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Abstract

ThePrioritized branching trees(pBT) model was defined in [ABBO+05] to model recursive back-
tracking and dynamic programming algorithms. We extend this model to theprioritized free branching
tree(pFBT) model which allows the algorithms to branch in order to choose different priority orderings
(greedy criteria). We also considerfree data itemswhich are useful when doing reductions. We prove
surprising subexponential upper bounds in this model and matching lower bounds for 7-SAT and subset
sum.

1 Introduction

Knowing the importance of these algorithmic techniques, it is interesting that information theoretic lower
bounds have been proven for online algorithm [?], that thepriority model extends these ideas to greedy
algorithms [?] and that theprioritized branching trees(pBT) model extends these ideas to recursive back-
tracking and much of dynamic programming algorithms [ABBO+05]. Within this pBT model, [ABBO+05]
was able to obtain a width2Ω(n) lower bound for 3-SAT and for subset sum (knapsack). Being able todo
general reductions, however, escaped them because of dummy data itemsthat they introduce.

The power of greedy algorithms over online algorithms is being able to choosethepriority order (greedy
criteria) specifying the order in which the data items are processed. The power of this is that when the
algorithm receives the data itemD, it inadvertently learns that all data items appearing beforeD in the
priority ordering arenot in the instance. This might be useful extra information before the algorithm is
forced to irrevocably decide the part of solution related to the received data item, (for example, should
the data item be included or not in the solution). The extra power that the pBT model has is allowing
the algorithm to branch making different irrevocable decisions in the different branches and allowing the
algorithm, later when the computational path does not seem to be working well, toprune off this branch
and back track. We extend this model to theprioritized Free Branching Tree(pFBT) model by allowing
the algorithm to also branch in order to try different priority orderings. Another hope was that the ability to
free branch would solve the problem with dummy data items when doing reductions. Our set out goal was
to extend the2Ω(n) width lower bound for 3-SAT and for subset sum to this new model. Towards this goal
we developed a new general proof technique for this model. We, however, were only able to prove a lower
bound of2Ω(

√
n) for 7-SAT. This is achieved using a reduction from a slightly modified version of thematrix

inversion(Mx = b) problem introduced in [ABBO+05]. For completion, we also use the new technique to
reprove the2Ω(n) bound for these problems in the pBT model. See Figure 1 for a summery of boththese
and our other results.
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SS no carries or in pFBT− 2Ω(n)

Figure 1: The summery of the results in the paper.

Surprisingly, our2Ω(
√

n) bound was the right answer. Free branching increases the power of the algo-
rithms significantly more than initially expected. Being able to makeWA(n) different priority orderings,
whereWA(n) is the width of the computation tree would add some power to the algorithm, however, the real
power comes when the algorithm is allowed to prune any path in which the numberof data items inadver-
tently learned not to be in the instance is not as much as that hoped for. Effectively this allows for[WA(n)]ℓ

different orderings, whereℓ is the depth during which this game is played. This decreases the computation

tree width needed to solve any computation problem from2Ω(n) to 2O(
√

n log |D|) because the algorithm is
able to prematurely learn what the input instance is by learning all of the data items from the domainD that
are not in the instance. This is2O(

√
n log n) when the domainD of data items is no bigger thannO(1) as is the

case for the matrix inversion problem and fork-SAT restricted to having onlyO(1) clauses per variable. On
the other hand, this result does not directly improve the width, when the data item domain is|D| = 2Ω(n), as
is the case for the generalk-SAT problem. Despite the size of its data instance domain, this algorithm can

surprisingly be extended to a2O(n
1
3 m

1
3 log n) when the instance is restricted to having onlym clauses. This

is 2O(n1−ǫ) as long as the number of clause ism = o(n2). Despite the fact that our intuition is thatk-SAT is
easier to solve when there are lots of clauses, for pFBT we have been unable to obtain a better upper bound.

The upper bound told us that proving a2Ω(n) width lower bound would require a problem whose domain
D of potential data items is2Ω(n). We also know that all these information theoretic algorithms do not
perform well when they do not receive the information that they need when they need it. This motivated
introducing the embarrassingly simple problem referred to as thematrix parityproblem. Thejth input data
items reveals thejth column of a matrix and forces a decision on the parity of thejth row. We give a tight
lower bound of2Ω(n) on the width needed for this problem.

After proving lower bounds, one wants to be able reap more benefit usingreductions. Many reductions
require the introduction ofdummydata items. For example, the obvious reduction from subset sum to the
matrix parity problem introduces two data items for each variable andlog n for each of then rows of the
matrix. Without proving a lower bound directly for subset sum, we do not really know for sure (as is strongly
believed) that these dummy data items are the same as the real data items for an actual subset sum algorithm.
Hence, during the reduction these dummy data items are translated into what we refer to asfree data items.
These are additional data items that have no bearing on the solution of the problem and the algorithm need
not make any decision about them. Surprisingly, however, we show that any computational problem can be
solved in pBT with widthW = (n log |D|)3 andm = O(n ln |D|) free data items.

Despite these challenges with doing reductions, we have developed two ways of doing them. For the
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first way we extend our lower bounds to the tight bounds of2
Ω( n

m+
√

n
) for matrix inversion and2Ω( n2

m+n
) for

matrix parity in pFBT when the problems also includesm free data items. Given the subset sum reduction
requiresm = O(n log n), this translates into a2Ω(n/ log n) width bound for subset sum. Without carries,
subset sum only needsm = n dummy data items giving a2Ω(n) bound. There is also an obvious reduction
from 3-SAT to the matrix parity problem. There are two problems with it, however, that are worth men-
tioning. The first is that because the number of dummy data items needed ism = n2, the more general

result2Ω( n2

m+n
) gives nothing. The second problem is that the version of 3-SAT arising from the reduction

really can be solved with constant width in pFBT because the dummy data items do infact reveal too much
information about the instance.

The second way of getting around the challenges of doing reductions is to restrict the model pFBT to
pFBT−. At any point during the current computation path, an adversary is allowed to completely reveal
any data items that it worries the algorithm may use as afree data itemmaking them intoknown data items.
Knowing that this known data item is in the actual input instance, the algorithm nolonger has any direct need
to receive this data item. Besides if the algorithm did receive it, it would be forced to make an irrevocable
decision about it, which it may or may not be prepared to do. The only remaining purpose of receiving a
known data item is to inadvertently learn that other data items are not in the instance because they appear
before these known data items in the priority order. The pFBT− model is a restriction of the pFBT model
that does not allow the priority ordering to mix known and unknown data items together. Having removed
their power, the2Ω(n) width lower bound for the matrix parity problem goes through in the pFBT− model
no matter how many known/free data items there are. The reduction then givesthe2Ω(n) width lower bound
for subset sum within this model.

The paper is organized as follows. Section 2 formally defines the computationproblems and the pFBT
model. It also motivates this model in its ability to express online, greedy, recursive back-tracking, and
dynamic programming algorithms. Section 3 provides the upper bounds arisingfrom having free branching
and/or free data items and small domain size. This section also extends this algorithm to obtain the subexpo-
nential algorithms fork-SAT. Section 4 gives the reductions from the hard problems 7-SAT and subset sum
to the easy problems matrix inversion and matrix parity. Section 5 provides a general technique for proving
lower bounds within pFBT and then uses this technique to obtain the results forthe parity problems. After
Section 2, these sections can be read in any order.

2 The Formal Definitions

This section defines the computational problems in Section 2.1, intuition about themodel in Section 2.2, the
formal definition of the pFBT model in Section 2.3, and pFBT− in Section 2.4.

2.1 The Computational Problems

A General Computational Problem: A computational problemwith priority model(D, Σ) and a family
of objection functionsfn : Dn × Σn 7→ R is defined as follows. The inputI = 〈D1, D2, . . . , Dn〉 ∈
Dn is specified by a set ofn data itemsDi chosen from the given domainD. A solution S =
〈σ1, σ2, . . . , σn〉 ∈ Σn consists of adecisionσi ∈ Σ made about each data itemDi in the instance.
For an optimization problem, this solution must be one that maximizesf(I, S). For a search problem,
f(I, S) ∈ {0, 1}.

k-SAT: The input consists of the AND of a set of clauses, each containing at mostk literals. For each
variablexi, there is a data item contains the name of this variable and the list of all clauses inwhich
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it participates. The decisionσi ∈ {0, 1} that must be made about this data item is the value ofxi. To
be valid, the decided solution must form a satisfying assignment.

Unrestricted: The number of potential data items in the domain is|D| = n · 22(2n)k−1
, because there

are2(2n)k−1 clauses that the given variablexi might be in.

m clauses: Restricting the input instance to contain onlym clauses, does not restrict the domain of
data itemsD.

O(1) clause per variable: If k-SAT is restricted so that each variable is in at mostO(1) clauses, then
|D| = n · [2(2n)k−1]O(1) = nO(1).

The Matrix Inversion Problem: This problem was introduced in [ABBO+05] and modified by us slightly.
The matrixM ∈ {0, 1}n×n is fixed and known to the algorithm. The reduction to 7-SAT requires that
there are at most seven ones in each row and the lower bound requires that there are at mostK ∈ O(1)
ones in each column. The our lower bound requires thatM is a (r, 7, c) boundary expander, while
[ABBO+05] only required it to be a strong expander. The input to this problem is vector b ∈ {0, 1}n.
The output isx ∈ {0, 1}n such thatMx = b. Each data item contains the namexj of a variable
and the value of the at mostK bits bi from b involving this variable, i.e. those for whichM〈i,j〉 = 1.
Again, with this data item, the value ofxi must be decided. Note|D| = n2K .

The Matrix Parity Problem (MP): The input consists of a matrixM ∈ {0, 1}n×n. The outputxi, for each
i ∈ [n], is the parity of theith row, namelyxi =

⊕

j∈[n] M〈i,j〉. This is easy enough, but the problem
is that this data is distributed in an awkward way. Each data item contains the namexi of a variable
and theith column of the matrix, namely

〈

M〈1,i〉, . . .M〈n,i〉
〉

. Note|D| = n2n.

Subset Sum (SS):The input consists of a set of integers, each stored in a data item. The goalis to accept a
subset of the data items that adds up to a fixed known targetT . Again |D| = n2n.

No Carries: Another version of SS does the GF-2 sum bit-wise so that there are no carries to the next
bits.

2.2 Expressing Online, Greedy, Recursive Back-Tracking, andDynamic Programming Al-
gorithms

This section provides some intuition about what features a model needs to capture online, greedy, recursive
back-tracking, and much of dynamic programming. The formal definition of the pFBT model appears in
Section 2.3.

