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Abstract

The Prioritized branching treegpBT) model was defined in [ABB®05] to model recursive back-
tracking and dynamic programming algorithms. We extensl tiddel to theprioritized free branching
tree (pFBT) model which allows the algorithms to branch in ordectioose different priority orderings
(greedy criteria). We also considieee data itemsvhich are useful when doing reductions. We prove
surprising subexponential upper bounds in this model artdhirey lower bounds for 7-SAT and subset
sum.

1 Introduction

Knowing the importance of these algorithmic techniques, it is interesting thamaton theoretic lower
bounds have been proven for online algorithPh fhat thepriority model extends these ideas to greedy
algorithms [?] and that theprioritized branching tree¢pBT) model extends these ideas to recursive back-
tracking and much of dynamic programming algorithms [ABEBIB]. Within this pBT model, [ABBG 05]
was able to obtain a widt®2(™) lower bound for 3-SAT and for subset sum (knapsack). Being abfi® to
general reductions, however, escaped them because of dummy datthiéethgy introduce.

The power of greedy algorithms over online algorithms is being able to clioepeority order (greedy
criteria) specifying the order in which the data items are processed. Ter pd this is that when the
algorithm receives the data itef, it inadvertently learns that all data items appearing beforim the
priority ordering arenot in the instance. This might be useful extra information before the algorithm is
forced to irrevocably decide the part of solution related to the receietal item, (for example, should
the data item be included or not in the solution). The extra power that the pRiElrhas is allowing
the algorithm to branch making different irrevocable decisions in the diftebranches and allowing the
algorithm, later when the computational path does not seem to be working wphne off this branch
and back track. We extend this model to fhréoritized Free Branching Tre¢pFBT) model by allowing
the algorithm to also branch in order to try different priority orderingsothier hope was that the ability to
free branch would solve the problem with dummy data items when doing redsictiur set out goal was
to extend the2(") width lower bound for 3-SAT and for subset sum to this new model. Tosvédrid goal
we developed a new general proof technique for this model. We, hoyweeee only able to prove a lower
bound of22(v™) for 7-SAT. This is achieved using a reduction from a slightly modified verefahematrix
inversion(Mz = b) problem introduced in [ABBO05]. For completion, we also use the new technique to
reprove the2®() bound for these problems in the pBT model. See Figure 1 for a summery oftzsta
and our other results.



| Computational Problem || [D| [ WinpBT | W inpFBT | W with m f.d.i. |

General d 90(n) 90(v/nlogd) Qo(mf%)
k-SAT O(1) clauses per vajf n®™) 20(Vnlogn)
k-SAT m clauses ont ! 9O(n3m3 logn)
k-SAT 2
Matrix Inversion nP®) 283(n) 292(v/n) 29<mfﬁ)
7-SAT O(1) clauses per vaf
TL2
Matrix Parity n2" 20(n) 29(m+n)
Subset Sum of¥(n/logn)
SS no carries or in pFBT 28(n)

Figure 1: The summery of the results in the paper.

Surprisingly, our2*(V®) bound was the right answer. Free branching increases the powes algib
rithms significantly more than initially expected. Being able to m8Rkg(n) different priority orderings,
wherelW 4(n) is the width of the computation tree would add some power to the algorithm, howeeeeal
power comes when the algorithm is allowed to prune any path in which the nwhtata items inadver-
tently learned not to be in the instance is not as much as that hoped fati&ff this allows for{IV 4 (n)]*
different orderings, wheréis the depth during which this game is played. This decreases the computation

tree width needed to solve any computation problem fas¥) to 20(vV7102IP) hecause the algorithm is
able to prematurely learn what the input instance is by learning all of the dats item the domairD that

are not in the instance. This3§(V"18n) when the domaif® of data items is no bigger thar?’(!) as is the
case for the matrix inversion problem and feBAT restricted to having onl§)(1) clauses per variable. On
the other hand, this result does not directly improve the width, when the datadimain isD| = 22", as

is the case for the generdSAT problem. Despite the size of its data instance domain, this algorithm can

surprisingly be extended to%ﬁ?("%m% logn) \when the instance is restricted to having onlyclauses. This
is 20("' ") as long as the number of clauseris= o(n?). Despite the fact that our intuition is thatSAT is
easier to solve when there are lots of clauses, for pFBT we have bableua obtain a better upper bound.

The upper bound told us that proving4™ width lower bound would require a problem whose domain
D of potential data items i8("). We also know that all these information theoretic algorithms do not
perform well when they do not receive the information that they neechwiey need it. This motivated
introducing the embarrassingly simple problem referred to amtiteix parity problem. Thej** input data
items reveals thg! column of a matrix and forces a decision on the parity of fierow. We give a tight
lower bound o™ on the width needed for this problem.

After proving lower bounds, one wants to be able reap more benefit tesitugtions. Many reductions
require the introduction alummydata items. For example, the obvious reduction from subset sum to the
matrix parity problem introduces two data items for each variablelagd for each of then rows of the
matrix. Without proving a lower bound directly for subset sum, we do radlyr&now for sure (as is strongly
believed) that these dummy data items are the same as the real data items foaksulstt sum algorithm.
Hence, during the reduction these dummy data items are translated into wrefew radree data items
These are additional data items that have no bearing on the solution of tilerprand the algorithm need
not make any decision about them. Surprisingly, however, we shownatcmputational problem can be
solved in pBT with widthiW’ = (nlog |D|)? andm = O(n1n|D|) free data items.

Despite these challenges with doing reductions, we have developed tvgoofvdging them. For the



first way we extend our lower bounds to the tight boundg b+ v for matrix inversion an@ﬂ(%) for
matrix parity in pFBT when the problems also includedree data items. Given the subset sum reduction
requiresm = O(nlogn), this translates into 8"/ 1°s») width bound for subset sum. Without carries,
subset sum only needs = n dummy data items giving 2% bound. There is also an obvious reduction
from 3-SAT to the matrix parity problem. There are two problems with it, howebet are worth men-
tioning. The first is that because the number of dummy data items needed-s»?, the more general

2
result2me) gives nothing. The second problem is that the version of 3-SAT arisarg the reduction
really can be solved with constant width in pFBT because the dummy data itemsaat iaveal too much
information about the instance.

The second way of getting around the challenges of doing reductionsesttict the model pFBT to
pFBT~. At any point during the current computation path, an adversary is alldweompletely reveal
any data items that it worries the algorithm may use freedata itenmaking them intdknown data items
Knowing that this known data item is in the actual input instance, the algoritHonger has any direct need
to receive this data item. Besides if the algorithm did receive it, it would befbta make an irrevocable
decision about it, which it may or may not be prepared to do. The only rengamirpose of receiving a
known data item is to inadvertently learn that other data items are not in the iasianause they appear
before these known data items in the priority order. The pFRIodel is a restriction of the pFBT model
that does not allow the priority ordering to mix known and unknown data itemetheg Having removed
their power, the®(™ width lower bound for the matrix parity problem goes through in the pFBiodel
no matter how many known/free data items there are. The reduction therifgh2s¥™ width lower bound
for subset sum within this model.

The paper is organized as follows. Section 2 formally defines the compupatibfems and the pFBT
model. It also motivates this model in its ability to express online, greedy, gigeuback-tracking, and
dynamic programming algorithms. Section 3 provides the upper bounds dr@ndpaving free branching
and/or free data items and small domain size. This section also extends thithaigorobtain the subexpo-
nential algorithms fok-SAT. Section 4 gives the reductions from the hard problems 7-SAT aivgks sum
to the easy problems matrix inversion and matrix parity. Section 5 provideseaajéachnique for proving
lower bounds within pFBT and then uses this technique to obtain the resuttefparity problems. After
Section 2, these sections can be read in any order.

2 The Formal Definitions

This section defines the computational problems in Section 2.1, intuition abaubtte in Section 2.2, the
formal definition of the pFBT model in Section 2.3, and pFBifl Section 2.4.

2.1 The Computational Problems

A General Computational Problem: A computational problermwith priority model (D, ) and a family
of objection functiong” : D™ x X" — R is defined as follows. The inpdt= (D1, Ds,...,D,) €
D™ is specified by a set of data itemsD; chosen from the given domaiR. A solution S =
(01,09,...,0n) € X™ consists of alecisionos; € 3 made about each data itef) in the instance.
For an optimization problem, this solution must be one that maximizésS). For a search problem,

f(1,S) e {0,1}.

k-SAT:. The input consists of the AND of a set of clauses, each containing at /mdstals. For each
variablez;, there is a data item contains the name of this variable and the list of all clausbsn



it participates. The decision; € {0, 1} that must be made about this data item is the valug oTo
be valid, the decided solution must form a satisfying assignment.

Unrestricted: The number of potential data items in the domaiffis= n - 22(2m)*"" ‘pecause there
are2(2n)*~! clauses that the given variabtg might be in.

m clauses: Restricting the input instance to contain omtyclauses, does not restrict the domain of
data itemsD.

O(1) clause per variable: If k-SAT is restricted so that each variable is in at n@ét ) clauses, then
|D| = n - [2(2n)F 1O = pO0),

The Matrix Inversion Problem: This problem was introduced in [ABB@5] and modified by us slightly.
The matrixM € {0, 1}"*™ is fixed and known to the algorithm. The reduction to 7-SAT requires that
there are at most seven ones in each row and the lower bound reqairteetie are at most € O(1)
ones in each column. The our lower bound requires Mas a(r, 7, c) boundary expandemhile
[ABBO'05] only required it to be a strong expander. The input to this problenci®re € {0,1}".

