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In this report a summary of the motion field and its affine approximation is
presented. The motion field is a purely geometric concept that represents the
projection of the world velocities of scene points onto the image. The optical
flow field (often erroneously confused with the motion field) is an estimate of
the motion field derived from the apparent motion of the brightness patterns
in the image. In the ideal case the optical flow field would correspond to the
motion field. For a discussion of the correspondence of the two flow fields see

).

1 World velocity description

The mathematical description of a 3D point (world point in camera coordinates)
undergoing a rigid transformation about the camera axes follows.

Let w,, wy and w, represent the angle of rotation about the X, Y and Z axes
respectively (see Fig. 1). An arbitrary rotation R is represented as:

1 0 0 cos(wy) 0 sin(wy) cos(w,) —sin(w;)
R=1|0 cos(wy) —sin(ws) 0 1 0 sin(w;)  cos(w,)
0 sin(wg) cos(wy) —sin(wy) 0 cos(wy) 0 0

(1)
Assuming infinitesimal rotations, the zeroth order terms of the Taylor series
expansion of the trigonometric functions sin and cos provide the following ap-

proximations,
cos(f) =~ 1, sin(f0) =~ 6 (2)

Using the approximations in (2), R can be approximated as follows in terms of
angular velocity,

1 0 0 1 0 wy 1 —w, 0 1 —w, Wy
R~ [0 1 —w, 0 1 0 W, 1 0| | w, 1 —Wg
0 wg 1 —wy, 0 1 0 0 1 —Wwy Wy 1

(3)
Let the vector T = (tgg,ty,tz)T represent the translational velocity, where the
elemental components t,, t, and ¢, represent the translational velocities in the
X, Y and Z directions respectively. The velocity V= (X,Y,Z)7 of a point
in the world P = (X,Y,Z)" with respect to camera coordinates undergoing a
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Figure 1: Camera coordinate system. Depicted is the camera coordinate system,
with an image plane II located at Z = 1. Perspective projection maps a point
(X,Y,Z) to (z,y). The parameters t,, t, and ¢, represent the translational
velocities in the X, Y and Z directions respectively, w,, w, and w, represent
the infinitesimal angle of rotation about X, Y and Z conducted about the point
Q = (0,0,0)T (i.e. camera origin).

rigid transformation is represented as,

. L . . Wy —w,Y + 1t
V=R-DP+T=T+QxP=|wX—w,Z+t, (4)
WY —wy X + 1,

where I represents a 3 by 3 identity matrix.

In the case where the rotation of the object is about an arbitrary point
in space Q = (¢z,4y,q.)" (assuming the coordinate systems are aligned) the
transformation is represented by the following,

o L oL wy(Z_QZ)_WZ(Y_Qy)+tx
V=R{FP-Q)+Q+T-P=|w.(X—q) —wa(Z—q:) +1y (5)
wib(Y_qy) _wy(X_qa:)+tz

2 Motion field description

The mathematical description of the motion field (i.e., image velocity) follows
for a rigid transformation about the camera coordinate system as defined in
Section 1. Assuming a perspective projection onto a plane parallel the X, Y
axes and located at Z = 1 (without loss of generality the focal length f = 1),



the relationship between an image point (x,y) and a scene point (X,Y, Z) is

r = —= y = - (6)

Differentiating (6) with respect to time yields,

. X XZ
r = U =-—=— —=
2

Z Z, (7)
vy = v Tz 2

Substituting (4) and (6) into (7) results in the following,

t, —t,x
ty —%Zy (8)
A

u —wery 4 wy(2? + 1) —wy +

Vo= wyry —wi(y? + 1) fw.x +

Assuming that the imaged surface is a plane with surface normal 7i = (14, ny, n,) "
and containing the point (Xo, Yo, Zp), provides the following constraint,

aX +BY +7Z =1 (9)

or equivalently as

1
ar+ By + v =

—= 1

= (10)
where

a = fo

T4

p] (1)
Y= a
d = ’n,xXo + leY() + leZQ

Substituting the planar constraint (10) into (8) leads to following formulation
for the instantaneous velocities,

U = ag+a1r+ ay + arry + a6:c2

12
v = a3+ ax + asy + agry + ary? (12)
where
ag =ty tuwy
a; = tpa—1tyy
az = tmﬁ — Wy
az = Yy —wy
a, = tya + Wy (13)
as = tyﬁ — 1.y
ag = Wy —tlx
a7 = _tzﬂ — Wy

Through first order in image coordinates, we have the following affine model for
the instantaneous velocity,

U = ao+ a1+ axy

14
Vv = az-+a4r+asy ( )
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