from typical imperative languages.

Construct: empty

We begin with the simplest progranok (sometimes calledskip ). It is the “empty”

program, whose execution does nothing, taking no time. Progkamields the control
s=s J-Ro 0 -Co 0 -Wo U -Do

Its diagram is

S s
c—>» |—>» Do

()

Ro CoWo

We have shown all its inputs and outputs. But since dhanput is not connected to
anything, there is no point in bringing those wires from memaind since theRo ,
Co, Wo, and Do outputs arel , there is no point in taking them into a disjunction. So
the circuit reduces to nothing, which is appropriate for a circuit that does nothing.

Construct: delay

The next simplest program tsck , which also does nothing, but takes tidi® do it.
§=0<ds 0 -Ro 00 -Co O-Wo O -Do

Constraints ond must be stated with each use titk . Leaving out the nonexistent

wires, we have this picture:

S >
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Construct: assignment

A variable assignment program= e yields the control
S=1<10<s [1 Cx=06<s [ Dx=(0<dse) 0 -Ro O -Cp O-Wo [ -Dp
0= (etime) O 1= (s pulse timel (memory latch time)

where p is the state of memory except far. Its diagram is

S @ T s

5 _)E >—) Dx

1 1—>»Dp

| 1

Ro Cx CpWo

Box e evaluates the data expression in the assignmeatasame for now that adders
and other circuits to perform numerical operations are available; when we have finished
presenting high-level circuit design, we will have the means to design the circuits to
perform integer and floating-point operations by writing programs that use only boolean
variables and arrays with a restricted form of indexing. The inp@ s shown as the
entire state of memagrput in practice it is just the part of memory that depends on.
Expressione may depend on an array element; if so, the reading address for that array
element must be output from the expression circuit, conjoined withand routed to
memory (instead ofL as shown in the diagram). There may be references to elements of
several arrays, but for npassume there is at most one array element reference per array in
e; later, theresult expression will provide a way to allow an arbitrary number of array
element references. aMre also assuming that evaluation of expressidakes a uniform,
known amount of time, and th® delay must exceed that time; later, with thesult
expression we will remove that assumption. Each wire in the outputdrasrconjoined
with s to produce one of the wires ddx . The 1 outputs, as usual, are not really
there.

An array element assignment progra{i]:= e yields the control

S=1<1d<s

CA=0<s IDA=(0<ds 0e) OWA=(d<ds i)

-RoU-Cp U-Wp U-Dp

0= (etime) o= (i time) O t= (s pulse timel (memory latch time)
where p is the state of memory except fér. Its diagram is

sy s
_CB o
)

Ro CACpWpWA
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Construct: sequential composition

To implement sequential compositidiQ we suppose that we already have the controls
lp and IQ for programsP and Q. To avoid name clashes we systematically rename the
inputs and outputs of, by adding the subscrip , and similarly for IQ . Then the
control for P;,Q is

lp Olg

s=sp U Sp=sg U sg=s

Op=04o=0

RG:(RGPDRGQ) [ C0=(C0PEC0Q) DW0=(VVGPDVV0Q) O DG:(DGPDDGQ)
Diagrammaticallyignoring the connections between the controls and memveriiave

S——> — ]
Ip I

Construct: parallel composition

To implement parallel compositioR||Q ,we need to start both programs (operandg of
are often called “processes”), and then merge the completion pulsgesuppbse that we
already have the controls, and IQ for programsP and Q. To avoid name clashes we
systematically rename the inputs and outputsl@f by adding the subscript, , and
similarly for IQ. Then the control folP||Q is

lp O lg O merge

s=sp=sg U &sp 0 b=sgy 0 s'=q

O0p=0p=0
Rcr:(goF,DRGQ) O CG:(CGPECGQ) DWG:(\NGPD\NGQ) O DG:(DGPDDGQ)
Diagrammaticallyignoring the connections between the controls and menmveriiave

b |
S —> g
N e

lq

This implementation of parallel composition allonB and Q to access memory
simultaneously For the memory we have described, simultaneous access to different
variables or arrays poses no problem. Even for the same variable, simultaneous reads are
no problem. But simultaneously reading and writing the same variable, or two
simultaneous writes to the same variable, have unpredictable resudtswilMgoon
introduce communication channels to allow programs to share information without memory
contention.

