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The following note presents the parameterization of a non-axis aligned el-
lipse, represented as follows,

az® 4+ By +yy* =1 (1)

or equivalently,
[z y]A[I]zl (2)

where

A[ﬁ% ﬁf} (3)

a,v >0 and B # 0. In the case where § = 0, the ellipse is axis aligned.

Since A is positive definite! [1]: A= QAQ", where the columns of Q contain
the orthonormal eigenvectors of A and A the corresponding eigenvalues along
the diagonal (A12 > 0) [1], (2) can be rewritten as follows:

x 'QAQ Tx=1 (4)
(QTx)TAQx) =1 ()
Let QTx =y, substituting into (5), yields,
y Ay =1 (6)
A2+ Aoy = 1. (7)

The change from x to y amounts to rotating the non-axis aligned ellipse (2) by
QT such that the major and minor axes are aligned with the coordinate axes
(see Fig. 1).

Given the axis aligned description of the ellipse, the ellipse can be parame-
terized in the standard way, as follows,

cos(9), Lsm(@)] (8)
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[yhyzr = [\/T—l Now

where 0 < 0 < 2.

1Definition: Matrix B is positive definite if x T Bx > 0 for all x # 0.
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Figure 1: Depicted are plots of the initial non-axis aligned ellipse and its dero-
tated axis aligned pairing.

Finally, the parameterization of the original non-axis aligned ellipse is real-
ized by applying the rotation @ to (8),

xQﬁﬂ (9)
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Example: Find the parameterization of: 8z2 + %:cy + gyZ =1

Answer: Beginning with
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rewrite as,
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Finally, the parameterization of the non-axis ellipse is given as,
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