To make the discussion more concrete, consider the knapsack problem specified as follows. A data item
Di = 〈pi, wi〉 specifies the price and weight of theith object. The decisionσi ∈ Σ = {0, 1} to be made is
whether or not to accept the object.f(I, S) =

∑

i piσi as long as
∑

i wiσi ≤ W .
An onlinealgorithm for such a problem would receive the data itemsDi one at a time and must make

an irrevocable decisionσi about each as it arrives. For example, an algorithm for the knapsack problem
may choose to accept the incoming data item as long as it still fits in the knapsack.We will assume that
the algorithm has unbounded computational power based on what it knowsfrom the data items it has seen
already. The algorithm’s lack of ability to find an optimal solution arises because it does not know the data
items that it has not yet seen. After it commits to apartial solutionPSin = 〈σ1, σ2, . . . , σk〉 by making
decisions about thepartial instancePIin = 〈D1, D2, . . . , Dk〉 seen so far, an adversary can make the future
itemsPIfuture = 〈Dk+1, Dk+2, . . . , Dn〉 be such that there is no possible way to extend the solution with
decisionsPSfuture = 〈σk+1, σk+2, . . . , σn〉 so that the final solutionS =

〈

PSin, PSfuture
〉

is an optimal
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solution for the actual instanceI =
〈

PIin, P Ifuture
〉

. This lower bound strategy is at the core of all the
lower bounds in this paper.

A greedyalgorithm is given the additional power to be able specify a priority orderingfunction (greedy
criteria) and is ensured that it will see the data items in this order. For example,an algorithm for the knapsack
problem may choose to sort the data items by the ratiopi

wi
. In order to prove lower bounds as done with

the online algorithm, [?] defined thepriority model. It allows the algorithm to specify the priority order
without allowing it to see the future data items by having it specifying an ordering π ∈ O(D) of all possible
data items. The algorithm then receives the next data itemDi in the actual input according this order. A
strongly adaptivealgorithm is allowed to reorder the data items every time it sees an new data item. An
added benefit of receiving data itemD is that the algorithm inadvertently learns that every data itemD′

beforeD in the priority ordering is not in the input instance. The set of data items learned in this way to be
not in the instance will be denotedPIout.

It is huge restriction on the algorithm to require it to make a single irrevocable decisionsσi about each
data item before knowing the future data items. In contrast,backtrackingalgorithms search for a solution
where one decision is made about a data item and then if that search fails, backs up and searches with a
different decision. This forms a tree. To model this [ABBO+05] definesprioritized Branching Trees(pBT).
A computation on an instanceI dynamically builds a tree ofstatesas follows. Along the path from the root
state to a given stateu in the tree, the algorithm has seen some partial instancePIu = 〈Du

1 , Du
2 , . . . , Du

k 〉
and committed to some partial solutionPSu = 〈σu

1 , σu
2 , . . . , σu

k 〉 about it. At this state, knowing only this
information, the algorithm specifies an orderingπu ∈ O(D) of all possible data items. The algorithm then
receives the next unseen data itemDu

k+1 in the actual input according this order. The algorithm then is
able to choose to make one decisionσu

k+1 that is irrevocable for the duration of this path, to fork making a
number of such decisions, or to terminate this path of the search all together.The computation returns the
solutionS that is best from all the nonterminating paths.

A curious restriction of this model is that it does not allow the following completelyreasonable knapsack
algorithm. Return the best solution after running three parallel greedy algorithms, one with the priority
function being largestpi, another smallestwi, and another largestpi

wi
. Being fully adaptive, each state

along each branch is allowed to choose a different orderingπ ∈ O(D) for its priority function. However,
the computation is only allowed to fork when it is making different decisions about a newly seen data
item and this only occurs after seeing a data item. We generalize their model by allowing the algorithm
to fork without seeing a data item. This is facilitated by, in addition to theinput readingstates described
above, havingfree branchingstates that do nothing except branch to some number of children. This ability
introduces a surprising lot of additional power to the algorithms. We call this new modelprioritized Free
Branching Tree(pFBT) algorithms. See Section 2.3 for the formal definition.

Though it is not initially obvious how, pFBT (pBT) are also quite good at expressingdynamic pro-
grammingalgorithms. Such algorithms derive a collection of subinstances to the computational problem
from the original instance such that the solution to each subinstance is eithertrivially obtained or can be
easily computed from the solutions to the subsubinstances. Generally, one thinks of these subinstances
being solved from thesmallestto largest, but one can equivalently continue in the recursive backtrack-
ing model where branches are pruned when the samesubinstancehas be previously solved. Each stateu
in the pFBT computation tree can be thought of as being the root of the computation on the subinstance
PIfuture = 〈Dk+1, Dk+2, . . . , Dn〉 consisting of the yet unseen data items, whose goal is to find a solution
PSfuture = 〈σk+1, σk+2, . . . , σn〉 so thatS =

〈

PSu, PSfuture
〉

is an optimal solution for the actual in-
stanceI =

〈

PIin
u , P Ifuture

〉

. Here,PIin
u =

〈

D〈u,1〉, . . . , D〈u,k〉
〉

is the partial instance seen along the path
to this state andPSu =

〈

σ〈u,1〉, . . . , σ〈u,k〉
〉

is the partial solution committed to. It is up to the algorithm
to decide which pairs of states it considers to be representing the “same” computation. For example, in the
standard dynamic programming algorithm for the knapsack problem, the data items are always viewed in the
same order. Hence, all states at levelk have the same “subinstance”PIfuture = 〈Dk+1, Dk+2, . . . , Dn〉 yet
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to be seen. However, because different partial solutionsPSu =
〈

σ〈u,1〉, . . . , σ〈u,k〉
〉

have been committed
to along the path to different statesu, their computation tasks are different. As far as the future compu-
tation is concerned, the only thing that differentiates between these different subproblems is the amount
Wu = W − ∑

i≤k wiσ〈u,i〉 of the knapsack remaining. Hence, for each suchW ′, the algorithm should
kill off all but one of the computation paths. This reduces the width from2k to being the range ofW ′.
For a given valueW ′, which of the paths should be kept is clearly the one that made the best initial partial
solutionPSu =

〈

σ〈u,k+1〉, . . . , σ〈u,n〉
〉

according to maximizing
∑

i≤k piσ〈u,i〉. An additional challenge in
implementing this dynamic programming algorithm in the pBT model is the following. In themodel, the
algorithm does not know which path should live until it knows partial instance PIin

u , however, after this
partial instance is received, the pBT model does not allow cross talk between these different paths. This is
where the unbounded computational power of the pBT model comes in handy. Independently, each path,
knowingPIin

u , knows what every other paths in the computation is doing. Hence, it knowswhether or not
it should be terminated. If required, it quietly commits suicide. In this way, pBT isable to model many
dynamic programming algorithms.

To be fair, let us tell you that the dynamic programming algorithm for the shortest paths problem cannot
be expressed in the model. Each state in the computation tree at depthk will have traversed a subpath
of lengthk in the input graph from the source nodes, and the future goal is find to a shortest path from
here to the destination nodet. States in the computation tree whose subpath end in the same input graph
nodev are considered to be computing the same subproblem. However, because the different statesu
have read different pathsPIin

u =
〈

D〈u,1〉, . . . , D〈u,k〉
〉

of the input graph, they cant know what the other
computation states are doing. Without cross talk, they don’t know whether they are to terminate or not. [?]
formally proves that pBT requires exponential width to solve shortest paths and defines another model called
prioritized Branching Programs(pBP) which captures this notion of memoization by merging computation
states that are computing the “same” subproblem. The computation then forms a DAG instead of a tree.

2.3 The Formal Definition of pFBT

Formally, a pFBT algorithmA is defined as follows. On instanceI, a computation treeTA(I) is constructed
inductively as follows. Each stateu of the tree is uniquely specified by the information learned so far
about the instance, the decisions made about the solution, and the branches followed along the pathp from
the root state to it, namelyuidentifier =

〈

PIin
p , P Iout

p , PSp, fp

〉

. HerePIin
p =

〈

D〈p,1〉, . . . , D〈p,k〉
〉

and
PSp =

〈

σ〈p,1〉, . . . , σ〈p,k〉
〉

, whereD〈p,i〉 ∈ D is the data item seen andσ〈p,i〉 ∈ Σ is the decision made
about it in theith input reading state in the path tou. PIout

p ⊆ D denotes the set of data items inadvertently
learned by the algorithm to be not in the input instance.1 Finally, fp =

〈

f〈p,1〉, . . . , f〈p,k′〉
〉

, wherefi ∈ N

indicates which branch is followed in theith free branching state along the path. An input reading state
u first specifies the priority function with the orderingπA(uidentifier) ∈ O(D) of the possible data items.
SupposeD〈p,k+1〉 is the first data item fromI \ PIin

p according to this total order. The input reading state
u must then specify the decisionscA(uidentifier, D〈p,k+1〉) ⊆ Σ to be made aboutD〈p,k+1〉.

2 For each
σ〈p,k+1〉 ∈ cA(uidentifier, D〈p,k+1〉), the stateu has a childu′ with D〈p,k+1〉 added toPIin

p , each data items
D′ appearing beforeD〈p,k+1〉 in the orderingπA(uidentifier) added toPIout

p , andσ〈p,k+1〉 added toPSp.
A free branching stateu need only specify the numberF k

A(uidentifier) of branches it will have. For each
f〈p,k′+1〉 ≤ F k

A(uidentifier), the stateu has a childu′ with f〈p,k′+1〉 added tofp. The widthWA(n) of
the algorithmA is the maximum over instancesI with n data items, of the maximum over levelsk, of the

1Given one knows the priority orderings used along the path,PIout
p can be deduced from the other information and hence is

not actually needed to uniquely specify the stateu. We, however, include it for clarity.
2If one wanted to measure the time until a solution is found, then one would want to specify the order in which these decisions

σ〈p,k+1〉 ∈ cA(uidentifier, D〈p,k+1〉) were tried.
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number of statesu in the computation tree at levelk.

2.4 The Formal Definition of pFBT−

We now formally define the restricted model pFBT−. Recall that a pBT algorithm with free data items is able
to solve any computational problem with widthW = (n log d)2. Though this makes the proving of lower
bounds in the model even more impressive, this aspect of the model is clearlynot practical. The pFBT−

model restricts the algorithm in a way that excludes the possibility of it implementing this impractical
algorithm while still allowing any practical algorithm that is in pFBT to still be in pFBT−.