Construct: conditional composition

To implement conditional compositionf b then P else Q we suppose that we already
have the controlsl, and IQ for programs P and Q. To avoid name clashes we
systematically rename the inputs and outputsl of by adding the subscrip}, , and
similarly for lg- Then the control forf bthen PelseQ is

b Olg
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Sp=(0<Islb) [ sQ:(6<lsD—| b) O s’:(s'PEB'Q)
Op=00o=0
RO:(RGPDROQ) [ CG:(COPDCOQ) DWO:(WGPD\NOQ) O Do:(DGPDDoQ)
0= (btime)
Diagrammaticallyignoring the connections between the controls and menmveriiave

0—)@—# /% S

lp

N\ then
S 9 ~ else —

lo

The assumptions aboiit are the same as those about the expression in an assignment.
A one-tailedif bthen P is just if bthen Pelse ok . To make a circuit for acase
program, theif circuit is generalized in the obvious way

Construct: loop

To implementwhilebdo P we suppose that we already have the conttgofor program
P . To avoid name clashes we systematically rename the inputs and outplis tmf
adding the subscript . Then the control fowhilebdoP is

I

sFl;:(éd(sEB’P) Ob) O s'=(3<(ss'p) O~ b)

0p=0 [URo=Rop L1 Co=Cop 1W0o=Wao L1Do=Dop

0= (btime)
Diagrammaticallyignoring the connections betweés and memorywe have

b
if P
S — then|—
D@ ~ else—— ¢

Again, the assumptions about expressibrare the same as those about the expression in
an assignment.

To implementrepeat P until b we suppose that we already have the conlgolfor
program P . To avoid name clashes we systematically rename the inputs and outputs of
|p by adding the subscrigt . Then the control forepeat P until b is

I

sFl;:(s 00<sp O-b) O s'=(3<s'p Ob)

0p=0 [URo=Rop L1Co=Cop [1W0o=Wao, L1Do=Dop

0= (btime)

Diagrammaticallyignoring the connections betweés and memorywe have

-

if

S then——> ¢
— <F§ else

lp
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Again, the assumptions about expressibrare the same as those about the expression in
an assignment.

Some programming languages include a loop with intermediate exits. Unlike the
previous constructsloop P and exit cannot be implemented in isolation, but must be
implemented togetherlgnoring the connections betweés and memorythe control for
loop P is

S

e o from exits : — g

and that for anexit is

s ——> to end of loop 1l—9

The exit wire to s is shown only so that the circuit has the right inputs and outputs, but
in practice it is unnecessaryo see how this works, consider the following example.
loop (P; if bthen exit; Q; if cthen exit; R)

Its circuit is
s
o o

if if

S then / ] then /]
K </>% else D% <‘>% else K —‘

Each exit consists of a wire leading from a “then” to the final disjunction, and a
leading into a disjunction. Thesg inputs and the disjunctions they lead into can be
eliminated.

Now that we havdoop and exit , we could have definedvhile and repeat as
special cases.

Construct: local variable

To declare local variable of type T with scopeP we write var z. T- P. It simply adds
another word of memoyyvhich is used only withirP . Formally its control is

[z, Cz Dz Ip
where Ip is the control for P . Local declaration helps to locate the words of memory
near the control circuitry that uses them. The diagram:

s—— —> g
'P
O—> —3 Do
? N ! lDZ
z | 1
Cz
|
vV VvV V¥V



16 E.C.R.Hehner et al.

To declare local arraya of size s and typeT with scopeP we write var A[s]: T
P . The size must be a compile-time constant. It simply adds another RAM, which is used
only within P . There is another way to implement array declarations that is preferable in
some circumstances. &\tan treat the declaration of array3] as syntactic sugar for the
declaration of three variable&0, Al, A2. We treat the data expressi@]i] as sugar
for casei of AO|A1|A2, and the assignmem[i]:= e as sugar forcaseiof A0=e|
Al=e|A2=-e. This implementation allows parallel access and update of array elements.