The output ist € {0,1}" such thatMz = b. Each data item contains the namgof a variable
and the value of the at mo#t bits b; from b involving this variable, i.e. those for which/(; ;, = 1.
Again, with this data item, the value of must be decided. Not®| = n2%.

The Matrix Parity Problem (MP): The input consists of a matrix/ € {0, 1}"*". The outputz;, for each
i € [n], is the parity of the'”" row, namelyz; = @je[n] M ;. This is easy enough, but the problem
is that this data is distributed in an awkward way. Each data item contains thexparha variable
and thei*” column of the matrix, namelyM, ;y, ... M, ;). Note|D| = n2".

Subset Sum (SS):The input consists of a set of integers, each stored in a data item. This ¢maktcept a
subset of the data items that adds up to a fixed known tdig8gain|D| = n2".

No Carries: Another version of SS does the GF-2 sum bit-wise so that there aren@sdarthe next
bits.

2.2 Expressing Online, Greedy, Recursive Back-Tracking, an®ynamic Programming Al-
gorithms

This section provides some intuition about what features a model needsttwecanline, greedy, recursive
back-tracking, and much of dynamic programming. The formal definition @fpfBT model appears in
Section 2.3.

To make the discussion more concrete, consider the knapsack proldeifiespas follows. A data item
D; = (p;, w;) specifies the price and weight of tifé object. The decision; € ¥ = {0,1} to be made is
whether or not to accept the obje¢t.Z, S) = >, pio; as long as_, wo; < W.

An online algorithm for such a problem would receive the data itdlpone at a time and must make
an irrevocable decision; about each as it arrives. For example, an algorithm for the knapsablem
may choose to accept the incoming data item as long as it still fits in the knapéé&chuill assume that
the algorithm has unbounded computational power based on what it Kramwwvghe data items it has seen
already. The algorithm'’s lack of ability to find an optimal solution arises becraues not know the data
items that it has not yet seen. After it commits tpatial solution PS™ = (o1, 09,...,0%) by making
decisions about theartial instancePI"* = (D1, Ds, ..., D;) seen so far, an adversary can make the future
items PI/%“¢ = (D1, Dy4o, ..., D,) be such that there is no possible way to extend the solution with
decisionsPS7UUre = (o)1, k42, ..., 0n) SO that the final solutios’ = (PS™, PS/utvre) is an optimal



solution for the actual instande= <PP'", PIf“““"@>. This lower bound strategy is at the core of all the
lower bounds in this paper.

A greedyalgorithm is given the additional power to be able specify a priority orddtingtion (greedy
criteria) and is ensured that it will see the data items in this order. For exaampégorithm for the knapsack
problem may choose to sort the data items by the rgi_tloln order to prove lower bounds as done with
the online algorithm, ] defined thepriority model. It allows the algorithm to specify the priority order
without allowing it to see the future data items by having it specifying an orderia O(D) of all possible
data items. The algorithm then receives the next data ffigrim the actual input according this order. A
strongly adaptivealgorithm is allowed to reorder the data items every time it sees an new data item. An
added benefit of receiving data itet is that the algorithm inadvertently learns that every data ife'm
beforeD in the priority ordering is not in the input instance. The set of data items ldanrtlis way to be
not in the instance will be denoteel/*“.

It is huge restriction on the algorithm to require it to make a single irrevocaisionss; about each
data item before knowing the future data items. In conttaestktrackingalgorithms search for a solution
where one decision is made about a data item and then if that search fakts, gpand searches with a
different decision. This forms a tree. To model this [ABB@b] definegrioritized Branching Tree§BT).

A computation on an instandedynamically builds a tree cftatesas follows. Along the path from the root
state to a given state in the tree, the algorithm has seen some partial inst&hice= (DY, D%, ..., D})

and committed to some partial solutié?s, = (c{', 03, ...,0}) about it. At this state, knowing only this
information, the algorithm specifies an ordering € O(D) of all possible data items. The algorithm then
receives the next unseen data ité?j , in the actual input according this order. The algorithm then is
able to choose to make one decisigf ; that is irrevocable for the duration of this path, to fork making a
number of such decisions, or to terminate this path of the search all tog&tileecomputation returns the
solutionS that is best from all the nonterminating paths.

A curious restriction of this model is that it does not allow the following compla&dgonable knapsack
algorithm. Return the best solution after running three parallel greedyithiga, one with the priority
function being largesp;, another smallesiv;, and another Iarges%. Being fully adaptive, each state
along each branch is allowed to choose a different orderimg O (D) for its priority function. However,
the computation is only allowed to fork when it is making different decisionsuabonewly seen data
item and this only occurs after seeing a data item. We generalize their model Wwjnglithe algorithm
to fork without seeing a data item. This is facilitated by, in addition toitipait readingstates described
above, havindree branchingstates that do nothing except branch to some number of children. This ability
introduces a surprising lot of additional power to the algorithms. We call #ismodelprioritized Free
Branching TredpFBT) algorithms. See Section 2.3 for the formal definition.

Though it is not initially obvious how, pFBT (pBT) are also quite good atreggingdynamic pro-
grammingalgorithms. Such algorithms derive a collection of subinstances to the compatgtimblem
from the original instance such that the solution to each subinstance is terdly obtained or can be
easily computed from the solutions to the subsubinstances. Generally, inke tfi these subinstances
being solved from themallestto largest but one can equivalently continue in the recursive backtrack-
ing model where branches are pruned when the ssubastancénas be previously solved. Each state
in the pFBT computation tree can be thought of as being the root of the caiivputa the subinstance

prfuture — (Dg41, Dg+o, - . ., Dy) consisting of the yet unseen data items, whose goal is to find a solution
PSIuture — (G111, 0k4a, ..., 0,) so thatS = (PS,, PS/*re) is an optimal solution for the actual in-
stancel = (PIi", PI/ure) Here,PII* = (D, 1y, - .., Dy, ) is the partial instance seen along the path
to this state and’S" = <0<u71), e 0<u7k>> is the partial solution committed to. It is up to the algorithm

to decide which pairs of states it considers to be representing the “sammgutation. For example, in the
standard dynamic programming algorithm for the knapsack problem, the datadte always viewed in the
same order. Hence, all states at levélave the same “subinstancBI/“%¢ = (D1, Dy, .., D,) yet



to be seen. However, because different partial solutidf% = <0<u71>, e ,0<u’k>> have been committed
to along the path to different statas their computation tasks are different. As far as the future compu-
tation is concerned, the only thing that differentiates between these diffesbproblems is the amount
Wy = W = 3 . wio; of the knapsack remaining. Hence, for each slich the algorithm should
kill off all but one of the computation paths. This reduces the width f@&fnto being the range of/”’.
For a given valudV’, which of the paths should be kept is clearly the one that made the best iaitiel p
solution PS, = (0 (uk+1), - - -+ O(u,n)) @ccording to maximizing~, _; pio (.. An additional challenge in
implementing this dynamic programming algorithm in the pBT model is the following. Imtbéel, the
algorithm does not know which path should live until it knows partial instaR¢:", however, after this
partial instance is received, the pBT model does not allow cross talk betthese different paths. This is
where the unbounded computational power of the pBT model comes in .hamtbpendently, each path,
knowing PI", knows what every other paths in the computation is doing. Hence, it kndwther or not
it should be terminated. If required, it quietly commits suicide. In this way, pBible to model many
dynamic programming algorithms.

To be fair, let us tell you that the dynamic programming algorithm for the séiqpteghs problem cannot
be expressed in the model. Each state in the computation tree at/deplhhave traversed a subpath
of lengthk in the input graph from the source nodgeand the future goal is find to a shortest path from
here to the destination node States in the computation tree whose subpath end in the same input graph
nodewv are considered to be computing the same subproblem. However, becaudiffatent states:
have read different pathBI" = (D, 1y, ..., Dy, ) of the input graph, they cant know what the other
computation states are doing. Without cross talk, they don’t know whetagatte to terminate or not?]
formally proves that pBT requires exponential width to solve shortessatth defines another model called
prioritized Branching Program§BP) which captures this notion of memoization by merging computation
states that are computing the “same” subproblem. The computation then forAG m&ead of a tree.

2.3 The Formal Definition of pFBT

Formally, a pFBT algorithmd is defined as follows. On instanéea computation tre@ 4 (/) is constructed
inductively as follows. Each state of the tree is uniquely specified by the information learned so far
about the instance, the decisions made about the solution, and the Isréoithveed along the path from

the root state to it, nameW,gentifier = (PI", PIS", PSy, fp). Here PI" = (Dy, 1y, ..., Dy, 1) and
PSy = (01}, 0k ), WhereDy, 5 € D is the data item seen ard, ;, € ¥ is the decision made
about it in thei*” input reading state in the pathztpPIg“t C D denotes the set of data items inadvertently
learned by the algorithm to be not in the input instahdgnally, f, = <f<p71>, ce f<p7k/>>, wheref; € N
indicates which branch is followed in th&" free branching state along the path. An input reading state
u first specifies the priority function with the ordering(wigentifier) € O(D) of the possible data items.
SupposeD;, .41y is the first data item frond \ PI;;” according to this total order. The input reading state
u must then specify the decisioRg (videnti fier D(p,k+1>) C ¥ to be made abouD<p7k+1>.2 For each
O(pkt1) € cA(Widentifiers D<p7k+1>), the state: has a child.’ with D k41 added toPI;;", each data items
D’ appearing beforé, ;.11 in the orderingm 4 (tidenti fier) @dded toPIg“t, ando, .41y added toPS,,.

A free branching state need only specify the numbé?ﬁ(uidentifier) of branches it will have. For each
fip w1y < Fﬁ(ul'dentifier), the stateu has a childu’ with fipir+1) added tof,. The width W 4(n) of

the algorithmA is the maximum over instancdswith n data items, of the maximum over levéisof the

1Given one knows the priority orderings used along the PR can be deduced from the other information and hence is
not actually needed to uniquely specify the stat&Ve, however, include it for clarity.