Recall thatfree data itemsare defined to be additional data items that have no bearing on the solution of
the problem and about which the algorithm need not make any decisions.Dummy data itemsare data items
that are introduced to a problem when doing a reduction to another problem.A data item is said to beknown
at some point in a computation path if the algorithm knows that it is in the actual input instance even though
it has not yet received it or made an irrevocable decision about it. Suchitems can arise in a number of ways:
1) It might be a free data item defined in the computation problem, 2) It might be adummy data item and
the algorithm “knows” that the input instance is coming from the reduction. 3)The adversary, worried that
the data item may be used as free data item, may have inform the algorithm that this data item is in the input
instance. In contrast, a data item is said to beunknownif at this point in a computation path, the algorithm
still does not know if it is in the input instance.

Classify input reading statesu of the computation tree into three types. It is said to be anunknown
reading state if it puts all of the possible unknown data items before the knownones. It is said to be aknown
reading state if it puts all of the known ones before the possible unknown ones. Finally, it is said to be a
mixedreading state if it intertwines the two types of data items together in the orderings.The model pFBT−

is defined to be the same as pFBT except that mixed reading states are not allowed.
We argue that any practical algorithm that is in pFBT is still in pFBT− by arguing that there is no (direct)

reason that an algorithm should want to receive aknowndata item. Already knowing that it is in the instance,
it gains no new information, but it is still required to make an irrevocable decision about it, which it may or
may not be prepared to do. After the adversary makes a data itemknown, the algorithm should readjust its
strategy so that it either usesknownreading states to get these data items out of the way, or usesunknown
reading states to avoid receiving them until the end, at which time that algorithmknows the entire input
instance and hence it is easy to make an irrevocable decisions about them.

The flaw in this argument is thatmixedreading states are useful. When the algorithm receives this
known data itemDknown, it learns that every data itemDunknown beforeDknown in the priority ordering
is not in the input instance. The surprising algorithm from Theorem 1 usesmixed reading states in this
way to learn every data item that is not in the instance without receiving a single real unknown data item.
No real poly-time algorithm, however, is able to do this. First, it requires the algorithm to keep track of
an exponential amount of information. Second, it requires the algorithm to have unbounded computational
power with which to instantly compute the solution for the now known instance.

Through a reduction, we are able to prove a2Ω(n) lower bound on the width of a pFBT− algorithm to
solve Subset Sum. It is curious what this means. In the unrestricted version of Subset Sum, no data item
is known, hence pFBT− seems to impose no restriction to an algorithm. However, pFBT− does allow the
adversary the extra power to make a data itemknown, if it is worried that the algorithm will use it as afree
data item. It should be noted that even in the restricted version of Subset Sum arising from the reduction, the
knowndata items are not necessarilyfree. The problem with the data itemD〈j,−〉 is that it does not become
knownuntil SS has already receivedD〈j,+〉. The problem with SS reading the known data itemsE〈i,k〉 early
is that SS does not know whether to accept or reject them. Both of these issues seem to make the dummy
data items useless as free data items.
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3 Upper Bounds

Section 3.1 provides the general surprising algorithm and then Section 3.2 extends this to the even more
surprising algorithm fork-SAT.

3.1 Upper Bounds with Free Branching and/or Free Data Items andSmall Domain Size

Theorem 1 (Algorithm with Free Branching and/or Free Data Items). Consider any computation prob-
lem with|D| = d potential data items. There is a pFBT algorithm for this problem with widthWA(n) =

2O(
√

n log d). Whenm free data items are added to the problem, the required width decreases to2
O( n log d

m+
√

n log d
)
.

Whenm = O(n log d), it decreases all the way toO(n log d)3 even without free branching, i.e. in pBT.

Proof. We first consider the case without free data items. We nonconstructively construct the deterministic
algorithm by proving that the probability of our randomized algorithm finding acorrect solution for a fixed
input instance is less than one over the numberdn of instances. Hence, by the union bound we know that
the probability that the correct solution is not found for some input instanceis less than one. Hence, there
must exist an algorithm that solves every input instance correctly.

In its first stage, the algorithm learns what the input instance is, not by learning each of the data items in
the instance but by learning the complete set of|D|−n data items that are not in the input instance. It does
this without having to commit to values for more thanℓ = O(

√
n log d) variables. The algorithm branches

when making a decision about each of these variables. Hence, the width is≈ |Σ|ℓ = 2O(
√

n log d). In its
second stage, the algorithm uses its unbounded computational power to instantly compute the solution for
the now known instance. This solution will be consistent with one of its|Σ|ℓ branches.

We now focus on the how the algorithm can use free branches to learn lots of data items that are not in the
instance. The algorithm randomly orders the potential data items and learns thefirst one that is in the input
instance. The items earlier in the ordering are learned to be not in the instanceand are added toPIout. This
is expected to consist of a1n fraction of the remaining potential items. However, if instead, the algorithm

free branches to repeat this experimentF = 2ℓ = 2O(
√

n log d) times, then one of these branches will result a
in Θ( ln(F )

n ) = Θ(
√

log d√
n

) fraction of the remaining potential data items being added toPIout. The algorithm
might want to keep the one branch that performs the best, but this would require “cross talk” between the
branches. Instead, it keeps any branch that performs sufficiently well. The thresholdqi is carefully set so
that the expected number of branches alive stays the constantr from one iteration to the next.

algorithm pFBP (n, d)

〈pre−cond〉: n is the number of data items in the input instance andd is the number of potential data
items

〈post−cond〉: Forms a pFBP tree such that whp one of the leaves knows the solution

begin
ℓ = O(

√
n log d)

F = 2ℓ

r0 = r = O(ℓ2n log d) = O(n log d)2

Width≤ (2r) × F × 2ℓ = 2O(
√

n log d)

Free branch to formr0 branches
Loop: i = 1, 2, . . . , ℓ

8



〈loop−invariant〉: The current states in the pFBT tree form ari−1 × |Σ|i−1

rectangle. Theri−1 rows were formed using free branches. For each such
row, the states knows a setPIin of i−1 of the data items known to be in
the input instance. The column of|Σ|i−1 states within this row were formed
from decision branches in order to make all|Σ|i−1 possible decisions on
thesei−1 variables. Except for making different decision, these states are
identical. Each of theri−1 rows of states also knows a setPIout of the data
items known to be not in the instance.PIout has grown large enough so that
there are onlydi−1 = d − |PIin| − |PIout| remaining potential data items.

Each state free branches with degreeF forming a total ofri−1F rows
For each of theseri−1F rows of states

Randomly order thedi−1 remaining potential data items
Di = the first data item that is in the input
q = # of data items beforeDi in the order

qi = Θ(di ln(F )
n ), set so thatPr(q ≥ qi) = 1

F
if(q ≥ qi) then

addDi to PIin and theseq earlier data items toPIout

di = di−1 − q − 1 remaining potential data items
Make a decision branch to decide each possibility inΣ aboutDi

else
Abandon this branch

end if
end for
ri = the total # of theseri−1F rows that survive
if( ri 6∈ [1, 2r] ) abort

end loop
We know what the input instance is by knowing all the data items that are not in it.
We use our unbounded power to compute the solution.
This solution will be consistent with one of our2ℓ states.

end algorithm

The first thing to ensure is thatdℓ = d− |PIin| − |PIout| becomesn− ℓ so the remaining possible data
items must all be in the instance. At the beginning of theith iteration, there aredi−1 remaining potential
data items. The algorithm randomly chooses one of these to be first in the ordering. It is in our fixed
input instance with probability at mostndi−1

. Conditional on this one not being in the instance, the next has
probability at most n

di−1−1 of not being in the instance, while the last of concern has probability at most
n
di

. Let q denote the number of these chosen before the first appears that is in the instance.Exp[q] ≥ di

n .

Pr[q ≥ qi] ≥ (1− n
di

)qi ≈ e−nqi/di . Because we haveF chances and we want the expected number of these

to survive to be one, we setqi = di ln(F )
n so that this probability is1F . For the states that achieveq ≥ qi, the

number of remaining potential data items isdi = di−1 − q − 1 ≤ di−1 − di ln(F )
n = di−1 − diℓ

n = di−1

1− ℓ
n

.

Hence, in the enddℓ = d
(1− ℓ

n
)ℓ

≈ d

e
ℓ2
n

= d

e

√
n ln d

2

n

< 1. Before this occurs, the input instance is known.

Free data itemsprovide even more power than free branching does. Just as done above the setPIout of
data items known not to be in the instance grows every time one of these data items isreceived, however,
because they have no bearing on the solution of the problem, the algorithm need not branch making all
possible decisionsΣm about them. The algorithm is identical to that above except thatm′ = min(m, n)
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of the free data items are randomly ordered into the remaining real data items. The next data item received
will either be one of then real data items or one of thesem′ free data items. As before, letq denote the
number of data items before this received data item in the priority ordering, i.e.the number added toPIout.
Pr[q ≥ qi] ≥ (1 − n+m′

di
)qi ≥ e−2nqi/di . During this first stage, the algorithm wants to receive allm of

the free data items and only receiveℓ of the real data items. If a real data item is read after already having
receivedℓ of them, then the branch dies.Pr[q ≥ qi and the data item received is a free one] ≥ e−2nqi/di ×

m′
n+m′ . Still havingF = 2ℓ chances and wanting the expected number of these to survive to be one, we

setqi =
di(ln(F )−ln( m′

n+m′ ))

2n ≥ diℓ
3n so that this probability is1F . (ln(F ) = ℓ will be set toO(n log d

m ) >>

ln( m′
n+m′ ).) Hence,di = di−1 − qi − 1 ≤ di−1

1− ℓ
3n

, giving in the enddm+ℓ = d
(1− ℓ

3n
)m+ℓ

≈ d

e
ℓ(m+ℓ)

3n

< 1, when

ℓ = Ω( n log d
m+

√
n log d

). This gives a total width ofWA(n) ≤ (2r) × F × |Σ|ℓ = 2
O( n log d

m+
√

n log d
) as required.

We must also bound the probability that the algorithm aborts to be less than one over the numberdn of
instances. It does so ifrℓ 6∈ [1, 2r] because it needs at least one branch to survive and we don’t want the
computation tree to grow too wide. Lemma 2 proves that this failure probability is atmost2−Θ(r/(m+ℓ)2),
which is d−n as long asr = Θ((m + ℓ)2n log d). This is r = Θ(n log d)2 whenm = 0 and grows to
Θ(n log d)3 whenm = O(n log d).