Construct: procedure

In many programming languages, a procedure is a unit of program that can be named, so
that it can be called from several places, it is a scope for local declarations, and it can have
parameters. These three aspects of procedures are separable; we have already dealt with
local scope, we will come to parameters in a moment, and now we consider calls and
returns. & suppose that we already have the conitgofor procedureP . This circuit is

started from any of the calls, and indicates its completion to all calling points.

from callers: J— : to callers
$ b | % N

The calling points each become

%

s 2
s >1— —> g

It is a programmer's responsibility (using communications to be described later) to make
sure that calls from parallel programs are mutually exclusive, so that the procedure is not
restarted before it completes an execution. Our implementation does not work for recursive
calls in general, which are significantly harder (actydhyg calls are easy but the returns
are hard), but it does work for tail-recursive calls.

A parameter declaration can be treated exactly as though it were introducing a local
variable instead of a paramet&henever a procedur@ with parameterx is supplied an

argumenta, the resulting progranP a can be treated as though it were=(a; P) ,
except thatx has been taken out of scope.

Construct: function

A function, in many languages, is even more of a mixture than a procedure. Its separable
features are: the ability to name a data expression so that it can be used in different places;
the ability to nest programs (statements) within a data expression; local scope; parameters.
The last two aspects have been dealt with, and we now consider the first two.

To associate a name with a data expresseonjust put the circuit to evaluate
somewhere. Its input comes from memamgd its output goes to all uses of the name.

The diagram:
o —)B—C to uses

Data expressions occur in various forms of program, such as assignmeit ané have
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been assuming that their evaluation time is predictable at compile-time, but to be general,
we allow circuits for data expressions to have a control lnénput and s' output). The

data expressiorP result e requires execution of prograf in order to create the correct
state for evaluation ok. Its circuit inserts the appropriate delay in the control line. The
delay may depend on the initial state, varying from one evaluation to another; it is not a
worst-case delaylts diagram is

s——> —%s’
Ip Ce—)Presulte
0o—>
Do

Vi

Ro Co Wo

where Ip is the control for programP and & > (e time) . If P changes only local
variables, so that there are no side-effects, then the oumyt¥vo, Do to memory are
unnecessary Expressione should be evaluated in the local scope, so the inpw to
should include local variables as necessaty result expression is often used as the
body of a function. Another use is to help us out of an earlier difficulty: we were not
allowed to have references to different elements of the same array within one basic data
expression. But a compiler can transform an expressiomjKe A[j] into

(var trint- t= A[i] result t+A][j])
and so we now lift the earlier restriction.

Construct: communication

To declare local channal of type T with scope P we write chan c. T- P. For one
writing program and one reading program it is defined as follows.

(chanc:T-P) = (arcT- var Ve bool- vc=1; P)
It introduces two variables, called the buffer and the probe. The baffsame name as
the channel) holds the value being communicated, and the pimk{pronounced “check
c”) tells whether there is an unread message in the bufer define output of expression
e and input to variablex on this channel as follows.

cle = (whilevcdo tick; c=¢ Vc=T)

c?x = (while=vcdo tick; x:=¢; Vc=1)
Since we have already implemented all constructs on the right sides of these definitions, we
therefore have implementations of channel declaration, input, and output. But there are two
points that need attention. Theck delay must be longer than the control pulse (the pulse
on s) so the control pulse is not lost. And tiehile must use an edge-triggered switch
so the control pulse will not be truncated, split, or otherwise damaged by a charge in
due to a parallel program. Although the buffer may also be shared by parallel programs
that both read and write it, the discipline of use imposed by input and output ensures
noninterference.

It may also be useful to introduce signals, which are messages without content. T
declare local signak with scope P we write sig s- P. For one sending program and
one receiving program it is defined as follows.

(sigs-P) = (ar Vs:bool- vs=1; P)
It introduces only the probe. a\define sending and receiving this signal as follows.
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sl = (WhilevVsdo tick; Vsi=T)
s? = hile=vVsdo tick; Vsi=1)
As before, thetick delay must be longer than the control pulse, andithéle must use
an edge-triggered switch. As examples of their use, we offer a second implementation of
parallel programs. For each parallel composit®® we introduce a signaéndP and the
circuit is

%
I endP

—> — —> S
lo endP?