2If one wanted to measure the time until a solution is found, then one woultiterapecify the order in which these decisions
O (pk+1) € CA(Uidentifier, D(p k1)) Were tried.



number of states in the computation tree at level

2.4 The Formal Definition of pFBT~

We now formally define the restricted model pFBTRecall that a pBT algorithm with free data items is able
to solve any computational problem with widki = (nlog d)?. Though this makes the proving of lower
bounds in the model even more impressive, this aspect of the model is aleanyactical. The pFBT
model restricts the algorithm in a way that excludes the possibility of it implementisgrtipractical
algorithm while still allowing any practical algorithm that is in pFBT to still be in pFBT

Recall thafree data itemsre defined to be additional data items that have no bearing on the solution of
the problem and about which the algorithm need not make any decifonsmy data itemare data items
that are introduced to a problem when doing a reduction to another proBldata item is said to bknown
at some point in a computation path if the algorithm knows that it is in the actudlimgtance even though
it has not yet received it or made an irrevocable decision about it. iBarok can arise in a number of ways:
1) It might be a free data item defined in the computation problem, 2) It mightdeereny data item and
the algorithm “knows” that the input instance is coming from the reductiomh&)adversary, worried that
the data item may be used as free data item, may have inform the algorithm thait#hioh is in the input
instance. In contrast, a data item is said taubknownif at this point in a computation path, the algorithm
still does not know if it is in the input instance.

Classify input reading states of the computation tree into three types. It is said to beuaknown
reading state if it puts all of the possible unknown data items before the kow@s It is said to belenown
reading state if it puts all of the known ones before the possible unknows. d=inally, it is said to be a
mixedreading state if it intertwines the two types of data items together in the ordefihgsnodel pFBT
is defined to be the same as pFBT except that mixed reading states arewetlallo

We argue that any practical algorithm that is in pFBT is still in pFBily arguing that there is no (direct)
reason that an algorithm should want to receikaawvndata item. Already knowing that it is in the instance,
it gains no new information, but it is still required to make an irrevocable gecabout it, which it may or
may not be prepared to do. After the adversary makes a dat&kitemn the algorithm should readjust its
strategy so that it either uskaownreading states to get these data items out of the way, orwmsenwn
reading states to avoid receiving them until the end, at which time that algokitloms the entire input
instance and hence it is easy to make an irrevocable decisions about them.

The flaw in this argument is thahixedreading states are useful. When the algorithm receives this
known data itemDy.,...n, it learns that every data ite®,,,, 1100 DEfOre Divown in the priority ordering
is not in the input instance. The surprising algorithm from Theorem 1 meesd reading states in this
way to learn every data item that is not in the instance without receiving &egieal unknown data item.
No real poly-time algorithm, however, is able to do this. First, it requires theridthgn to keep track of
an exponential amount of information. Second, it requires the algorithrav® iinbounded computational
power with which to instantly compute the solution for the now known instance.

Through a reduction, we are able to prove®4™ lower bound on the width of a pFBTalgorithm to
solve Subset Sum. It is curious what this means. In the unrestricted wvafsiubset Sum, no data item
is known, hence pFBT seems to impose no restriction to an algorithm. However, pFBdes allow the
adversary the extra power to make a data ikerown if it is worried that the algorithm will use it asfeee
data item. It should be noted that even in the restricted version of Subsedifiing from the reduction, the
knowndata items are not necessaffilge. The problem with the data itei?; _, is that it does not become
knownuntil SS has already received,; .. The problem with SS reading the known data itefis,, early
is that SS does not know whether to accept or reject them. Both of thess issem to make the dummy
data items useless as free data items.



3 Upper Bounds

Section 3.1 provides the general surprising algorithm and then Sectionxtgrds this to the even more
surprising algorithm fok-SAT.

3.1 Upper Bounds with Free Branching and/or Free Data Items and&mall Domain Size

Theorem 1 (Algorithm with Free Branching and/or Free Data Item€pnsider any computation prob-
lem with|D| = d potential data items. There is a pFBT algorithm for this problem with widith(n) =

nlogd

20(Vnlogd) \Whenn free data items are added to the problem, the required width decreag®tovniosd),
Whenm = O(nlogd), it decreases all the way 0 (n log d)* even without free branching, i.e. in pBT.

Proof. We first consider the case without free data items. We nonconstructivestract the deterministic
algorithm by proving that the probability of our randomized algorithm findimgmect solution for a fixed
input instance is less than one over the numbeof instances. Hence, by the union bound we know that
the probability that the correct solution is not found for some input instenless than one. Hence, there
must exist an algorithm that solves every input instance correctly.

In its first stage, the algorithm learns what the input instance is, not hyilggeach of the data items in
the instance but by learning the complete sefdf-n data items that are not in the input instance. It does
this without having to commit to values for more thér- O(y/nlog d) variables. The algorithm branches
when making a decision about each of these variables. Hence, the widthsg = 20(Vrlogd) |n jts
second stage, the algorithm uses its unbounded computational power tdlynstempute the solution for
the now known instance. This solution will be consistent with one g8it§ branches.

We now focus on the how the algorithm can use free branches to learifi dlzttaotems that are not in the
instance. The algorithm randomly orders the potential data items and leaffirsttb@e that is in the input
instance. The items earlier in the ordering are learned to be not in the instachege added t&1°%. This
is expected to consist ofh]afraction of the remaining potential items. However, if instead, the algorithm

free branches to repeat this experimént 2¢ = 20(vnlogd) times, then one of these branches will result a
in @(@) = @(ﬂid) fraction of the remaining potential data items being addedA®. The algorithm
might want to keep the one branch that performs the best, but this wowldeéqgross talk” between the
branches. Instead, it keeps any branch that performs sufficiently Tee thresholdy; is carefully set so

that the expected number of branches alive stays the condfiamh one iteration to the next.

algorithm pFBP(n,d)

(pre—cond): n is the number of data items in the input instance dnsl the number of potential data
items

(post—cond): Forms a pFBP tree such that whp one of the leaves knows the solution

begin
¢ = 0O(y/nlogd)
F =2t

ro =1 = O*nlogd) = O(nlogd)?
Width < (2r) x F x 2¢ = 20(Vnlogd)
Free branch to formg branches
Loop:i=1,2,...,¢



(loop—invariant): The current states in the pFBT tree form;a; x |X[—1
rectangle. The;_; rows were formed using free branches. For each such
row, the states knows a st/ of i — 1 of the data items known to be in
the input instance. The column @£|*~! states within this row were formed
from decision branches in order to make @&l|'~! possible decisions on
thesei — 1 variables. Except for making different decision, these states are
identical. Each of the;_; rows of states also knows a $ef°“ of the data
items known to be not in the instancBI°%* has grown large enough so that
there are onlyl;,_; = d — |PI™| — | PI°“!| remaining potential data items.

Each state free branches with degfééorming a total ofr; | F' rows
For each of these;_; I rows of states
Randomly order thd;_; remaining potential data items
D; =the first data item that is in the input
q = # of data items befor®; in the order
g = @(%(F)), set so thaPr(q > ¢;) = +
if(g > ¢;) then
addD; to PI'" and these earlier data items t@7°%
d; = d;_1 — q — 1 remaining potential data items
Make a decision branch to decide each possibiliti iaboutD;
else
Abandon this branch
end if
end for
r; = the total # of these;_; F' rows that survive
if( 7 & [1,2r]) abort
end loop
We know what the input instance is by knowing all the data items that are not in it.
We use our unbounded power to compute the solution.
This solution will be consistent with one of o2f states.
end algorithm

The first thing to ensure is thdt = d — |PT™| — | PI°“!| becomes: — ¢ so the remaining possible data
items must all be in the instance. At the beginning of ifidteration, there are;_; remaining potential
data items. The algorithm randomly chooses one of these to be first in thengrdét is in our fixed
input instance with probablllty at mogt—. Conditional on this one not being in the instance, the next has
probability at most——; of not belng in the instance, while the last of concern has probability at most

7 - Letg denote the number of these chosen before the first appears that is istdrec@Exp[q] > 4.
Prlg > ¢l > (1-7)% = e~"%:/d Because we havE chances and we want the expected number of these

to survive to be one, we sef = di ln(F) so that this probability |$ For the states that achieye> ¢;, the

number of remaining potential data itemslis=d;_ 1 —qg—1<d;_1 — M =di_1 — % = fi_j
Hence, inthe end; = —%— ~ 212 = d < 1. Before this occurs, the input instance is known

(1-7)° = ﬁz
Free data itemprovide even more power than free branching does. Just as dove thiecset” 1°%! of
data items known not to be in the instance grows every time one of these data it@osived, however,
because they have no bearing on the solution of the problem, the algorigunnoé branch making all
possible decision®&™ about them. The algorithm is identical to that above exceptifiat min(m,n)



of the free data items are randomly ordered into the remaining real data itemseXhdata item received
will either be one of the: real data items or one of these free data items. As before, lgtdenote the
number of data items before this received data item in the priority orderinthe.@umber added tB7°%.
Prlg > ¢] > (1 — %Z_m')qi > e~2r4i/di . During this first stage, the algorithm wants to receivenalbf
the free data items and only recei¢ef the real data items. If a real data item is read after already having
received of them, then the branch dieBr[q > ¢; and the data item received is a free ]ogfee*%qi/di X

m’_ - Still having F = 2¢ chances and wanting the expected number of these to survive to be ene, w

n+m/
d; (In(F)—In(=2, . . I .
setq = MG o dit g6 that this probability isk. (In(F) = £ will be set toO(™&d) >
In( m’ ).) Henced; =d;—1 — ¢ —1 < ldi;i, giving in the endl,,, 1, = ~ MZM < 1, when
n e n

n+m/
(= Q(WL\/%). This gives a total width ofV 4(n) < (2r) x F x |5 = 90t vaiga) as required.