The remaining point is that this can be achieved without free branching, i.e.in pBT, whenm =
O(n log d) and WA(n) ≤ 2r = O(n log d)3. In this case, a branch terminates every time a real data
item is received, i.e.ℓ = 0. Because onlyF = 2 branches are needed each time a free data item is received,
this can be achieved by having the algorithm branch on theΣ different possible decisions for this received
free data item.

We now bound the probability that the number of rows starting atr goes to zero or expands past2r.

Lemma 2. Start withr rabbits. Each iterationi ∈ [ℓ], all the rabbits currently alive haveF babies (and
dies). Each baby lives independently with probability1

F . Hence, the expected number of rabbits remains
at r. The game succeeds if the population does not die out and there are never more than2r rabbits. The
probability of failure is at most2−Θ(r/ℓ2).

Proof. Exp[ri] = ri−1 and the probability that it deviates by more thanh
√

ri−1 is at most2−Θ(h2). If

this does not occur inℓ rounds, thenri deviates fromr by at mostℓh
√

r < r. Requiringh =
√

r
ℓ . The

probability that this does not happen is at mostℓ2−Θ(h2) = 2−Θ(r/ℓ2).

3.2 Upper Bounds fork-SAT

The width2O(
√

n log |D|) of the algorithm described in the last section is2O(
√

n log n) for k-SAT when re-
stricted to having onlyO(1) clauses per variable, because then the domainD of data items is no bigger than
nO(1). However, for generalk-SAT problem, this result does not directly improve the width because there
are |D| = n · 22(2n)k−1

potential data items. Despite this, this algorithm can surprisingly be extended to

2O(n
1
3 m

1
3 log n) when the instance is restricted to having onlym clauses.

Theorem 3 (k-SAT m-clauses). If there are onlym clauses, thenk-SAT can be done with2O(n
1
3 m

1
3 log n)

width.

This is 2O(n
2
3 log n) when there are onlym = Θ(n) clauses and2o(n) when there are onlym = o(n2)

clauses. The problem is that there may bem = Θ(nk) clauses.
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Proof. The first step is to ask for all variables that appear in at leastq = n− 1
3 m

2
3 clauses. There are at most

m
q = n

1
3 m

1
3 of these. Branching on each of these requires width2O(n

1
3 m

1
3 ) width. For each of the remaining

variables, onlyq log((2n)k) bits are needed to specify theq clauses that they are in. Hence, the number of
possible data items for each of these is at mostd = (2n)qk. Theorem 1 then gives a pFBT algorithm for this

problem with widthw = 2O(
√

n log d) = 2O(
√

nq log n) = 2O(n
1
3 m

1
3 log n).

Disappointingly, when the number of clauses exceedsm = n2, this algorithm fails to do any better than have
a width of2O(n) and we have not been able to determine whether or not a better width can be obtained. This
in particularly surprising given the fact that our intuition is thatk-SAT is easier to solve when there are lots
of clauses. Capturing this idea, thesparsification lemmafrom [?] proves thatback-trackingcan be made
to work better than initially expected as long the formula has many more clauses than variables. We are
easily able to implement this algorithm in pFBT. The problem is that the tree produced by the sparsification
lemma, though it is proved to have very few leaves, is very unbalanced with one path being as long asΩ(n).
For each of the nodes in this long path, the pFBT must branch making a decision about the value of the
variable read. As far as we can see, this has the danger of blowing the width up to2Ω(n).

4 Reductions from Hard to Easy Problems

This section does reductions to show that if pBT or pFBT can’t do well on the simple matrix problems then
they can’t do well on the hard problems either.

Theorem 4 (Lower Bounds for Hard Problems). 7-SAT requires width2Ω(n) in pBT and2Ω(
√

n) in pFBT.
Subset sum required width2Ω(n/ log n) in pFBT and2Ω(n) in pFBT−. Finally, subset sum without carries
requires width2Ω(n) in pFBT.

Proof. Lemma 5 gives a reduction from 7-SAT to the matrix inversion problem in both thepBT and the
pFBT models. Lemma 6 gives a reduction in pFBT from subset sum (with and without carries) to the matrix
parity problem with free data items. Lemma 7 gives a reduction from subset sum in the pFBT− model to
the matrix parity problem with no free data items in the pFBT model. (Lemma?? gives the same reduction
in a slightly stronger model.) The results then follow from the lower bounds forthe matrix problems given
in Theorem 8.

Lemma 5. [Reduction to 7-SAT] If 7-SAT can be solved with widthW in the pBT (pFBT) model, then the
matrix inversion problem can be solved with the same width.

Proof. Given a pBT (pFBT) algorithm for 7-SAT, we design a pBT (pFBT) algorithm for the matrix inver-
sion problem as follows. Consider a matrix inversion data item. Letxj be the variable specified andbi be
one of the at mostK bits from b involving this variable, i.eM〈i,j〉 = 1. Because theith row of M has at
most seven ones, its contribution toMx = b is that the parity of these corresponding sevenx variables must
be equal tobi. This parity can be expressed as the AND of 64 clauses involving these seven variables. These
clauses for each of theK bits bi are included in the 7-SAT data item corresponding to this matrix inversion
data item. Note that as required for the 7-SAT problem, this constructed data item contains a variablexj and
the list of clauses containing this variable. Each clause contains at most seven variables. As with a matrix
inversion data item, the only new information that an algorithm who is aware of thereduction learns from a
new 7-SAT data item is the value of the at mostK bits bi from b involving this variable. Finally, note that
the output of both the matrix inversion problem and of 7-SAT isx ∈ {0, 1}n such thatMx = b.

Lemma 6. [Reduction to Subset Sum with free data items] If Subset Sum can be solvedwith width W in
pFBT, then the matrix parity problem with the introduction ofm = O(n log n) data items can be solved
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with the same width. If the version without carries can be solved then onlym = O(n) data items need to
be added to the matrix parity problem.

Proof. Given a pFBT algorithm for SS (subset sum), we design a pFBT algorithm for the MP (matrix parity
problem) as follows. Like in the standard reduction from SS, we will have2n special bit indexes into the
binary integers:cj for each columnj andri for each rowi of the matrixM . These special bit indexes will
be separated by at least2 log2 n indexes so that the sum of the integers for one special bit index does not
carry into another. LetDj denote the MP data item containing the variable namexj and thejth column of
the matrixM . This data item will get mapped to two SS data itemsD〈j,+〉 andD〈j,−〉. In order to contain
the same information asDj , bothD〈j,+〉 andD〈j,−〉 will be one in theircj

th bit and store thejth column
of the matrix, namely fori ∈ [n], i 6= j, theri

th bit is M〈i,j〉. The only exception is that while therj
th

bit of D〈j,−〉 stores the diagonal entryM〈j,j〉 as it does with the other entries, therj
th bit of D〈j,+〉 instead

stores the complement of this value. BothD〈j,+〉 andD〈j,−〉 will be zero in every other bit. For each bit
indexk ∈ [1, ⌈log n⌉] and each rowi ∈ [n], SS will have a dummy data itemE〈i,k〉. The integer inE〈i,k〉
will be one only in theri+kth bit. The targetT will be one in thecj

th bit and theri+⌈log n⌉th bit for each
i, j ∈ [n].

Having mapped an instance of the MP problem to an instance of the SS problem,we must now prove
that the solutions to these two instances correspond to each other. LetSsum be a solution to the SS instance
described above. We first note that for eachj, SSS must accept exactly one ofD〈j,+〉 andD〈j,−〉 because
these are the only integers with a one in thecj

th bit and the targetT requires a one in this bit. LetSMP be
the solution to the MP instance in whichxj = 1 iff D〈j,+〉 is accepted bySSS . We now prove that this is a
valid solution, i.e.∀i ∈ [n], xi =

⊕

j∈[n] M〈i,j〉. Consider some indexi. BecauseSSS is a valid solution,

we know that its integers sum up toT and hence theri
th bit of the sum is zero. Because there is no carry to

theri
th bit, we know that the parity of theri

th bit of the integers inSSS is zero. The dummy integersE〈i′,k〉
are zero in this bit. Forj 6= i, bothD〈j,+〉 andD〈j,−〉 haveM〈i,j〉 in this bit and as seen exactly one of them
is in SSS and hence these integers contributeM〈i,j〉 to the parity. Forj = i, it is slightly trickier. D〈i,−〉, if
it is in SSS , also contributesM〈i,i〉 to the parity, whileD〈i,+〉 contributes the complimentM〈i,i〉 ⊕ 1. In this
first case,xi = 0 and in the secondxi = 1. Hence, we can simplify this by saying that togetherD〈i,−〉 and
D〈i,+〉 contributeM〈i,i〉 ⊕ xi. Combining these gives that the parity of theri

th bit of the integers inSSS is

0 =
[

⊕

j 6=i M〈i,j〉
]

⊕
[

M〈i,i〉 ⊕ xi

]

. This gives as required thatxi =
⊕

j∈[n] M〈i,j〉. And hence,SMP is a

valid solution.
Now we must go in the opposite direction. LetSMP be a solution for our MP problem. PutD〈j,+〉 in

SSS if xj = 1, otherwise putD〈j,−〉 in it. For each rowi, letN = 2⌈log n⌉ andNi = N−(xi+
∑

j∈[n] M〈i,j〉)

and let the binary expansion ofNi be[Ni]2 =
〈

N〈i,⌈log n⌉〉, . . . , N〈i,0〉
〉

, so thatNi =
∑

k∈[0,⌈log n⌉] N〈i,k〉2
k.