We can also use a signal to reimplement procedures. For each prodeduteoduce
signal endP and the circuit is

from callers- —> —
. b endP

A call to P can be implemented as follows.
to declaration

N e T

endP?

9 Functional Circuits

The second of our two translations from programs to circuits produces “functional” circuits
(as in “functional programming”). Functional circuits are not composed of a control and a
memory; instead, each functional circuit computes its outpuirom its input o without

the benefit of a separate memory (although some constructs will require internal memory).
There is still a start signas to initiate the computation and a stop sigrsal to indicate
completion. Here's the diagram.

S——> > g
F

O—» =0
The data inputo includes all variables and array elements. u$e the circuit we must
provide the desired data inpat and a pulse (momentary ) on the start wires, and we
must hold o constant ever after (until the circuit is restarted). The functional cifeuit

must provide a correct data outpat and a pulse on the stop wige, and it must holdo’
constant ever after (until the circuit is restarted).

Construct: empty

For programok the functional circuit is trivial, as it should be.

Ss—— ¢
0 —3 O
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Construct: assignment

A variable assignmernt:= e looks like this:
s> os

0——)@—) X'

_)p'

where p' is all variables and arrays other than
Array element assignmem[i]:= e looks like this:

|
L

if

A[0] ;LTEQ ~>AT0]

I—1 if

—; then ,
T—> A[1] else —>A [1]

22— if

Al2] ;LTEQ —>A[2]

31 if

AL3] _';g}i-n' 3]

where p’ is all variables and arrays other thah.

J

J

J

Construct: sequential composition

Sequential execution is easy

S——> —> s

oc—> —> —> o'

Construct: parallel composition

For parallel execution, we make the simplifying assumption that the parallel programs do
not communicate via shared memdoyt only via the communication constructs provided.

The variables and array elements changed by one program are disjoint from those changed
by a parallel program, and the changes made by one program are not seen by a parallel
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program.
S
F, > s
|:Q
o >» o'

The entire input can go to both programs, but each program produces only part of the
output. These outputs together form the entire output.

Construct: conditional composition

Here is the functional circuit forf bthen PelseQ.

@ﬂ

if
then|—/ FP 4\*>
S [ 7 else —_—
> ¢
— o'
o I e

The data output could, alternativelhe selected using the output without memory
The if circuit is easily generalized to@ase circuit.

Construct: loop
Here is the functional circuit foroop P with exits in it.

S —Py
o —>

F from —>

FN > _| exits 5 >js(;,

—>

If there is only a single exit, the exit memory is unnecessary
Since whilebdoP isjust loop (if bthen P elseexit) , its circuit is

S —Py if / Fp
o —> then—

7 else # g
>l >

c)-l

N

I—)

Similarly repeat Puntil b is just loop (P; if bthen exit else ok).
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Construct: local variable

The functional circuit for local variable declaratiear z: T- P is particularly easy

S—> >4

3  537°°
z -7

Into the functional circuit forP we must feed data lines far , with any desired initial
value. The diagram shows the final valdecoming from Fp , but it is not wanted so its
wires are not needed. A local array declaration is just like a local variable declaration; there
is no extra circuitry needed here for access to elements.

Construct: procedure

Program declaration and calling work the same way in functional circuits as in imperative
circuits, except that the data input must also come from the calling point, and the data
output must be delivered back to the calling point. Like the imperative version, our
functional implementation of procedures does not work for general recursion. Because the
functional parallelism is disjoint, procedures cannot be called from parallel programs. For
a procedure declaration we have the circuit

—P

N

from callers

—D

—>

and for each call we have the circuit

to declaration from declaration

Fo to callers

2

g s

Construct: function

Function declaration is similar to procedure declaration.

— —
—_ >4{/¥
from callers to callers
SN -3 €
>
—>
Function call and return are identical to procedure call and return. The programmer must
ensure that calls from parallel programs are mutually exclusive.