We must also bound the probability that the algorithm aborts to be less thaventhe numbed™ of
instances. It does soif, ¢ [1,2r] because it needs at least one branch to survive and we don't veant th
computation tree to grow too wide. Lemma 2 proves that this failure probabilitynioat2—©(/(m+)?)
which isd™" as long ag" = O((m + ¢)?nlogd). Thisisr = O(nlogd)? whenm = 0 and grows to
O(nlogd)? whenm = O(nlogd).

The remaining point is that this can be achieved without free branchinginieBT, whenm =
O(nlogd) andW4(n) < 2r = O(nlogd)®. In this case, a branch terminates every time a real data
item is received, i.e/ = 0. Because only"" = 2 branches are needed each time a free data item is received,
this can be achieved by having the algorithm branch orttlfferent possible decisions for this received
free data item. O

d
(1_3%)"%4»@

We now bound the probability that the number of rows startinggtes to zero or expands past

Lemma 2. Start withr rabbits. Each iteration € [¢], all the rabbits currently alive haé babies (and
dies). Each baby lives independently with probabi,%ty Hence, the expected number of rabbits remains
atr. The game succeeds if the population does not die out and there aremmecthar2r rabbits. The
probability of failure is at mosz—©(/¢*).

Proof. Exp[r;] = r;_1 and the probability that it deviates by more thayr;—; is at most2—©(?)  |f

this does not occur il rounds, then; deviates from by at most¢h/r < r. Requiringh = % The
probability that this does not happen is at mest®(h*) = 2-0(r/¢), 0

3.2 Upper Bounds fork-SAT

The width29(V7102IPD) of the algorithm described in the last sectior2f&v71°87) for k-SAT when re-
stricted to having only)(1) clauses per variable, because then the doPadfidata items is no bigger than
n®W) . However, for generat-SAT problem, this result does not directly improve the width because there
are|D| = n - 22(2n)" potential data items. Despite this, this algorithm can surprisingly be extended to

1 1
20(n3m3 logn) \when the instance is restricted to having onlyclauses.

1 1
Theorem 3 (k-SAT m-clauses) If there are onlym clauses, therk-SAT can be done witk® (3 m3 logn)
width.

2
This is 2073 logn) when there are onlyn = ©(n) clauses an@°(™ when there are onlyn = o(n?)
clauses. The problem is that there maye= ©(n*) clauses.
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Proof. The first step is to ask for all variables that appear in at l@astnfémg clauses. There are at most

1 1
% = n3ms5 of these. Branching on each of these requires w2t * ) width. For each of the remaining

variables, only; log((2n)*) bits are needed to specify theclauses that they are in. Hence, the number of
possible data items for each of these is at ndost (2n)?*. Theorem 1 then gives a pFBT algorithm for this

problem with widthw — 20(/702d) — 9O(Viglogn) — 9O(nsm3 logn). 0

Disappointingly, when the number of clauses exceeds n?, this algorithm fails to do any better than have
a width of2°(") and we have not been able to determine whether or not a better width chteireed. This

in particularly surprising given the fact that our intuition is thkaBAT is easier to solve when there are lots
of clauses. Capturing this idea, thparsification lemmdrom [?] proves thatback-trackingcan be made
to work better than initially expected as long the formula has many more clausesahables. We are
easily able to implement this algorithm in pFBT. The problem is that the tree pedducthe sparsification
lemma, though it is proved to have very few leaves, is very unbalanced métpath being as long &5n).
For each of the nodes in this long path, the pFBT must branch making a dealstwit the value of the
variable read. As far as we can see, this has the danger of blowing ttrewpido2¢() .

4 Reductions from Hard to Easy Problems

This section does reductions to show that if pBT or pFBT can’t do well ersifmple matrix problems then
they can’t do well on the hard problems either.

Theorem 4 (Lower Bounds for Hard Problemsy-SAT requires widtB("™) in pBT and22(v™ in pFBT.
Subset sum required widt:("/1°g™) in pFBT and2®(™ in pFBT". Finally, subset sum without carries
requires widtr22(™) in pFBT.

Proof. Lemma 5 gives a reduction from 7-SAT to the matrix inversion problem in botlpBleand the
pFBT models. Lemma 6 gives a reduction in pFBT from subset sum (with &hdwt carries) to the matrix
parity problem with free data items. Lemma 7 gives a reduction from subsetrsthe pFBT model to
the matrix parity problem with no free data items in the pFBT model. (Lerdfgives the same reduction
in a slightly stronger model.) The results then follow from the lower boundthfomatrix problems given
in Theorem 8. O

Lemma 5. [Reduction to 7-SAT] If 7-SAT can be solved with widWi in the pBT (pFBT) model, then the
matrix inversion problem can be solved with the same width.

Proof. Given a pBT (pFBT) algorithm for 7-SAT, we design a pBT (pFBT) aitfon for the matrix inver-
sion problem as follows. Consider a matrix inversion data item.zl;dde the variable specified arbgbe
one of the at moskK’ bits fromb involving this variable, i.eM; ;, = 1. Because the” row of M has at
Most seven ones, its contributionXdx = b is that the parity of these corresponding sevesariables must
be equal ta;. This parity can be expressed as the AND of 64 clauses involving these gariables. These
clauses for each of thE bits b; are included in the 7-SAT data item corresponding to this matrix inversion
data item. Note that as required for the 7-SAT problem, this constructed datadtgains a variable; and
the list of clauses containing this variable. Each clause contains at mest e&iables. As with a matrix
inversion data item, the only new information that an algorithm who is aware oéthetion learns from a
new 7-SAT data item is the value of the at mésSthits b; from b involving this variable. Finally, note that
the output of both the matrix inversion problem and of 7-SAE is {0, 1}" such thatM = = b. O

Lemma 6. [Reduction to Subset Sum with free data items] If Subset Sum can be seitredidth W in
pFBT, then the matrix parity problem with the introductionmof= O(nlogn) data items can be solved
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with the same width. If the version without carries can be solved thenrmanty O(n) data items need to
be added to the matrix parity problem.

Proof. Given a pFBT algorithm for SS (subset sum), we design a pFBT algoribhthé MP (matrix parity
problem) as follows. Like in the standard reduction from SS, we will Havepecial bit indexes into the
binary integerst; for each columry andr; for each row: of the matrix)M. These special bit indexes will
be separated by at lea&tog, n indexes so that the sum of the integers for one special bit index does not
carry into another. LeD; denote the MP data item containing the variable namand thej* column of
the matrix\/. This data item will get mapped to two SS data itefs ,y andD; _,. In order to contain
the same information aB;, both D; ., andD(; _, will be one in theirc;*" bit and store thg™ column
of the matrix, namely foi € [n], i # j, ther;"" bitis M, ;. The only exception is that while thg"
bit of D, _ stores the diagonal entiy/,; ;, as it does with the other entries, thg" bit of D,; . instead
stores the complement of this value. Bdth; ., and D ; _, will be zero in every other bit. For each bit
indexk € [1, [logn]] and each row € [n], SS will have a dummy data ited; y. The integer ink; ;.
will be one only in ther;+ k" bit. The targefl” will be one in thec;*" bit and ther; + [log n]*" bit for each
i,j € [n].

Having mapped an instance of the MP problem to an instance of the SS pratdemust now prove
that the solutions to these two instances correspond to each othék, Lebe a solution to the SS instance
described above. We first note that for eg¢l$ss must accept exactly one @ ; .y andD; _, because
these are the only integers with a one in m@ bit and the targef’ requires a one in this bit. Lety;p be
the solution to the MP instance in whiah) = 1iff D; ,, is accepted byss. We now prove that this is a
valid solution, i.e¥i € [n], z; = €D}, My j)- Consider some index Becausess is a valid solution,
we know that its integers sum upToand hence the;” bit of the sum is zero. Because there is no carry to
ther;* bit, we know that the parity of the!” bit of the integers irfsg is zero. The dummy integers,; 1
are zero in this bit. Foj # 4, bothD; ., andD; _y haveM; j in this bit and as seen exactly one of them
is in Sgs and hence these integers contribifg j, to the parity. Forj = 4, it is slightly trickier. D; _, if
itisin Sss, also contributed/,; ;, to the parity, whileD; , contributes the complimenit/; ;, & 1. In this
first casex; = 0 and in the second; = 1. Hence, we can simplify this by saying that togethgy _, and
Dy; y contributeM; ; © x;. Combining these gives that the parity of th&" bit of the integers ifsg is
0= [@j# M<m->] @ [My; 5 © ;). This gives as required that = @), My ;). And henceSyp is a
valid solution.