For k 6= 0, include the integerE〈i,k〉 in SSS iff N〈i,k〉 = 1. We must now prove that the integers inSSS

add up toT . The same argument as above prove that thecj
th and theri

th bits of the sum are as needed
for T . What remains is to deal with the carries. Thecj

th bits will not carry. Theri
th bits in theD〈j,+〉

or D〈j,−〉 integers ofSSS add up toxi +
∑

j∈[n] M〈i,j〉. For k ∈ [1, ⌈log n⌉], the integer inE〈i,k〉 is

one only in theri +kth bit and hence can be thought of contributing2k to the ri
th bit. Together, they

contribute
∑

k∈[1,⌈log n⌉] N〈i,k〉2
k, which by construction is equal toNi−N〈i,0〉. BecauseSMP is a solution,

Ni = N −(xi +
∑

j∈[n] M〈i,j〉) is even, makingN〈i,0〉 = 0. The total contribution to theri
th bit is then

(xi +
∑

j∈[n] M〈i,j〉)+Ni = N = 2⌈log n⌉, which carries to be zeros everywhere except in theri+⌈log n⌉th

bit. This agrees with the targetT .
What remains to prove is that the MP computation tree can state by state mirror the SS computation

tree. It is them = O(n log n) free data items that the MP problem has that allows this reduction to be
straight forward. For eachi ∈ [n], the MP problem will have a free data item labeledD〈i,2nd〉 and for
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eachi ∈ [n] andk ∈ [1, ⌈log n⌉], it will have one labeledE〈i,k〉. In each state of the computation tree, the
SS algorithm specifies an priority ordering of its data itemsD〈i,+〉, D〈i,−〉, andE〈i,k〉. The simulating MP
algorithm constructs as follows its ordering of its data itemsDi, D〈i,2nd〉, andE〈i,k〉. If neitherD〈i,+〉 nor

D〈i,−〉 have been seen yet, then the first occurrence of them in this ordering is replaced byDi. The second
occurrence of them can be ignored because it will never come into play. If at least one ofD〈i,+〉 or D〈i,−〉
has been seen already, then the occurrence of the other one in this SS ordering is replaced by the free data
item D〈i,2nd〉. Any dummy data itemE〈i,k〉 in the SS ordering are replaced by the corresponding free data

itemE〈i,k〉 in the MP ordering. If according to this SS priority ordering, SS receivesthe first ofD〈i,±〉, then
MP according to its mirrored ordering will receiveDi. Note that MP learns the same information about its
instance that SS does. If on the other hand, SS receives the second ofD〈i,±〉 or receives a dummy data item
E〈i,k〉, then MP will receive the corresponding free data item. The MP algorithm (and we can assume the
SS algorithm) knows that its instance is coming from this reduction and hence they knew before receiving it
that this dummy/free data item is in the instance and hence neither gains any new information from this fact
when it is received. The information of interest that they both inadvertentlylearn is that all data itemsD′

in the ordering before this received data item are learned to not be in the instance and as such are added to
PIout. Because the MP algorithm always learns the same information that SS does,MP is able to continue
simulating SS’s algorithm.

If we are reducing from the carry free version of subset sum then thedummy data itemsE〈i,k〉 are not
needed.

Lemma 7. [Reduction to Subset Sum in pFBT−] If Subset Sum can be solved with widthW in the pFBT−

model, then the matrix parity problem without free data items can be solved in pFBTwith the same width.

Proof. When SS receives the first ofD〈i,±〉, the adversary worries that SS may use the second of the pair as a
free data item. Hence, at this point in the current computation, the adversary designates that this second data
item is aknown data itemby revealing to SS that it is in the instance. TheE〈i,k〉 data items are considered
to be known from the beginning. The pFBT− model then does not allow SS to havemixedreading states
that intertwine the unknown and known data item together in its priority orderings. Consider anunknown
reading state of SS, i.e. one that puts all of the possible unknown data items before the known ones. The
simulating MP algorithm constructs its ordering of its data itemsDi by replacing the first occurrence of
D〈i,±〉 with Di. If SS receives one ofD〈i,±〉, then MM receivesDi. If SS receives a known data items, then
this means that the current computation path is done because the input instance is completely known. Now
consider aknownreading state of SS, i.e. one that puts all of the known ones before the possible unknown
ones. Both SS and MP know that these known data items are in SS’s instance and hence know that SS will
receive the first one in this order. In fact, there was no point in this readstate at all. The negative thing about
such a read is that it unnecessarily forces SS to make an irrevocable decision about this known data item. If
SS forks in order to to make more than one such decisions, then MP makes this same branches using a free
branch. This free branch was one of the initial motivators of having freebranches.

5 Lower Bounds for the Matrix Problems

This section will prove the following lowerbounds for the matrix problems.

Theorem 8 (Lower Bounds for the Matrix Problems). The matrix inversion problem requires width2Ω(n)

in the pBT model and width2Ω(
√

n) in the pFBT model. The matrix parity problem requires width2Ω(n) in

the pFBT model. If included in these problems arem free data items, then widths2
Ω

“

n
m+

√
n

”

and2
Ω

“

n2

m+n

”

are still needed.
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5.1 The Lower Bound Technique

We will begin developing a general technique for proving lower bounds on the width of the computation
tree of any algorithm solving a given problem in either the pBT or the pFBT models. We will then show
how it is applied to get all of the results in Theorem 8.

For each input instanceI, the computation treeTA(I) has heightn = |I| measured in terms of the
number of data items received. Letl be a parameter,Θ(n) or Θ(

√
n) depending on the result. We will

focus our attention onpartial pathsp from the root to a state at levell in TA(I). Recall that such states
are uniquely identified with

〈

PIin
p , P Iout

p , PSp, fp

〉

. PIp =
〈

PIin
p , P Iout

p

〉

, consisting of thel data items
known to be in the instance and those inadvertently learned to be not in the instance, constitutes the sum
knowledge that algorithmA knows about the instanceI in this state. With only this limited knowledge, it
is unlikely that the irrevocable the decisionsPSp that the algorithm has made about the data items inPIin

p

are correct. Formally, we prove thatPrI [S(I) ⊢ PSp | I ⊢ PIp] is small, whereI ⊢ PIp is defined to
mean that instanceI is consistent withp, i.e. contains the data items inPIin

p and not those inPIout
p and

S(I) ⊢ PSp is defined to mean that the decisionsPSS are consistent with the/a solution forI.
With free branching, in depth onlylupper = O(

√
n log d), the unreasonable upper bound in Theorem 1

manages to learn the entire inputI not by havingPIin
p contain all of its data items but by havingPIout

p

contain all of the data items not in it. This demonstrates how havingPIout
p extra ordinarily large, can cause

I ⊢ PIp to give the algorithm sufficient uniformly about the instanceI that it can deduce a correct partial
solutionPSp causingPrI [S(I) ⊢ PSp | I ⊢ PIp] to be far too big. Hence, we define a pathp to bebad if
this is the case.

A pFBT algorithmA is allowed to fork both in afree branching statein order to try different priority
orderings and in aninput readingstates in order to try different irrevocable decisions. This is what produces
the treeTA(I) of parallel computation paths. It is sometimes easier to focus on thealgorithmic strategy
Af along one such computation path. Heref = 〈σ1, . . . , σl, f1, . . . , fl〉 denotes atuple of forking indexes,
whereσi ∈ Sigma is indicates the decision made in theith input reading state andfi ∈ N indicates which
branch is followed in theith free branching state. Note that if the width of the computation treeTA(I) is
bounded byWA(n), then eachfi is at mostWA(n). This allows us to defineForkspFBT = [Σ× [WA(n)]]l

be the set of possible tuples of forking indexes. In contrast, a pBT algorithm is not allowed free branching,
and henceForkspBT = Σl. The only difference between these two models that we will use is the sizes of
these sets.

This next theorem outlines the steps sufficient to prove that the width of the algorithm must be high.

Theorem 9(The Lower Bound Technique).

1. Define a probability distributionP on a finite familyFn of valid and hard instances.

• For the matrix parity problem, the matrixM is chosen uniformly at random from{0, 1}n×n and
for the matrix inversion problem, the vectorb chosen uniformly from{0, 1}n.

2. Prove that the information about the instanceI gained from a goodPI =
〈

PIin, P Iout
〉

is not suffi-
cient to effectively make irrevocable decisions about the data items inPIin. To do this, fix parameters
l ∈ [n] and prgood ∈ [1] and make slight adjustments to your definition ofPIout beinggood. Let
PIin andPIout be arbitrary sets of data items such that|PIin| = l andPIout is sufficiently small
so that it is consideredgood. LetPS be arbitrary decisions about the data items inPIin. Prove that
PrI∈PFn [S(I) ⊢ PS | I ⊢ PI] ≤ prgood.

• If the algorithm simply guesses the decisionPS for each of thel data items inPIin, then it is
correct with probability|Σ|−l = 2−l. For both the matrix and the matrix inversion problems, we
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are able to boundprgood ≤ 2−Ω(l). Recall as well, thatl is Θ(n) or Θ(
√

n) depending on the
result. See Lemmas 14 and 16.

3. Prove that with probability at most12 , every setPIout
p in TA(I) is sufficiently small so that it is

consideredgood. Consider a tuple of forking indexesf ∈ Forks. Consider some algorithmic strategy
Af along these forking indexes. Prove thatPrI∈PFn

[

Af produces aPIout that is bad
]

≤ prbad ≤
1

2|Forks| . Note that 1
2|Forks| gives us the probability12 after doing the union bound.

• For the matrix inversion problem, we are able to boundprbad ≤ 2−Ω(n). For the matrix parity
problem, we are able to do much better bounding it by2−Ω(n2). See Lemmas 12 and 13.

These three step gives that any pFBT (pBT) algorithmA requires widthWA(n) ≥ 1
2prgood

.

From this technique and the itemized points, our lower bound results follow.

Proof. of Theorem 8: In all cases, the technique gives thatWA(n) ≥ 1
2prgood

≥ 2Ω(l). What remains is to

ensure that the probabilityprbad of a bad path is at most 1
2|Forks| . For the matrix inversion problem,prbad ≤

2−Ω(n). In the model pBT,|ForkspBT | = 2l, giving |ForkspBT | · prbad ≤ 1
2 even whenl ∈ Θ(n). In the

pFBT model, however,|ForkspFBT | = [2WA(n)]l = [2Θ(l)]l = 2Θ(l2), giving |ForkspFBT | · prbad ≤ 1
2

only whenl ∈ Θ(
√

n). For the matrix parity problemprbad ≤ 2−Ω(n2), so we have no problem setting
l ∈ Θ(n) either way. Ifm free data items are included in this problem, then what changes is that instead
of just consideringl levels of the computation, we consider the computation up to the point at whichl real
data items have been received and any number of free data items have beenreceived. This involves up to
l + m levels in total. This increases|ForkspFBT | from [2WA(n)]l = 2Θ(l2) to [2WA(n)]l+m = 2Θ(l(l+m)).

Hence, whenprbad ≤ 2−Ω(n), l ∈ Θ
(

n
m+

√
n

)

is needed and whenprbad ≤ 2−Ω(n2), l ∈ Θ
(

n2

m+n

)

is

needed.

We now prove that the technique works.

Proof. of Theorem 9: The following lines are annotated below.