The data expressiorP result e is almost identical for functional and imperative

circuits.
s——> % s

F
o—> P —>» ¢ —P» Presult e
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The communication constructs are not given functional implementations for lack of truly
shared memory in the parallel composition. For these constructs, we use hybrid circuits,
described next.

10 Hybrid Circuits

In general, functional circuits are faster than imperative circuits, but imperative circuits
occupy less space. Each approach has meri. cAd obtain almost the speed of a
functional circuit with almost the compactness of an imperative circuit by combining the
two kinds within one hybrid circuit. For example, we might make most of a circuit
imperative, but make inner loops functional.

Hybrid circuits also allow us to use our imperative implementation of communication
within a larger functional circuit.

To place a functional circuit within an imperative one, we must make the functional
circuit look imperative. Ignoring arrays for simplicity of presentation, here's what we do.

/% s
F .
)—) Do

v

Co

S

o—> —>

The s output also causes memory to change state. As usual, only some of the wires to
and from memory are needed. The local memory is needed only if there are parallel
programs.

To place an imperative circuit within a functional one, we must make the imperative
circuit look functional. Here's what we do.

S —> g
if |
O=—3 then
else > ?
>» 0’
)
Y/

In effect, we make the memory (as much of it as as necessary) local to the circuit.
11 Optimization

We have presented the best imperative and functional circuits that we have been able to
devise, in general, for each construct in isolation. But in special cases, or in combination,
we can sometimes do bettewWe may find a conjunction or disjunction with or L1 ,

which can then be eliminated. For example, the imperative circuitsfol and x:= L

are
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S s S S
———————>Dx
1 1=—3>»Dp I ITDO
Ro Cx CpWo Ro Cx CpWo

Infinite programs in parallel do not needrergecircuit to detect their completion. There
are other special cases that can be optimized.

12 Performance

Our two measures of performance are circuit size and execution timenedéured size as

the number of conjunctions, disjunctions, negations, and delays. Other gates were
expressed in terms of these gates; one bit of memory has size 4 (we did not count the
delay). The size measure might be improved by choosing different primitivess. W
measured time as the number of sequential gate delays during execudoneadired
circuits that were produced without any optimizations; the results might be better if we
were to optimize. In any case, the performance numbers are very approximate and indicate
only that our circuits are competitive.

We measured our imperative circuits, our functional circuits, the circuits of Martin
[3,7], the circuits of Wéber et al. [15], and the circuits of Philips [1,2]o dbtain our
results, we hand-compiled the circuits of Martin; for details see [11].

Our six test programs were chosen to use as many language features as possible. They
are:

Parity: computes and verifies a parity bit for 3 bits of data

Parallel: uses the parallelism and interprogram communication features

Arbiter: arbitration between two parallel programs

Counter  a 4-bit binary countdown timer and test-and-set function

Triple: a program to compute three times its input

Ring mutually-exclusive execution of 7 parallel programs in a ring using Peterson's
algorithm

A detailed description of the test programs and a similar analysis can be found in [11].
The results are listed in the following table.

TIME Parity Parallel Arbiter Counter Triple Ring
imperative 16 31 165 1091 127 2321
functional 16 25 113 799 90 3792
Martin 18 23 209 1243 148 2044
SIZE Parity Parallel Arbiter Counter Triple Ring
imperative 73 210 52 407 400 427
functional 94 413 81 886 1240 1835
Martin 98 123 76 431 385 357
Weberetal. 259 145 95 1156 657 715

Philips 96 196 79 810 597 940
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13 Correctness

To prove that our circuits are correct, we must have a formal semantics for our source
programs and circuits. Here is the source semantics.

Let t and t' be the initial and final execution times, the times at which execution starts
and ends. If the execution time is infinitézco . Let the state variablex , y, ... be
functions of time. The value of attimet is xt. An expression such asty is also a
function of time; its argument is distributed to its variable operands as followg)t €
xt+yt. Let

wait = (t'>t O Ot": t<t'<st’- xt'=xtOyt'=yt0...)
so thatwait takes an arbitrary time during which the variables are unchanging.