Now we must go in the opposite direction. L&, » be a solution for our MP problem. Piit;; ., in
Sss if z; = 1, otherwise puD,; _y init. For each row, let N' = 2l°s»l andN; = N—(2i+3 et Mijy)
and let the binary expansion of; be []_Vl-}g = <N<Z»7“Ogn1>, ..., N 0)), so thatN; = Zke[o,ﬂog_n]] N 2",
For k # 0, include the integef; ;) in Sss iff Ny; 3y = 1. We must now prove that the integersSgs
add up toT'. The same argument as above prove thatc;I‘(é and ther;*" bits of the sum are as needed
for 7. What remains is to deal with the carries. Th#&" bits will not carry. Ther;"" bits in theD; ,,
or D integers ofSgs add up tox; + Zje[n] M jy. Fork € [1,[logn]], the integer inE(; ;, is
one only in ther; + k' bit and hence can be thought of contributi?fgyto the r;'* bit. Together, they
contribute 1 riogn]) Ny; 12, which by construction is equal t¥; — N, ). BecauseSy p is a solution,
N; = N—(x; + Zje[n] My ;) is even, makingV; oy = 0. The total contribution to the;!” bit is then
@i+ Y jepm M jy) + Ni = N = 2flegn] which carries to be zeros everywhere except inthelog n]*"
bit. This agrees with the targét

What remains to prove is that the MP computation tree can state by state mirrod thengutation
tree. Itis them = O(nlogn) free data items that the MP problem has that allows this reduction to be
straight forward. For each € [n], the MP problem will have a free data item IabeIB(in72nd> and for
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eachi € [n] andk € [1, [log n]], it will have one labeled”; ;). In each state of the computation tree, the
SS algorithm specifies an priority ordering of its data itefths,y, D; ), andE(; ;,. The simulating MP
algorithm constructs as follows its ordering of its data itelmstnd), andE; ;. If neitherD; . nor

D _y have been seen yet, then the first occurrence of them in this orderieglésed byD;. The second
occurrence of them can be ignored because it will never come into flayleast one of); |y or Dy; _,

has been seen already, then the occurrence of the other one in thide3iagis replaced by the free data
item D<i’2nd>. Any dummy data iten¥; 1, in the SS ordering are replaced by the corresponding free data

item Ey; 1y in the MP ordering. If according to this SS priority ordering, SS receivedirst of D; ), then
MP according to its mirrored ordering will receive;. Note that MP learns the same information about its
instance that SS does. If on the other hand, SS receives the secbpd,ofor receives a dummy data item
E; y, then MP will receive the corresponding free data item. The MP algoritimah (& can assume the
SS algorithm) knows that its instance is coming from this reduction and henckribe before receiving it
that this dummy/free data item is in the instance and hence neither gains anyforaition from this fact
when it is received. The information of interest that they both inadvertésdiy is that all data item®’
in the ordering before this received data item are learned to not be in taedesand as such are added to
PI°¥ Because the MP algorithm always learns the same information that SQui®és able to continue
simulating SS’s algorithm.

If we are reducing from the carry free version of subset sum theduhemy data itemd7; ;) are not
needed. O

Lemma 7. [Reduction to Subset Sum in pFBTIf Subset Sum can be solved with widi¥i in the pFBT
model, then the matrix parity problem without free data items can be solved in p#iBThe same width.

Proof. When SSreceives the first 6f; ., the adversary worries that SS may use the second of the pair as a
free data itemHence, at this point in the current computation, the adversary dessghatehis second data
item is aknown data itenby revealing to SS that it is in the instance. Thg ;, data items are considered
to be known from the beginning. The pFBTmodel then does not allow SS to hawxedreading states
that intertwine the unknown and known data item together in its priority orderi@gnsider amnknown
reading state of SS, i.e. one that puts all of the possible unknown data itéone tiee known ones. The
simulating MP algorithm constructs its ordering of its data iteihsby replacing the first occurrence of
Dy; +y with D;. If SS receives one db; ., then MM received;. If SS receives a known data items, then
this means that the current computation path is done because the inputéristaampletely known. Now
consider &knownreading state of SS, i.e. one that puts all of the known ones before thiblgasnknown
ones. Both SS and MP know that these known data items are in SS’s instahiberece know that SS will
receive the first one in this order. In fact, there was no point in thisstad at all. The negative thing about
such aread is that it unnecessarily forces SS to make an irrevocald®mdebout this known data item. If
SS forks in order to to make more than one such decisions, then MP makestl@dbsanches using a free
branch. This free branch was one of the initial motivators of havingtfraeches. O

5 Lower Bounds for the Matrix Problems

This section will prove the following lowerbounds for the matrix problems.

Theorem 8 (Lower Bounds for the Matrix ProblemsYhe matrix inversion problem requires wicft(™)
in the pBT model and widt?2(v™) in the pFBT model. The matrix parity problem requires wigft™ in

n n2
the pFBT model. If included in these problems ardree data itemsthen widthQQ(m+ﬁ) and QQ(W)
are still needed.
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5.1 The Lower Bound Technique

We will begin developing a general technique for proving lower boundthe width of the computation
tree of any algorithm solving a given problem in either the pBT or the pFBTelsodVe will then show
how it is applied to get all of the results in Theorem 8.

For each input instancg, the computation tre€ 4 () has height: = |I| measured in terms of the
number of data items received. Lebe a paramete®(n) or ©(y/n) depending on the result. We will
focus our attention opartial pathsp from the root to a state at levélin 74(7). Recall that such states
are uniquely identified Wit PI’", PIS", PS,, f,). PI, = (PIJ", PIS*), consisting of the data items
known to be in the instance and those inadvertently learned to be not in thecestonstitutes the sum
knowledge that algorithrmd knows about the instandein this state. With only this limited knowledge, it
is unlikely that the irrevocable the decisioR'$), that the algorithm has made about the data itenEIgT‘
are correct. Formally, we prove thBi;[S(I) - PS, | I - PI,] is small, wherel - PI, is defined to
mean that instanceé is consistent wittp, i.e. contains the data items Iﬂ[zﬁn and not those irPI]‘;“t and
S(I) - PS, is defined to mean that the decisiaRS§s are consistent with the/a solution fbr

With free branching, in depth only,,,., = O(v/nlogd), the unreasonable upper bound in Theorem 1
manages to learn the entire inplinot by havingP[;" contain all of its data items but by haviri@[g“t
contain all of the data items not in it. This demonstrates how halﬂ'fgj”t extra ordinarily large, can cause
I = PI, to give the algorithm sufficient uniformly about the instadcthat it can deduce a correct partial
solution PS,, causingPr;[S(I) - PS, | I - P1I,] to be far too big. Hence, we define a patto bebadif
this is the case.

A pFBT algorithm A4 is allowed to fork both in dree branching statén order to try different priority
orderings and in amput readingstates in order to try different irrevocable decisions. This is what meslu
the tree7 4 (/) of parallel computation paths. It is sometimes easier to focus oalgwithmic strategy
Ay along one such computation path. H¢re= (o1,..., 0y, fi,..., fi) denotes auple of forking indexes
whereo; € Sigma is indicates the decision made in tH& input reading state anf} € N indicates which
branch is followed in the" free branching state. Note that if the width of the computation Tig€) is
bounded byiV 4 (n), then eacly; is at mostV 4(n). This allows us to defin€orks,rpr = [ x [Wa(n)]]!
be the set of possible tuples of forking indexes. In contrast, a pBTidlgors not allowed free branching,
and henceorks,pr = >!. The only difference between these two models that we will use is the sizes of
these sets.

This next theorem outlines the steps sufficient to prove that the width ofghdtam must be high.

Theorem 9(The Lower Bound Technique)

1. Define a probability distributio® on a finite familyF,, of valid and hard instances.

e For the matrix parity problem, the matrix/ is chosen uniformly at random frof, 1}"*" and
for the matrix inversion problem, the vectiochosen uniformly frorg0, 1}".

2. Prove that the information about the instanicgained from a good® = (PI™, PI°"*) is not suffi-
cient to effectively make irrevocable decisions about the data iteifg'ih To do this, fix parameters
| € [n] and pryeq € [1] and make slight adjustments to your definition/f°“* beinggood Let
PI™ and PI°“ be arbitrary sets of data items such tH&/"*| = [ and PI°% is sufficiently small
so that it is consideredood Let PSS be arbitrary decisions about the data itemsRi*". Prove that
Prre, 7, [S(I)F PS | I+ PI] < proced-

e If the algorithm simply guesses the decisiBf for each of thd data items inPI", then it is
correct with probability| |~ = 2~*. For both the matrix and the matrix inversion problems, we
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are able to boungbr,..q < 27, Recall as well, that is ©(n) or ©(,/n) depending on the
result. See Lemmas 14 and 16.

3. Prove that with probability at mosg, every setPIg“t in 74(1) is sufficiently small so that it is
consideredyood Consider a tuple of forking indexg¢sc Forks. Consider some algorithmic strategy
Ay along these forking indexes. Prove that;c, 7, [Af produces aP1° that is baq < Proad <
m. Note thatm gives us the probability after doing the union bound.

e For the matrix inversion problem, we are able to bouyng,; < 2~*("). For the matrix parity
problem, we are able to do much better bounding inV(”Q). See Lemmas 12 and 13.

These three step gives that any pFBT (pBT) algorithmequires widthiV 4(n) >

- 2prgnod.

From this technique and the itemized points, our lower bound results follow.

s—— > 29U, What remains is to
PTgood

ensure that the probabilipy,,4 Of @ bad path is at mom. For the matrix inversion problemyyqq <
272 In the model pBT|Forks,pr| = 2!, giving | Forks,sr| - preea < 3 even wherl € ©(n). In the

pFBT model, howevelForks,rpr| = [2W4(n)]! = [290] = 20() | giving |Forksyppr| * Proad < 3

only when! € O(y/n). For the matrix parity problemry,q < 22" so we have no problem setting

[ € ©(n) either way. Ifm free data items are included in this problem, then what changes is that instead
of just considering levels of the computation, we consider the computation up to the point at Whécth

data items have been received and any number of free data items haveedeigad. This involves up to
I+ m levels in total. This increaseés orks,rpr| from [2W 4(n)]' = 290%) to [2W 4 (n)]i+™ = 200+m)),

Hence, whempry,q < 279, 1 € © (mf\/ﬁ) is needed and whepry,y < 2=4"*), [ € © (mnjn> B

needed. O

Proof. of Theorem 8: In all cases, the technique gives that(n) >

We now prove that the technique works.