1
2 ≤ Pr

I∈PFn

[∃p ∈ TA(I)l, such thatp is good andS(I) ⊢ PSp] (1)

≤ Pr
I∈PFn

[∃p ∈ Pathsg, such thatI ⊢ PIp andS(I) ⊢ PSp] (2)

≤
∑

p∈Pathsg

Pr
I∈PFn

[I ⊢ PIp andS(I) ⊢ PSp] (3)

=
∑

p∈Pathsg

Pr
I∈PFn

[S(I) ⊢ PSp | I ⊢ PIp] · Pr
I∈PFn

[I ⊢ PIp] (4)

≤ prgood ·
∑

p∈Pathsg

Pr
I∈PFn

[I ⊢ PIp] (5)

≤ prgood ·
∑

p∈Paths

Pr
I∈PFn

[p ∈ TA(I)] (6)

= prgood · ExpI∈PFn
[width of TA(I) at levell] ≤ prgood · WA(n) (7)

1. Step 3 in the technique proves that for a random instanceI ∈P Fn, the probability thatTA(I) contains a
bad partial path is at most12 . Hence, any working algorithmA must solve the problem with probability at
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least12 using a full path whose firstl levels is a good partial path. This requires that there exists a partial path
p ∈ TA(I) such that the irrevocable decisionsPSp made along it are consistent with the/a solutionS(I) of
the instance. This is stated formally in the first line.
2. The probability in line 1 deals only with paths inTA(I), which in turn depends on the randomly selected
instanceI. In contrast, the step 2 probability talks about fixed setsPI andPS that can depend on the
algorithmA as a whole but not on our current choice ofI. To understand the algorithmA independent of a
particular instanceI, definePaths = {p | ∃I such thatp is a partial path of lengthl in TA(I)} andPathsg

those that are good. Line 2 follows fromp ∈ TA(I) ⇒ [p ∈ Paths andI ⊢ PIp].
3-5. The union bound, conditional probabilities, and plugging in the probability from step 2.
6. Translating from the algorithmA as a whole back to just those paths inTA(I) requires understanding
how the computation treeTA(I) changes for different instancesI. Another argument for the necessity of
doing this is noting that if theseTA(I) were allowed to be completely different for different instancesI,
then for eachI, TA(I) could simply know the answer forI. The key fact that we need from the model is
expressed in the following lemma.

Lemma 10. If p ∈ Paths andI ⊢ PIp, thenp ∈ TA(I).

It follows that whenA is in the state followingp, then what it knows about the instance is thatI ⊢ PIp, but
from amongst these possible instances, it does not know which is the actual instance. The key for us is that
this Lemma gives us line 6.
7. The width ofTA(I) at levell is equal to the number of paths of lengthl in TA(I). This width is bounded
by WA(n).
Together this gives usWA(n) ≥ 1

2prgood
as required.

Proof. of Lemma 10: This can be proved by looking at the inductive structure of thecomputation tree
TA(I). Another option is to view the algorithmA as asuper decision treewith states〈PIp, PSp, fp〉. As
with the computation treeTA(I), the super decision tree makes free branches in order to try different priority
orderings and branches when the algorithm tries different irrevocabledecisionsPSp. In addition, the super
decision tree also branches depending on which next data itemD the algorithm receives. The set of paths
in this super decision tree is then the union of the paths from the different computation treesTA(I), i.e.
Pathsg = {p | ∃I such thatp is a path of lengthl in TA(I)}.

5.2 The Probability of a Bad Path

This section proves that with probability at most1
2 , every computation pathp in TA(I) is consideredgood.

Recall that when the computation pathp receives the data itemD, in addition to learning thatD is in the
instance, it also learns that every data itemD′ beforeD in the priority ordering is not in the input instance.
We consider the pathp only while it receives its firstsl data items. Denoted byPIout the set of data items
learned in this way to be not in the instance. Informally, we definedPIout to begood if it is sufficiently
small. The proofs for the matrix inversion and for the matrix parity problems each are general enough to
apply for any computation problem, but differ for two reasons. The firstis that the distributionsP on the
instancesFn are different. The second is because the definition ofgoodneeds to changed slightly for the
matrix parity problem.

5.2.1 Bad Paths for the Matrix Inversion Problem

Definition 1. (Q-good) A computation pathp and the setPIout arising from it are consider to beQ-good
iff |PIout| ≤ Q.
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For the matrix inversion problem,Q is set to beΘ(n), which is reasonable given that the number of possible
data items is|D| = 2Kn = Θ(n).

We cannot prove anything about probabilities without stating something about the probability distribu-
tionP on the instancesFn.

Definition 2. (Pq) We say thatP is a q distribution on instances iffPrI∈PFn [D ∈ I | I ⊢ PI] ≥ q, where
PI =

〈

PIin, P Iout
〉

denotes the current state of a computation, andD is a data item that is still possibly
in the instanceI.

Lemma 11. For the matrix inversion problem, the distributionP is q = 1
2K distribution.

Proof. Lemma 15 will prove thatI ⊢ PI reveals at mostr of bits of the vectorb ∈ {0, 1}n, for somer
irrelevant to this proof. The conditional distributionP chooses uniformly at random the remainingn−r bits.
Each data itemD specifies a variablexj and up toK bits of the vectorb. If this D disagrees with some of
ther revealed bits ofb, thenD in not still possible. Otherwise, the probability thatD is in the instance is

1
2K′ ≥ 1

2K , whereK ′ ≤ K is the number of the specified bits that have not been fixed.

The next lemma then bounds the probability that a computational path isbad. Consider a tuple of forking
indexesf ∈ Forks. Consider some algorithmic strategyAf along these forking indexes halting afterl
levels.

Lemma 12. prbad = PrI∈PFn [Af is aQ-bad path] ≤ e
−qQ(1− l

qQ
)2/2.

For the matrix inversion problem, this givesprbad ≤ e
− Q

2K+3 ≤ 2−Ω(n) as claimed, as long as the computa-
tion depth considered isl ≤ 1

2qQ = Q
2K+1 ≤ O(n).

Proof. The algorithmic strategyAf ’s only goal is to make its computation path bad. This can be viewed
as the following game. Following only one path down the computation tree, each step ofAf defines an
priority ordering on the data items and receives the data itemD first in this ordering that is in the actual
instance. The proof of Lemma 10 defined asuper decision tree. Here we use basically the same tree except
instead of having one node branching on which next data itemD the algorithm receives, each such step is
broken into substeps. In each of these substeps, the algorithm specifiesone data itemD from those that
are still possible and is told whetherD is or is not in the instance. If the answer is yes, thenD is added
to PIin and if it is no, it is added toPIout. Generally, we considerAf ’s computation until it receivesl
data items. However, instead, let us consider it forQ of these substeps. For eacht ∈ [Q], let Xt be the
random variable indicating whether thetth such data item is added toPIin. By definition,Pr[Xt = 1] ≥ q
for distributionPq. (This is actually a martingale because the exact distribution on eachXt depends on the
results of the previous ones.) Note thatX =

∑

t∈[Q] Xt denotes the resulting size ofPIin. If X ≥ l, then

by this point in the computation|PIin| ≥ l, so the part of the computation we normally consider has already
stopped, but|PIout| = Q−|PIin| ≤ Q and hence this computation is considered to be good. It follows that
Pr[path is bad] ≤ Pr[X < l]. Defineµ = Exp[X] = qQ andδ = 1 − l

qQ so that(1 − δ)µ = l. Chernoff

bounds gives thatPr[X < (1 − δ)µ] < e−µδ2/2 = e
−qQ(1− l

qQ
)2/2.

5.2.2 Bad Paths for the Matrix Parity Problem

As said, the definition of a path beinggoodneeds to changed slightly for the matrix parity problem. For most
computational problems, the input instanceI = 〈D1, D2, . . . , Dn〉 ∈ Dn has each of its data items labeled
by the variablexj about which it must make an irrevocable decision. For eachj ∈ [n], letDj ⊂ D denote
the set of possible data items labeled byxj . We assume in this section that the probability distributionP on
the instancesFn selects independently for eachj, one data itemDj ∈ Dj uniformly. (This is true for the
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matrix parity problem but not for the matrix inversion problem.) Similarly,PIout can be partitioned into
PIout

j ⊆ Dj . DefinePI?
j ⊆ Dj to be the set of data items for which it remain unknown whether or not it is

in the instanceI. If j 6∈ PIin (i.e. PIin does not contain a data item fromDj), thenPI?
j = Dj − PIout

j .
If j ∈ PIin, thenPI?

j = ∅, because having received one data item fromDj , the algorithm knows that no
more from this domain are possible.

Definition 3. (q-good) A computation pathp and the setPIout arising from it are consider to beq-goodiff
∃j 6∈ PIin, |PI?

j | ≥ q|Dj |.

For the matrix parity problem,|Dj | = 2n andq is set to be2−(1−ε)l = 2−(1−ε)ǫn, which effectively means
that at most(1−ε)ǫn of then bits have be revealed about the data itemDj ∈ Dj .

Lemma 13. prbad = PrI∈PFn [Af is aq-bad path] ≤ (3q)n−l.

This givesprbad ≤ 2−
1
2
ǫn2

for the matrix parity problem as claimed.

Proof. The algorithmic strategyAf can be viewed as the algorithm playingn games in parallel. He loses
thejth game if he accidental addsj to PIin before he can manage to shrinkPI?

j to be smaller thanq|Dj |.
It is ok for him to losel of these games, because, during the part of his computation we consider, we allow
PIin to grow to be of sizel. However, if he losesl + 1 of the games, then we claim that this computation
path isgood. At least one of these lost games had itsj added toPIin after we stopped considering his
computation and at the point in timej 6∈ PIin and|PI?

j | ≥ q|Dj |.
In each substep of thesuper decision treedescription of the computationAf , the algorithm specifies one

data itemD from one of the setsPI?
j for whichj 6∈ PIin and is told whetherD is or is not in the instance. If

the answer is yes,j is added toPIin and if it is no, then this data item is removed from its setPI?
j . Though

the algorithm plays then games in parallel, they really are independent. Individually, for eachj ∈ [n], the
algorithm chooses the one ordering in which it will ask about the data items inDj . The algorithm wins this
game iff the data itemDj fromDj that is in the instance lays in the lastq fraction of this ordering. Because
Dj is selected uniformly at random, the probability of the algorithm winning this game isq.

For j ∈ [n], let Xj be the random variable indicating whetherAf wins thejth game and letX =
∑

j∈[n] Xj denote the number of games won. We proved thatPr[Xj = 1] = q. We also proved that

Pr[path is bad] ≤ Pr[X ≥ n− l]. Defineµ = Exp[X] = qn and1+δ = 1
q (1− l

n) so that(1+δ)µ = n− l.