The programming notations are defined as follows.

ok = (t'=t)

tick = (t'=t+6 Owait)

(x=€) = (=t+o+1 Uxt'=e(t+d) Uwait, , )
where d = (etime) [ T = (memory time) .

(P,Q = ['- (substitutet” for t' in P) [J(substitutet” for t in Q)

(P, I Q) = Py O(Qwait)y O (P;wait), O Q)

(ifbthenPelseQ) = (f b(t+d) thenPelseQ) = @(t+0) P O - b(t+d) UQ)
where d = (btime) .

(whilebdoP) O ifbthen(P; whilebdoP)elseok

(Ox, X, y,y, ..., t- W O if bthen (P; W) el se ok)

O (Ox, x,vy,y, ...t t- W O whilebdoP)

var zT-P = [Zztime-T-P
where time- T is the functions from time values (including) to T values.

Here is a simple example,lih variablgsand y . In this example we use discrete time
and taked tobe 0 andr tobe 1.

X:=X+3; X:=x+4

(t=t+1 Oxt'=xt+3 Oyt'=yt); (t'=t+1 Oxt'=xt+4 Oyt'=yt)

O ('=t+10Oxt'=xt+3 Oyt'=yt) O (I'=t"+1 Oxt'=xt"+4 Oyt=yt")
t'=t+2 Ox(t+1)=xt+3 Ox(t+2)=xt+7 Oyt=y(t+1)=y(t+2)

In the parallel compositionp consists of those variables that appear on the left of
assignments withinP , and (B consists of those variables that appear on the left of
assignments withiQ; a and 3 must be disjoint. The use ofait is just to make the
faster side of the parallel composition wait until the slower side is finishedludtrate the
semantics, here is an example in varialtesand y , and discrete time witid=0 and
=1 . In the left-hand program, onl, is assigned, so onlyx is treated as a state
variable. In the right-hand program, only is assigned, so only is treated as a state
variable.

(x:= 2; xi=x+y; xi=x+y) | (y:= 3; y:= x+y)
(t=t+10 xt=2; t' =t+1 O xt =xt+yt; ' =t+1 O xt' = xt+yt)
O@ =t+1 0O yt'=3; t=t+1 O yt = xt+yt, t>t O Ot": t<t’'<t’- yt'=yt)
O (t'=t+10 xt=2; t =t+1 O xt = xt+yt; t' =t+1 O xt' = xt+yt;
t'>t O Ot t<t'<t’- xt''=xt)
O =t+1 O yt'=3; t'=t+1 O yt' = xt+yt)
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= t =t+3 0O x(t+1)=2 O x(t+2) =x(t+1)+y(t+1) O x(t+3) =x(t+2)+y(t+2)

Ot =2t+42 0 y(t+1)=3 O y(t+2) =x(t+1)+y(t+1) O Ot": t+2<t”’<t’- yt'=y(t+2))

0 t=t+3 O (other conjuncts)

Ot =t+2 O (other conjuncts)
= t'=t+3 O x(t+1)=2 0O y(t+1)=3 O x(t+2)=5 O y(t+2)=5 O x(t+3)=10 O y(t+3)=5
The example has the appearance of lock-step parallelism, as though there were a global
clock, only because, for the sake of simpliciye used discrete time with constads0
and t=1 for all assignments.

The first formula concerning thevhile loop says that it refines its first unrolling.
Stated differently whilebdo P is a pre-fixed-pointofvV O if bthen (P; W) el seok.

The second formula says that it is as weak as any pre-fixed-point, so it is the weakest pre-
fixed-point.

The other programming constructs (channel declaration, input, output, signal
declaration, sending, receiving, parameter declaration, argumentation) are defined in terms
of the ones we have already defined, so we do not need to give them a separate semantics.
And that completes the source semantics.

The imperative circuit semantics was given with each circuit. For example, the control
for ok was

s=s J-Ro 0 -Co UU-Wo U -Do
and the control fowhilebdo P was

I

sFFJ,:(6<1(sEB'P) Ob) O s'=(8<(ss'p) O-h)

0p=0 Ro=Rop U Co=Cop DWo=Wop [1Do=Dop,

0= (btime)
where I is the control forP .