Proof. of Theorem 9: The following lines are annotated below.

3 < , Prf [3p € Ta(I);, such thap is good andS(1) + PS,] (1)
Eﬁ’ n
< ; Pg__ [Ip € Pathsg, such thatl - PI, andS(I) - PSS, (2)
eﬁ’ n
<
< > s [I + PI,andS(I) - PS,)] 3)
pEPathsg
> elirf ) [S(I)F PS, | I+ PI,) - Ief;r]__ ) I+ PIL) (4)
pEPathsg
< Prgcd: Y (P [1FPL) (5)
pEPathsg P
< PTgoo0d * Z IEPg: [p € TA(I)] (6)
pEPaths P
= DPryood - Expre, 7, [Width of T4(I) atlevell] < pryooq - Wa(n) (7)

1. Step 3 in the technique proves that for a random instareg F,,, the probability thaZ 4 () contains a
bad partial path is at mo%t Hence, any working algorithnd must solve the problem with probability at
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Ieast% using a full path whose firgtlevels is a good partial path. This requires that there exists a partial path
p € T4(I) such that the irrevocable decisioR$, made along it are consistent with the/a soluti(d) of

the instance. This is stated formally in the first line.

2. The probability in line 1 deals only with pathsTy (1), which in turn depends on the randomly selected
instancel. In contrast, the step 2 probability talks about fixed gefsand P.S that can depend on the
algorithm .4 as a whole but not on our current choicelofTo understand the algorithpt independent of a
particular instancé, definePaths = {p | 31 such thap is a partial path of lengthin 74(I)} andPaths,
those that are good. Line 2 follows frome 74(I) = [p € Paths andI - PIL,].

3-5. The union bound, conditional probabilities, and plugging in the foitibafrom step 2.

6. Translating from the algorithndl as a whole back to just those pathsZin(7) requires understanding
how the computation tre€4 (1) changes for different instancés Another argument for the necessity of
doing this is noting that if thesg&,(/) were allowed to be completely different for different instanées
then for eachl, 74(I) could simply know the answer far. The key fact that we need from the model is
expressed in the following lemma.

Lemma 10. If p € Paths andI + PI,, thenp € T4(I).

It follows that whenA is in the state following, then what it knows about the instance is that P, but
from amongst these possible instances, it does not know which is the iastaace. The key for us is that
this Lemma gives us line 6.

7. The width of74(I) at levell is equal to the number of paths of lendtim 74 (7). This width is bounded
by WA(n)

Together this gives ud/ 4(n) > m}md as required. O

Proof. of Lemma 10: This can be proved by looking at the inductive structure otdneputation tree
T4(I). Another option is to view the algorithod as asuper decision trewith states(PI,, P.S,, f,). As
with the computation tre@4 (1), the super decision tree makes free branches in order to try diffaterityp
orderings and branches when the algorithm tries different irrevoculisionsPS,,. In addition, the super
decision tree also branches depending on which next data/itéhe algorithm receives. The set of paths
in this super decision tree is then the union of the paths from the differemputation trees/ 4(7), i.e.
Paths, = {p | 31 such thap is a path of lengtliin 74(I)}. O

5.2 The Probability of a Bad Path

This section proves that with probability at mc%stevery computation pathin 74 (1) is consideregjood
Recall that when the computation patheceives the data iterf, in addition to learning thab is in the
instance, it also learns that every data itB¥nbeforeD in the priority ordering is not in the input instance.
We consider the path only while it receives its firsté data items. Denoted hi7°% the set of data items
learned in this way to be not in the instance. Informally, we defiRé@*! to begoodif it is sufficiently
small. The proofs for the matrix inversion and for the matrix parity problemb aae general enough to
apply for any computation problem, but differ for two reasons. Theifirthhat the distribution$ on the
instancesF,, are different. The second is because the definitiogaafd needs to changed slightly for the
matrix parity problem.

5.2.1 Bad Paths for the Matrix Inversion Problem

Definition 1. (Q-good) A computation path and the sef?7°“ arising from it are consider to b&-good
iff | P1°%| < Q.
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For the matrix inversion problen is set to beéd(n), which is reasonable given that the number of possible
data items i$D| = 25n = O(n).

We cannot prove anything about probabilities without stating something étprobability distribu-
tion P on the instance$,,.

Definition 2. (P,) We say thaf is a ¢ distribution on instances itr;c,. 7, [D € I | I = PI] > g, where
PI = (PI'™ PI°"') denotes the current state of a computation, @hés a data item that is still possibly
in the instancd .

Lemma 11. For the matrix inversion problem, the distributignis ¢ = 2%( distribution.

Proof. Lemma 15 will prove thaf +~ PI reveals at most of bits of the vecton € {0,1}", for somer
irrelevant to this proof. The conditional distributighchooses uniformly at random the remainingr bits.
Each data itenD specifies a variable; and up toK bits of the vectob. If this D disagrees with some of
ther revealed bits ob, then D in not still possible. Otherwise, the probability thatis in the instance is

2}1{, > QLK whereK’ < K is the number of the specified bits that have not been fixed. O

The next lemma then bounds the probability that a computational patrdisConsider a tuple of forking
indexesf € Forks. Consider some algorithmic strategy; along these forking indexes halting after
levels.

Lemma 12. pry,q = Pric, 7, [Af is aQ-bad path< e —IQU—5G)/2,

__Q ,
For the matrix inversion problem, this gives,,; < e 2513 < 2~ as claimed, as long as the computa-
tion depth considered is< 1¢Q = &+ < O(n).

Proof. The algorithmic strategyl,’s only goal is to make its computation path bad. This can be viewed
as the following game. Following only one path down the computation tree, ¢ggtobA, defines an
priority ordering on the data items and receives the data fefirst in this ordering that is in the actual
instance. The proof of Lemma 10 defineduper decision treeHere we use basically the same tree except
instead of having one node branching on which next data fiethe algorithm receives, each such step is
broken into substeps. In each of these substeps, the algorithm spen#iemta itemD from those that

are still possible and is told whethér is or is not in the instance. If the answer is yes, tlieis added

to PI'" and if it is no, it is added tP7°%. Generally, we consided ;'s computation until it receiveg
data items. However, instead, let us consider itgoof these substeps. For eacke [@], let X; be the
random variable indicating whether tté such data item is added o7, By definition,Pr[X; = 1] > ¢

for distribution?,. (This is actually a martingale because the exact distribution on Eadepends on the
results of the previous ones.) Note that= Zte[Q] X, denotes the resulting size &, If X > [, then

by this point in the computatioPI| > [, so the part of the computation we normally consider has already
stopped, butPI°%| = Q — |PI'*| < @ and hence this computation is considered to be good. It follows that
Pr[pathis bafl < Pr[X < []. Definey = Exp[X] = ¢Q andé = 1 — é so that(1 — é)u = [. Chernoff

bounds gives thar[X < (1 — d)u] < e #9*/2 = ¢ 9Q0~30)"/2, 0

5.2.2 Bad Paths for the Matrix Parity Problem

As said, the definition of a path beiggodneeds to changed slightly for the matrix parity problem. For most
computational problems, the input instarce- (D1, Do, ..., D,) € D" has each of its data items labeled
by the variabler; about which it must make an irrevocable decision. For gaehn], letD; C D denote
the set of possible data items labeledi)y We assume in this section that the probability distribufioan

the instances, selects independently for eaghone data itenD; € D; uniformly. (This is true for the
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matrix parity problem but not for the matrix inversion problem.) Similafy°“* can be partitioned into
PIg" C D;. DefinePI;:’ C D; to be the set of data items for which it remain unknown whether or not it is
in the instancd. If j ¢ PI™™ (i.e. PI"" does not contain a data item fraRy), thenPI] = D; — PIS"

If j € PI'™, thenPIJ? = (), because having received one data item f@mthe algorithm knows that no
more from this domain are possible.

Definition 3. (¢-good) A computation pathand the se1°% arising from it are consider to bg-goodiff
3j & PI™, |PL}| > q|Dj].

For the matrix parity problenD;| = 2" andgq is set to be2~(=9)l = 2=(I=¢)n which effectively means
that at mos{1—¢)en of then bits have be revealed about the data itBpme D;.

Lemma 13. pryeq = Prre, 7, [Af is ag-bad path< (3¢)" .
This givespry,q < 2-3"” for the matrix parity problem as claimed.

Proof. The algorithmic strategyl; can be viewed as the algorithm playinggames in parallel. He loses
the j** game if he accidental adgsto PI* before he can manage to shriﬁk'; to be smaller thag|D;|.

It is ok for him to losel of these games, because, during the part of his computation we consadaipw
PI™ to grow to be of sizé. However, if he loses + 1 of the games, then we claim that this computation
path isgood At least one of these lost games hadjitadded toPI*" after we stopped considering his
computation and at the point in tinjez PI™" and\PI]?| > q|Djl.