Chernoff bounds gives thatPr[X ≥ (1 + δ)µ] <
(

eδ

(1+δ)1+δ

)µ
≤ (3q)n−l.

5.3 Good Paths for the Matrix Parity Problem

We now consider the Matrix Parity Problem. The input consists of randomly chosen matrixM ∈ {0, 1}n×n.
Each data item contains the namexi of a variable and theith column ofM . The required outputxi is the
parity of theith row.

This section will prove that the information about the instanceI gained from a goodPI =
〈

PIin, P Iout
〉

is not sufficient to effectively make irrevocable decisions about the dataitems inPIin. This is the only result
in the lower bounds section that depends on anything specific about the computation problem and it does
not depend on the specifics of the model of computation.

Lemma 14. Let PIin be an arbitrary set ofl data items,PS be arbitrary decisions about them, andPIout

anyq-good set.prgood = PrI∈PFn [S(I) ⊢ PS | I ⊢ PI] ≤ 1
q 2−l.

Hereq = 2−(1−ε)l, giving prgood ≤ 2−εl.
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Proof. Assume the data items inPIin have told the algorithm the firstl columns ofM , but required him
to make irrevocable guessesPS of the paritiesx1, . . . , xl of the first l rows of M . PIout beingq-good
means that∃j 6∈ PIin, |PI?

j | ≥ q|Dj |, whereDj ∈ PI?
j ⊆ Dj = {0, 1}n is a vector that remains possible

for the jth column ofM . In order to be nice to the algorithm, we will give the algorithm all ofM except
for this columnj. Then for each rowi ∈ [1, l], we now know the parity

⊕

j′ 6=j M〈i,j〉 of these columns
and know the parityxi =

⊕

j∈[n] M〈i,j〉 that the algorithm has promised for the entire row. Hence, we can
compute the required value forM〈i,j〉 in order for the algorithm to be correct. LetA be the set of vectors
α for the jth column such that the algorithm is correct, namelyA = {α ∈ {0, 1}n | ∀i ∈ [1, l], αi =
the requiredM〈i,j〉}. Note that|A| = 2n−l because there is such anα for each way of setting the remain
n − l bits of this column. The adversary now randomly selectsα ∈ PI?

j that will be thejth column in
the instanceM . If the selectedα is in A, then the algorithm wins. The probability of this, however, is
|A|/|PI?

j | ≤
[

2n−l
]

/ [q2n] = 1
q 2−l.

5.4 Good Paths for the Matrix Inversion Problem

We now turn our attention to the Matrix Inversion Problem. A matrixM ∈ {0, 1}n×n is fixed and known
to the algorithm. It is non-singular, has exactly seven ones in each row, atmostK ones in each column, and
is a (r, 7, c)-boundary expander, with K ∈ Θ(1), c = 3 andr ∈ Θ(n). A vectorb ∈ {0, 1}n is chosen
randomly. The algorithm must outputx ∈ {0, 1}n such thatMx = b. To begin let us consider what the
algorithm learns fromI ⊢ PI.

Lemma 15. Let PI =
〈

PIin, P Iout
〉

be arbitrary sets of data items.I ⊢ PI reveals at mostK · |PIin| +
|PIout| bits of b.

A computation pathp is consider to beQ-good iff |PIout| ≤ Q. We setQ = r − Kl = Θ(n), where
r = Θ(n) is the parameter in strong expanding property that the matrixM has. Note that whenPIout is
good, the algorithm learns at mostK · |PIin| + |PIout| ≤ K · l + (r − Kl) = r bits of b.

Proof. For every data itemDj in PIin, the algorithm learns the value of at mostK bits of b ∈ {0, 1}n

corresponding to correspondingjth column ofM . For every data item inPIout, the algorithm learns a
setting in{0, 1}k that k ≤ K of bits in b do not have. Ifk is large, then the immediate usefulness of
this information is a little less clear. To simplify, what the algorithm does and does not know aboutb, the
adversary chooses one of thek bits of b that the data item is about and that the adversary does not yet
know the value of and reveals that this bit ofb has the opposite value from that given in the data item.
The algorithm, seeing this as the reason the data item is not in the instance, learns nothing more about the
instance. In the end, what the algorithm learns fromI ⊢ PI is K · |PIin| + |PIout| bits of b.

The key point of this section will be to prove that learning at mostr bits of b is not sufficient to effectively
make irrevocable decisions about the data items inPIin.

Lemma 16. Let PI be from a good path so thatI ⊢ PI reveals at mostr bits of b. Let PS be arbitrary
decisions about the data items inPIin. PrI∈PFn [S(I) ⊢ PS | I ⊢ PI] ≤ 2−Ω(l).

This is when the definition a boundary expander is needed.

Definition 4. (boundary expander)M is a (r, 7, c)-boundary expanderif for every setR ⊆ [n] of at mostr
rows, theboundary∂M (R) has size at leastc|R|. The boundary is defined to contain the columnj if there
is exactly one one in the rowsR of this column. Section 5.5 proves that such a matrix exits.
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Proof. Let R ⊆ [n] denote the indexesi of the at mostr bits ofb that have been fixed and letb̄R ∈ {0, 1}|R|

be the values that thesebR bits have been fixed to. LetMR denote the corresponding rows of the matrixM .
These rows impose the requirementMR · x = b̄R. In addition,PS commits the algorithm to the values of
exactlyl variables. LetFixed ⊆ [n] denote the indexesj of these variablesxj and letx̄Fixed denote the
values committed to them.

Our probability distributionP on instancesI ∈ Fn is uniform on the settings ofb. Because there is a
1-1 mappingx = M−1b between the settings ofb and the settings ofx, it is equivalent to instead consider
the uniform distribution on setting ofx. Our requirementI ⊢ PI on our instance when considering the
distribution onb was thatbR = b̄R. But when considering the distribution onx, this translates over to
the requirementMR · x = b̄R. The requirementS(I) ⊢ PS in both settings is thatxfixed = x̄fixed. An
interesting effect of doing this translation is that the equationsM([n]−R) · x = b([n]−R) no longer matter. To
conclude, this translation gives that

succ. prob. = Pr
I∈PFn

[S(I) ⊢ PS | I ⊢ PI] = Pr
x∈u{0,1}n

[

xfixed = x̄fixed | MR · x = b̄R

]

=
|{x |xfixed = x̄fixed andMR · x = b̄R}|

|{x |MR · x = b̄R}|

What we now need to compute is both the number of solutionsx to the subsystem of equationsMR ·x = b̄R

and the number of these consistent withxfixed = x̄fixed. Towards this goal, we will do a Gaussian-like
elimination to satisfy a subsetSat ⊆ R of the equationsMR · x = b̄R. This is done by selecting a subset
Set of the variablesxj that is disjoint fromFixed and setting their values as a linear combination of the
variables in[n]−Set in a way that ensures the equationsMSat · x = b̄Sat are satisfied. LetR0 = R−Sat
index the equationsMR0 · x = b̄R0 not yet satisfied. We will select and eliminate these equationsi ∈ Sat
one at a time. For the first one, letxj be a boundary variable in the boundary∂(R) that is not inFixed.
Recall that this is a column ofMR containing exactly one one. Leti ∈ R be the row in whichxj appears.
The equationsM(R−i) · x = b̄(R−i) do not use this variablexj and hence are not effected by how it is set.
The equationMi · x = b̄i can be solved forxj . We set the value ofxj to be this linear combination of the
variables in[n]−Set in order to satisfy this equationMi · x = b̄i. Being satisfied, the equationi is removed
from R0 = R−Sat and being set, the variablexj is added toSet. We show as follows that this process can
be repeated as long asc|R0| > l. BecauseM is a(r, 7, c) boundary expander and because|R0| ≤ |R| ≤ r,
we have that|∂(R0)| ≥ c|R0| > l = |Fixed|. Hence, there is a variablexj ∈ ∂(R0)−Fixed to set next.

GAUSSIAN-LIKE ELIMINATION OF ROWS
R0 ← R
while (c|R0| > l)

1. Pickxj ∈ ∂(R0) − Fixed
2. Let i ∈ R be the row in whichxj appears.
3. xj ← value that satisfiesMi · x = b̄i

4. R0 ← R0−i
5. Set ← Set+j

This Gaussian-like elimination of rows terminates when|R0| = l
c . This gives that the size of the boundary

of the matrixMR0 is |∂(R0)| ≥ c|R0| = l. This means that the matrixMR0 has at leastl columns with
exactly one one. Another property of the matrixM is that each row has at most 7 ones. Hence thesel
boundary variables must be spread over at leastl

7 rows, making thesel7 rows linearly independent. Hence,
the rankr0 of the reduced systemMR0 · x = b̄R0 is at leastl7 and at mostlc = l

3 . Becausex consists ofn
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boolean variables, this gives that|{x |MR0 · x = b̄R0}| = 2n−r0 . I would like to say that the same is true
for |{x |MR · x = b̄R}|, however, the settingxj for j ∈ Set are still part of system of equation. Hence, the
number of these solutions may be2n−r0−|Set|.

When computing|{x |xfixed = x̄fixed andMR · x = b̄R}|, we also need to include the equations
xfixed = x̄fixed. None of thexj ∈ Fixed have been eliminated. Hence, the requirements thatxfixed =
x̄fixed addsl more linearly independent equations to the reduced systemMR0 · x = b̄R0 . I don’t know what
it does to the systemMR · x = b̄R.

**** alert **** alert **** alert **** alert **** alert ****
I conclude that I am at a loss to bound

succ. prob. =
|{x |xfixed = x̄fixed andMR · x = b̄R}|

|{x |MR · x = b̄R}|

5.5 Boundary Expander Matrix

**** alert **** alert **** alert **** alert **** alert ****
I have not read this.

I am not sure whether it needs to be included, i.e. it may be standard and just included in the Thesis for
completion.

Definition 5. A matrixA is (r, k, c) boundary expander if each row has at mostk ones and for any setI,
such that|I| ≤ r, then the number of unique neighbors|∂A(I)| is at leastc|I|: |∂A(I)| ≥ c|I|.