Before we can prove correctness, we need one more idea, adapted from [9]. Roughly
speaking, a circuit is “busy” if it has been started and has not yet stopped. Fatefally
B as
B = (s06<1B)0=Y9)

0 < (pulsetime)
The delay here must be shorter than the pulse length used on the contrad lanes § ).
If time is discrete and=1 , then for anyA

(A)0 = 1

(<A) (t+1) = At
and so for busyB

BO = 1

B(t+1) = (6(t+1) OBt) O-s'(t+1))

To prove that a circuit is correct, we must prove

lp OM OstO(0Ot"- Bt'O<Bt' O -st’) Ot'=(mint’- t'>t- Ost’) O P
Suppose we have the contrigd (for program P ), and we have the memoryl , and we
put a pulse on the start wire at time t, and we don't try to restart the circuit while it's
busy and we give the namé to the first time at or aftet when s becomesT ; then
we expect the circuit to satisfy the semantics of progfam We do not have to prove
correct each circuit that we design; instead, we prove that our circuit generation scheme is
correct. The proof is long, and we omit it, stating only two lemmas that are useful steps on
the way to the proof.

(a) | 0=<IB[=s [ =¢
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which says that a circuit does not spontaneously gensrate
(b) |0-B O -RoO-CoUO-Wo O-Do
which says that if a circuit is not bysis Ro, Co, Wo , and Do outputs are alll .

14 Synchronous and Asynchronous Circuits

There are two ways to control the timing in circuits. One is by using delays calculated, or
experimentally determined, to be long enough to ensure that all data values have settled
properly The other waycalled “delay-insensitive”, is to use handshaking signals that
allow a data transfer to occur just when both sender and receiver arelileesly solutions

can be applied locallyr globally or at any level in between. The word “synchronous” is
usually used to describe a global delayclock; the word “asynchronous” is sometimes
used to describe local handshaking.

The circuits resulting from the methods we have presented use local delays. But as a
special case, it is possible to write a program in the form of a single loop, whose body is a
parallel composition of assignments.

loop (x=¢& | y:=¢ || z=¢, | ...)

This program structure forces a single, common delay for all state changes; that delay is in
effect a global clock. ¥ can thus program a synchronous circuit when we want one.
When designing a circuit, there is little point in aiming for the synchronous structure, and
equally little point in aiming to avoid it. One chooses a program structure that is
appropriate for the task, and one gets a circuit that accomplishes that task.

In principle, local delays should be faster than a single global. d€lzst is because a
global delay must be the maximum of all the local delays. In a synchronous circuit, each
state change takes as long as the slowest state change requires. In principle, local delays
should also be faster than local handshaking. That is because the handshaking takes time.
A local delay is just long enough for the data to be rgamlylong enough for the data to be
ready and to indicate its readiness.

15 Conclusions

Circuit design can be done more effectively by describing the function that a circuit is
intended to perform than by describing a circuit that is intended to perform that function. A
programming language is more convenient for that purpose than a gate-level language. It
seems quite obvious that complex circuits can be designed this way more easily and reliably
than by low-level gate descriptions. And the resulting circuits seem, from a preliminary
investigation, to show the promise of competing successfully with hand-crafted circuits.
They should be smaller and faster than synchronous circuits due to the absence of a global
clock. They should also be smaller and faster than delay-insensitive circuits due to the
absence of handshaking. These gains come at a price: the language implementer must
provide local delays. ¥do not suppose it is easy to provide local delays, but this price is
paid only once; circuit designers who use the high-level language do not need to be
concerned with them.

We have compiled a sampling of programming constructs that are representative of
many high-level languages. Some obviously desirable constructs, such as modules, are
missing only because they do not present any circuit generation problems (modules restrict
the use of identifiers). For programs that we compiled and simulated, and for the text of
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the simulators, see [11].

We have shown two ways to implement ordinary programs with logic gates. The logic
gates can, of course, be implemented with electronic transistors, resistors, and diedes. W
could therefore bypass the logic gates, implementing the programs directly with transistors,
resistors, and diodes. Doing so makes more optimizations and more efficient circuits
possible. Ultimatelyperhaps logic gates will have no remaining role in circuit design.
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