In each substep of tteuper decision tredescription of the computatiaa ;, the algorithm specifies one
data itemD from one of the set@I; for whichj ¢ PI'™ and is told whetheD is or is not in the instance. If
the answer is yeg, is added taPI"" and if it is no, then this data item is removed from itsBéf. Though
the algorithm plays the games in parallel, they really are independent. Individually, for gaeHn], the
algorithm chooses the one ordering in which it will ask about the data itef®s.ifhe algorithm wins this
game iff the data iten®; from D; that is in the instance lays in the lastraction of this ordering. Because
D is selected uniformly at random, the probability of the algorithm winning this game is

Forj € [n], let X; be the random variable indicating whethdy wins thej* game and letX =
Zje[n] X; denote the number of games won. We proved thdfX 1] = q. We also proved that

Prlpath is bafi < Pr[X > n —I]. Definey = Exp[X] = gnand1+6 = 1(1— 1) sothat(1+8)u = n—1.
Chernoff bounds gives th&r[X > (1 +d)u] < (ﬁ)u < (3¢)" .
0

5.3 Good Paths for the Matrix Parity Problem

We now consider the Matrix Parity Problem. The input consists of randonalyezhmatrix\/ € {0, 1}"*".
Each data item contains the namgof a variable and thé” column of M. The required output; is the
parity of theit” row.

This section will prove that the information about the instahgeined from a goodI = (PI™, PI°"")
is not sufficient to effectively make irrevocable decisions about theitdge in P71, This is the only result
in the lower bounds section that depends on anything specific about riifutation problem and it does
not depend on the specifics of the model of computation.

Lemma 14. Let PI'™ be an arbitrary set dfdata itemsPS be arbitrary decisions about them, ang"*
anyq-good setpryood = Prre, 7, [S(I) - PS| I+ PI] < 27",

Hereq = 270790 giving pryoead < 27
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Proof. Assume the data items iR/"" have told the algorithm the firdtcolumns ofM, but required him

to make irrevocable guessésS of the paritiesey, . .., x; of the first/ rows of M. PI°“ being ¢-good
means thal;j ¢ PI", |PIJ?\ > q|Dj|, whereD; € PI]? C D; = {0,1}" is a vector that remains possible
for the j** column of M. In order to be nice to the algorithm, we will give the algorithm all\dfexcept
for this column;j. Then for each row € [1,1], we now know the parityD; ., M,; ; of these columns
and know the parity:; = EB].G[”] M ; that the algorithm has promised for the entire row. Hence, we can
compute the required value fat; ; in order for the algorithm to be correct. Létbe the set of vectors
a for the j*" column such that the algorithm is correct, namdly= {a € {0,1}" | Vi € [1,1],0; =
the requiredV/,; ;y }. Note that|A| = 2n—! pecause there is such arfor each way of setting the remain
n — [ bits of this column. The adversary now randomly selects PIJ? that will be the;* column in
the instanceV/. If the selectedx is in A, then the algorithm wins. The probability of this, however, is
A/|PI| < [207Y /[g2"] = L2t 0

5.4 Good Paths for the Matrix Inversion Problem

We now turn our attention to the Matrix Inversion Problem. A matfvixe {0, 1}"*" is fixed and known
to the algorithm. It is non-singular, has exactly seven ones in each rawgstfX’ ones in each column, and
is a(r, 7, c)-boundary expandewith K € ©(1), c = 3 andr € ©(n). A vectorb € {0,1}" is chosen
randomly. The algorithm must outpute {0,1}" such thatM = = b. To begin let us consider what the
algorithm learns frond - P1I.

Lemma 15. Let PI = (PI™, PI°"*) be arbitrary sets of data itemb}- PI reveals at mosk - |[PI"| +
| PI°“| bits ofb.

A computation patly is consider to b&)-goodiff |PI°“| < Q. We setQ = r — Kl = O(n), where
r = O(n) is the parameter in strong expanding property that the mafriras. Note that whef1°% is
good, the algorithm learns at mast- |PI™| + |PI°%| < K -1 + (r — KI) = r bits ofb.

Proof. For every data itenD; in PI, the algorithm learns the value of at mdstbits of b € {0,1}"
corresponding to correspondin® column of M. For every data item iPI°%, the algorithm learns a
setting in{0, 1}* thatk < K of bits in b do not have. Ifk is large, then the immediate usefulness of
this information is a little less clear. To simplify, what the algorithm does and doeknow aboub, the
adversary chooses one of tkebits of b that the data item is about and that the adversary does not yet
know the value of and reveals that this bitiohas the opposite value from that given in the data item.
The algorithm, seeing this as the reason the data item is not in the instance,nedrimg more about the
instance. In the end, what the algorithm learns fibm PI is K - |PI™| + | PI°%| bits of b. O

The key point of this section will be to prove that learning at mosits of b is not sufficient to effectively
make irrevocable decisions about the data itemBAff'.

Lemma 16. Let PI be from a good path so that- PI reveals at most bits ofb. Let PS be arbitrary
decisions about the data itemsBi™. Pric, 7, [S(I) - PS | I+ PI] < 2740,

This is when the definition a boundary expander is needed.

Definition 4. (boundary expander)/ is a (r, 7, c)-boundary expandef for every setk C [n] of at most-
rows, theboundaryd,,(R) has size at least|R|. The boundary is defined to contain the colujrifithere
is exactly one one in the rows of this column. Section 5.5 proves that such a matrix exits.
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Proof. Let R C [n] denote the indexeisof the at most- bits of b that have been fixed and ket € {0, 1}/7!
be the values that thesg bits have been fixed to. L&t/ denote the corresponding rows of the maivix
These rows impose the requiremédi, - = = bg. In addition, P.S commits the algorithm to the values of
exactly! variables. LetFized C [n] denote the indexep of these variables; and letzr;,.; denote the
values committed to them.

Our probability distributioriP on instanced € F,, is uniform on the settings df. Because there is a
1-1 mappinge = M ~'b between the settings éfand the settings of, it is equivalent to instead consider
the uniform distribution on setting af. Our requiremenf + PI on our instance when considering the
distribution onb was thatby = br. But when considering the distribution an this translates over to
the requirement/p - x = br. The requiremens (/) - PS in both settings is that fized = Z figea- AN
interesting effect of doing this translation is that the equatihys,_r) - = = b(,)-r) NO longer matter. To
conclude, this translation gives that

. .= P HFEPS|IFPI| = P ived = T i Mp-x=0
succ. prob Iepl.;:n [S(1) S| ] IEu{&l}n [ fived = Zfized | MR - = bR]
|{l‘ ‘xfialed = jfi:aed and]_w]{ T = BRH
{z |[Mg -z = br}|

What we now need to compute is both the number of soluticiosthe subsystem of equationsr - « = by
and the number of these consistent with,.q = Z fizeq. TOwards this goal, we will do a Gaussian-like
elimination to satisfy a subsétat C R of the equations\/r - + = bg. This is done by selecting a subset
Set of the variablese; that is disjoint fromFized and setting their values as a linear combination of the
variables injn] — Set in a way that ensures the equatidn,; - © = bg,; are satisfied. LeRy = R— Sat
index the equationd/g, - = = bg, not yet satisfied. We will select and eliminate these equatiensSat
one at a time. For the first one, lef be a boundary variable in the bounddtyR) that is not inFized.
Recall that this is a column a¥/i containing exactly one one. Létc R be the row in whiche; appears.
The equationsV/(g ;) - = = B(Rﬂ-) do not use this variable; and hence are not effected by how it is set.
The equationV/; - x = b; can be solved for;. We set the value af; to be this linear combination of the
variables injn] —Set in order to satisfy this equatial/; - + = b;. Being satisfied, the equatidris removed
from Ry = R—Sat and being set, the variabig is added toSet. We show as follows that this process can
be repeated as long ag?y| > I. Because\l is a(r, 7, ¢) boundary expander and becaiBg| < |R| < r,

we have thald(Ry)| > c|Ro| > | = |Fized|. Hence, there is a variablg € 0(Ry)— Fixzed to set next.

GAUSSIAN-LIKE ELIMINATION OF ROWS
Ry — R
while (¢|Ro| > 1)
1. Pickz; € 0(Ro) — Fized
2. Leti € R be the row in whiche; appears.
3.x; « value that satisfied/; -z = b;
4. Ry — Ro—1
5. Set «+ Set+j

This Gaussian-like elimination of rows terminates wh&p| = L. This gives that the size of the boundary
of the matrix Mg, is |0(Ro)| > ¢|Ro| = l. This means that the matrix/, has at least columns with
exactly one one. Another property of the matfix is that each row has at most 7 ones. Hence tlese
boundary variables must be spread over at Iéemlws, making thesé rows linearly independent. Hence,
the rankr, of the reduced system/y, - = = bg, is at Ieast% and at mostfE = é Becauser consists ofn
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boolean variables, this gives thdtr |[Mg, - * = bg,}| = 2"~"™. | would like to say that the same is true
for |{z |[Mg - x = br}|, however, the setting; for j € Set are still part of system of equation. Hence, the
number of these solutions may pero—I5¢t|,

When computing{z |z fized = Zfized aNdMp - = = br}|, we also need to include the equations
Tfized = Tfized- NONE Of thex; € Fized have been eliminated. Hence, the requirementsithat; =
T fizeq @dds! more linearly independent equations to the reduced sysfgg = = bg,. | don’t know what
it does to the systemi/y - « = bp.

*xek alert **** glert **** alert **** alert **** alert ****

| conclude that | am at a loss to bound

|{x |xfixed = T fized and{WR s = BRH
{z [Mpg -z = br}|

succ. prob. =

5.5 Boundary Expander Matrix

ek glert **** alert **** alert **** alert **** glert ****

| have not read this.
I am not sure whether it needs to be included, i.e. it may be standard anddglugled in the Thesis for
completion.

Definition 5. A matrix A is (r, k, ¢) boundary expander if each row has at méstnes and for any set,
such that| < r, then the number of unique neighbdds (1)| is at leaste|I|: [04(I)| > ¢|I].