Here we need to prove that a square matrixA ∈ {0, 1}n×n exists such that

1. Each row sums to exactly7.

2. Each column sums up to7∆ - a constant.

3. A is of full rand and hence is non-singular.

4. A is a(r, 7, c) boundary expander forc > 1 andr ∈ θ(n).

Let ∆ be a constant, whose exact value will be determined later. First we define adistribution on∆n×n
binary matrices, such that each row has exactly7 ones and each column sums up7∆. Then we show that a
random matrix from that distribution is a good boundary expander. Next we argue that with high probability
a matrix from that distribution has a full column rank. Then we are done because anyn linearly independent
rows of that matrix will inherit the expansion of the big matrix and is non-singular. Furthermore, each
column will sum up to7∆ which is a constant and does not depend onn, and each row sums to exactly7.

The columns of the matrix are the variables. Each variable has7∆ distinct equation in which it should
appear. The rows are the equations with exactly7 variables each. The total number of1s in the matrix is
7∆n. How do we match variables to equation and preserve the constraint? Modelthe matrix as a bipartite
graph. Left side are the equations there are∆n of them each has7 slots (fordistinctvariables). On the other
side we haven variables each has7∆ slots for the7∆ equations in which a variable participates it. The
distribution on matrices is all random perfect matchings of this bipartite graph.

Pick a row at random. From the available unmatched variables pick one at random, remove it (we sample
from the columns without replacement). Decrease the number of remaining slots the selected variable has
for future selection. Repeat until all7 variables are chosen. We claim that any setI of at mostr rows
according to this distribution has boundary greater thanc|I|, c > 1.
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Lemma 17. Let ∆ be a constant whose value will be set later. For any sufficiently largen there exists a
matrixA ∈ {0, 1}∆n×n, which is also a(r, 7, 3) boundary expander.

Proof. We claim that the probability over the random choices without replacement ofthe variables in each
row, thatA is a(r, 7, c), c = 3 boundary expander is greater than0.
The set of rowsI, |I| = t ≤ r, definet equations and7t variables of whichB are boundary and the
remainingD are duplicates. Initially, before the sampling begins each variable has all its7∆ slots available.
Once a variable is chosen it becomes a boundary variable and has only7∆− 1 slots free. Consider the walk
of length7t from Figure 2 beginning at stateB=0/D=0 and assume thatr ∈ Θ(n). At time i, i variables
are picked andi of the7∆n slots are used. Suppose at timei the number of boundary variables isD and
the duplicates isD, respectively. The total slots available to from the boundary variables isB(7∆− 1). If a
boundary variable is picked again then it becomes a duplicate. The number of boundary variables decreases
by 1, the set of duplicates increases by one, and slots of duplicates increases by7∆− 2. Each duplicate has
at most7∆− 2 slots left and each time a duplicate is chosen again to participate in an equation, the number
of available slots decreases. The remaining variablesn − B − D have all their slots empty and available to
be chosen, that is7∆(n − B − D) slots. We need to estimate the probability that after7t steps the chain

I DO NOT HAVE THIS FIGURE

Figure 2: Transition function of stateB/D.

will end in a state whereB < 3t. Assume that afteri ≤ 7t steps the current state isB/D. Only i slots are
occupied andB + 2D ≤ i ≤ r, r ∈ Θ(n). With probability

p++ =
7∆(n − B − D)

7∆n − i
> 1 − B + D

n

the next step will increase the boundary and we go to a stateB + 1. With probability

p−− =
(7∆ − 1)B

7∆n − i
<

B

n

the next step will decrease the boundary and we go to a stateB − 1. With probability

p= ≤ (7∆ − 2)D

7∆n − i
<

D

n

the next step will not change the boundary and the duplicate sets.
From here on when we sayforward for the direction of the walk, we mean increase the boundary, and

as an overestimate when we saybackwardswe mean decrease or do not change the boundary3. Although
those probabilities depend on the current state we will simplify the analysis by modeling the experiment as
a Binomial random variableB(7t; p̂). We define the success probabilityp̂ to be the largest probability that
a walk of length7t can finish in a state withB ≤ 3t. Note that any walk of length7t where we go to the
right, that is we increase the boundary for5t steps or more will not be able go back toB < 3t state. Then
p̂ < 1 − (1 − B+D

n ) = B+D
n ≤ 5t

n . Now the event that after7t steps we end up in a state with less then3t
boundary elements happens with probability less than the probability that in7t independent trials we have
5t forward steps and2t backward steps (or2t successes and rest failures), which is:

(

7t

2t

)

p̂2t(1 − p̂)5t <

(

7t

2t

)

p̂2t.

3Note that this assumption leads to not tight analysis because some walks “backwards” will not finish in a stateB < 3t but will
be counted as such. We trade precise estimate for simplicity.
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To find the probabilitypt that there exists a setI of size at mostt whose boundary is at most3t we use the
union bound:

pt <

(

∆n

t

)(

7t

2t

)

p̂2t ≤
(

e∆n

t

)t (

7e

2

)2t (

5t

n

)2t

≤ ∆t · e3t · 202t ·
(

t

n

)t

≤
[

e3 · 202

(

∆t

n

)]t

<

[

(20e)3
(

∆r

n

)]t

Then the probability that there exists a set of sizet ≤ r whose boundary is at most3t is

p =
r

∑

t=1

pt.

If we chooser = n
3∆·(20e)2

∈ Θ(n), thenp1 < 1
2 andp < 1, hence such an expander exists.

Next we need to show that with high probability a random matrix chosen from the distribution has a full
column rank.

Lemma 18. Let A be a random{0, 1}∆n×n matrix with exactly7 ones in each row and exactly7∆ ones in
each column. Then with high probabilityrank(A) = n.

Proof. Suppose not. Suppose the rows of the matrix are contained in a proper subspace (a subspace of
dimensionk < n). Let

xi1 + · · · + xik = B (8)

be the subspace equation, whereB = 1 or B = 1. To be a valid subspace the0 vector must satisfy Eq.
(8), hence it cannot be the case thatB = 1, and any valid subspace equation for the matrixA (whose rows
define mod 2 equations) is of the form:

∑

i∈S⊂[n]

xi = 0. (9)

Furthermore, each row equation ofA must satisfy Eq. (9) therefore each row ofA must contain exactly two,
four, or six variables which also participate in the subspace equation. Anyequation from the matrix which
has odd number of variables from the subspace equation will contradict Eq. (9). Hence we need to bound
the probability that a fixed subspace equation is satisfied by each matrix equation of A, given the constraints.
We consider two cases when the number of variables in the subspace equation is small and when it is large.

1. Say the number of variables in the subspace equation ist ≤ n
12 (it must be the case thatt ∈ Θ(n)

otherwise the probability all∆n matrix equations satisfy the subspace equation, given the distribution
of the matrixA is zero). Intuitively, no such equation exists because whent is small the probability
that the subspace equation will be satisfied by all rows is small.

Fix the variables in the subspace equation. Let those beF = {xi1 , . . . , xit}. Then the subspace
equation is:

xi1 + xi2 + · · · + xit = 0. (10)
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So need to express the probability that a fixed equation is a valid subspace equation forA. Now we
evaluate the probability that Eq. (10) is satisfied by all rows from the matrixA. Meaning each row
of A must have at least two but even (four or six) number of variables fromF , given the distribution
that no variable inF can participate in more than7∆ equations and that each equation has exactly7
variables.

Now consider the matrix equations one by one. Each matrix equation must havetwo, four, or six
variables fromF . But also each variable inF can participate in exactly7∆ equations (no more!).

Definition 6. Call a matrix equation surviving if it has an even number of variables sampled fromF
without replacement.

Each variable in each equation is chosen at random without replacement from the remaining available
variables. Initially thet variables inF have all their7∆t slots available and the probability that the
first matrix equation survives is at most the probability that at least one of the remaining six variables
is sampled fromF . Then by union bound the probability the first equation survives is

6 × 7∆t

7∆n
=

6t

n
.

Say at timei when the firsti equations have survived the variables fromF have at most7∆t−2i slots
available and in total7∆n − 7i slots are used. The the probability that thei + 1-st equation survives
by union bound is bounded by

6(7∆t − 2i)

7∆n − 7i
≤ 6t

n
.

Now the probability that Eq. (10), is satisfied by all∆n equations of the matrixA is at most the
probability that the first∆t equations have survived and the probability of that is at most(6t

n )∆t.

Hence by a union bound the probability that there exists an equation oft variables which is satisfied
by all equations ofA is bounded above by:

(

n

t

)

·
(

6t

n

)∆t

<
(en

t

)t
·
(

6t

n

)∆t

= (6e)t ·
(

6t

n

)(∆−1)t

For t ≤ n
12 and∆ > 5 the probability above is2−Ω(n).

2. Consider the case when the subspace equation has greater thann
12 variables. We argue that a reason-

able fraction of all matrix equations are likely to contradict the subspace equation because we show
that it is likely that all variables from the matrix equation are also in the subspace equation. Hence the
probability that many equations equations survive is exponentially small.

Initially the variables in the subspace equation have all their slots available, in total 7∆t slots. Refer
to the slots for the variables in the subspace equation asT , |T | = t > n

12 .

Definition 7. We say that an equation is in violation if all its variables are fromT , and thus will
contradict the subspace equation. If an equation contradicts the subspace equation then we say that
it cannot survive.

We seek to bound from above the probability that at least the first∆n
12 equations are not in violation

by bounding from below the probability they contradict the subspace equation.
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Consider the first matrix equation. The probability that the first variable is from T is 7∆t
7∆n ≥ 1

13
becauset > n

12 . The probability that the second variable is also fromT is at least7∆t−1
7∆n−1 > 1

13 . Then

the probability that the first equation is in violation and all seven variables arefrom T is at least
(

1
13

)7
.

And the probability that the first equation survives is at most1 − ( 1
13)7.

Given that thei-th matrix equation has survived, then the probability that thei + 1-st matrix equation
is in violation is at least

7
∏

j=1

(

7∆t − 7i − j

7∆n − i − j

)

≥
(

1

13

)7

,

And for i ≤ ∆n
132 the probability that thei-th equation survives is at most

(

1 −
(

1

13

)7
)

.

Fix a subspace equation with more thann/12 variables. The probability that all matrix equation
survive the subspace equation is at most the probability that the firsti = ∆n

132 equations survive, which
is at most

(

1 −
(

1

13

)7
)

∆n

132

≤ e−
∆n

139

Then by union bound the probability that there exists a matrix equation witht > n
12 variables is:

(

n

t

)

· e−
∆n

137 < 2n · e−
∆n

139

As long as∆ > 139 the above probability is exponentially small.

By Lemmas 17 and 18 for reasonably largen there exists a non-singular binary matrix which is(r, 7, 3)
boundary expander in which each column sums up to a constantK = 7∆. Choose∆ = 2 · 139, then
K = 14 · 139.
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