Here we need to prove that a square mattix {0, 1}"*" exists such that
1. Each row sums to exactiy

2. Each column sums up @\ - a constant.

3. Ais of full rand and hence is non-singular.

4. Aisa(r,7,c) boundary expander fer> 1 andr € 6(n).

Let A be a constant, whose exact value will be determined later. First we defisgibution onAn x n
binary matrices, such that each row has exatiyes and each column sumsfy. Then we show that a
random matrix from that distribution is a good boundary expander. Nexrgue that with high probability
a matrix from that distribution has a full column rank. Then we are doneusecany linearly independent
rows of that matrix will inherit the expansion of the big matrix and is non-singufurthermore, each
column will sum up tarA which is a constant and does not dependivpand each row sums to exaclly

The columns of the matrix are the variables. Each variablerAadistinct equation in which it should
appear. The rows are the equations with exactariables each. The total number s in the matrix is
7An. How do we match variables to equation and preserve the constraint? Medwahtrix as a bipartite
graph. Left side are the equations thereareof them each has slots (fordistinctvariables). On the other
side we have: variables each hagA slots for the7A equations in which a variable participates it. The
distribution on matrices is all random perfect matchings of this bipartite graph.

Pick a row at random. From the available unmatched variables pick onsdaima remove it (we sample
from the columns without replacement). Decrease the number of remainisgrstoselected variable has
for future selection. Repeat until &l variables are chosen. We claim that any Eeif at mostr rows
according to this distribution has boundary greater téhc > 1.
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Lemma 17. Let A be a constant whose value will be set later. For any sufficiently lartfeere exists a
matrix A € {0, 1}2™%", which is also dr, 7, 3) boundary expander.

Proof. We claim that the probability over the random choices without replacemeheafariables in each
row, thatA is a(r, 7, c¢), c = 3 boundary expander is greater than

The set of rowsl, |I| = t < r, definet equations andt variables of whichB are boundary and the
remainingD are duplicates. Initially, before the sampling begins each variable has@\ iséots available.
Once a variable is chosen it becomes a boundary variable and ha&niyl slots free. Consider the walk
of length7t from Figure 2 beginning at stal@=0/D =0 and assume thatc ©(n). At time i,  variables
are picked and of the 7An slots are used. Suppose at tirnlhe number of boundary variablesisand
the duplicates i), respectively. The total slots available to from the boundary variablB§ia — 1). If a
boundary variable is picked again then it becomes a duplicate. The nufrimrraary variables decreases
by 1, the set of duplicates increases by one, and slots of duplicates irekast — 2. Each duplicate has
at mostrA — 2 slots left and each time a duplicate is chosen again to participate in an equatioonther
of available slots decreases. The remaining variablesB — D have all their slots empty and available to
be chosen, that iBA(n — B — D) slots. We need to estimate the probability that aftesteps the chain

| DO NOT HAVE THIS FIGURE

Figure 2: Transition function of state/D.

will end in a state wheré < 3t. Assume that after < 7t steps the current state #/D. Only i slots are
occupied and3 + 2D < i < r,r € ©(n). With probability

_7A(n—-B - D) o1 B+D
P++ = TAn —i n
the next step will increase the boundary and we go to a &tatel. With probability
_(tTA-1)B B

TAn — 1 < n
the next step will decrease the boundary and we go to a Btatd. With probability

(TA—-2)D D
=l < —
- TAn—1 n

the next step will not change the boundary and the duplicate sets.

From here on when we sdgrward for the direction of the walk, we mean increase the boundary, and
as an overestimate when we dagckwardsve mean decrease or do not change the bouddadghough
those probabilities depend on the current state we will simplify the analysis bgling the experiment as
a Binomial random variabl&(7¢; p). We define the success probabilityo be the largest probability that
a walk of length7t¢ can finish in a state witli3 < 3¢. Note that any walk of lengtfit where we go to the
right, that is we increase the boundary fersteps or more will not be able go backBb< 3t state. Then
p<1—(1—Et2)= BED < 5t Now the event that afteft steps we end up in a state with less t3én
boundary elements happens with probability less than the probability tfiaimdependent trials we have
5t forward steps andt backward steps (&t successes and rest failures), which is:

T\ o L5t [T o
1— .
<2t>p (1-p)"< o |P

3Note that this assumption leads to not tight analysis because some watks/#rds” will not finish in a staté < 3t but will
be counted as such. We trade precise estimate for simplicity.
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To find the probabilityp, that there exists a sétof size at most whose boundary is at mo3t we use the

union bound:
< An)\ (Tt 2t eAn\' Te 2 5t 2
b ¢ J\at)P =\ 2 n
t t
n n
Ar\ 1!
3 =2
< [(206) (nﬂ

Then the probability that there exists a set of gizér whose boundary is at mo3t is

T
p= Zpt-
t=1

If we chooser = W € O(n), thenp; < % andp < 1, hence such an expander exists. O

Next we need to show that with high probability a random matrix chosen frerdigtribution has a full
column rank.

Lemma 18. Let A be a randonf0, 1}2™*" matrix with exactlyr ones in each row and exacliA ones in
each column. Then with high probabilitynk(A) = n.

Proof. Suppose not. Suppose the rows of the matrix are contained in a propgraseb(a subspace of
dimensionk < n). Let

Ty + -+ x5, =B (8)

be the subspace equation, whéte= 1 or B = 1. To be a valid subspace tilevector must satisfy Eq.
(8), hence it cannot be the case tiiat= 1, and any valid subspace equation for the matrigvhose rows
define mod 2 equations) is of the form:

1€SCn]

Furthermore, each row equation#fmust satisfy Eq. (9) therefore each rowAdMmust contain exactly two,
four, or six variables which also participate in the subspace equationedugtion from the matrix which
has odd number of variables from the subspace equation will contragliq9e Hence we need to bound
the probability that a fixed subspace equation is satisfied by each matritkaenofad, given the constraints.
We consider two cases when the number of variables in the subspad¢m®edsiamall and when it is large.

1. Say the number of variables in the subspace equatior€isy, (it must be the case thate ©(n)
otherwise the probability alAn matrix equations satisfy the subspace equation, given the distribution
of the matrixA is zero). Intuitively, no such equation exists because whsrsmall the probability
that the subspace equation will be satisfied by all rows is small.

Fix the variables in the subspace equation. Let thosé'be {z;,,...,z;}. Then the subspace
equation is:

:L‘?:l +$i2+"'+xit20. (10)
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So need to express the probability that a fixed equation is a valid subsyaettoa forA. Now we
evaluate the probability that Eq. (10) is satisfied by all rows from the matriMeaning each row
of A must have at least two but even (four or six) number of variables #omiven the distribution
that no variable inF" can participate in more tham\ equations and that each equation has exactly
variables.

Now consider the matrix equations one by one. Each matrix equation mustwayéour, or six
variables fromF'. But also each variable iR’ can participate in exactlyA equations (no more!).

Definition 6. Call a matrix equation surviving if it has an even number of variables $adnfoom £
without replacement.

Each variable in each equation is chosen at random without replacenmerttie remaining available
variables. Initially thet variables inF' have all their7 At slots available and the probability that the
first matrix equation survives is at most the probability that at least oneeatthaining six variables
is sampled fron¥'. Then by union bound the probability the first equation survives is

TAt 6t

6 -
% TAn n

Say at time when the first equations have survived the variables frérhave at most At — 2i slots
available and in total An — 7: slots are used. The the probability that the 1-st equation survives
by union bound is bounded by

6(7TAL — 2i)

6t
< —.
TAn—7i — n
Now the probability that Eq. (10), is satisfied by &l equations of the matriX is at most the
probability that the firstAt equations have survived and the probability of that is at m%y“.

Hence by a union bound the probability that there exists an equatibwarfables which is satisfied
by all equations ofd is bounded above by:

n 6t en\t [6t)% . (6t (A1)t
() (3) <D (5) —e(7)
Fort < & andA > 5 the probability above ig =)

. Consider the case when the subspace equation has greates trarables. We argue that a reason-
able fraction of all matrix equations are likely to contradict the subspacatiegubecause we show
that it is likely that all variables from the matrix equation are also in the sulespgation. Hence the
probability that many equations equations survive is exponentially small.

Initially the variables in the subspace equation have all their slots availablealrTtot slots. Refer
to the slots for the variables in the subspace equatidh 88| = ¢ > 5.

Definition 7. We say that an equation is in violation if all its variables are frdmand thus will
contradict the subspace equation. If an equation contradicts the sabsggpuation then we say that
it cannot survive.

We seek to bound from above the probability that at least theﬁ‘fgsequations are not in violation
by bounding from below the probability they contradict the subspacetiequa
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Consider the first matrix equation. The probability that the first variableois ff" is % > %

becausé > 7. The probability that the second variable is also fr6ris at least’S.=1 > L. Then

n—1
the probability that the first equation is in violation and all seven variablefs@rel is at Ieast(%)?
And the probability that the first equation survives is at rriost(%)?

Given that the-th matrix equation has survived, then the probability that thel -st matrix equation
is in violation is at least

11[ <7At—7i—j) N ( 1 )7

S \TAn—i—j )= \13

And for i < 2% the probability that theé-th equation survives is at most

132
1\7
1—-1—= .
(5)
Fix a subspace equation with more thanl2 variables. The probability that all matrix equation
survive the subspace equation is at most the probability that the ﬁfsﬁ% equations survive, which

is at most N
1 7 1372 An
- (13) =e

Then by union bound the probability that there exists a matrix equationtwitf; variables is:

n _An _An
<t> ce 137 < 2™ e 1

As long asA > 13? the above probability is exponentially small.

O

By Lemmas 17 and 18 for reasonably largthere exists a non-singular binary matrix whicti#s7, 3)
boundary expander in which each column sums up to a con&faat 7A. ChooseA = 2 - 137, then
K =14-13°
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