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1 Introduction

Sashka’s Technique applied to pFBPThe key step in Sashka and Russel’s technique to prove |ausids
for pFBT was to prove that for each pathof length ¢, Pr;[S(I) - PS, | I - PI,] < %
We extend this to a technique for pFBP. The key step is to ptbae for each node at depth
¢, Pry[S(I) v PS, | I - PI,] < % My intuition was thatPr;[S(I) - PS, | I + PI,] <
maxpe, Pr7[S(I) - PS, | I = PI,]. However, in general this is not true. See Section 2

Tree Width vs Parallel Width: | have often explained the pBT model by saying that it can hadéferent
solutions going at a time. But this is not really correct.afliwas wondering about the powertrde
width verses that oparallel width The first is the pFBT concept defined before, while the later
imposes a restriction that all of the branches start at tiginhang of the computation and survive
until the end. Essentially, the computation consist8loindependent parallel priority computations,
resulting in the best of these. We prove that there is a pnobiat can be done with tree widthi = 2,
but that requires parallel width” = 2°(") |t is analogous to many instances of a problem solved
in serial being able to reusing its bounded memory, whilentleenory requirements blow up when
the instances must be solved in parallel. See Section 3. fjmerbbound given below also shows the
power of the tree model to reuse width.

Large Data Items: A complaint about the priority model has been that the resigpend too much on the
input representation. To address this, we define a modetHoats the algorithm to address as much
local information about an object as it wants before it iséal into an irrevocable decision about it.
With in this model, we are able to prove two tight lower bounolse on 3-SAT (see Section 4) and
one on a version of the Steiner tree problemsfeconnectivity) (see Sectiop?).

Extra Info: Allan and | discussed giving the pFBT algorithm bits of infa@tion about the input before it
began. For example, it may be helpful to give away the numbabodes in the instance. We noted,
however, that giving away(n) bits can be implemented by havia§(™ times the width in the tree.
Hence, 2" lower bound on the width automatically gives a lower bounthwin) = O(n).

2 Sashka’s Technique applied to pFBP

We will now attempt to apply Sashka and Russell’s lower bagatinique to the pFBP model. Assume that
theq value for each node is binary and monotone increasing mdyieg up the DAG.

A pathp of length/ in the DAG 4 specifiesPI, = (PI'", PIo"") and PSS, wherePI" is the set of
data items that are known to be in the instadéég“t is the set of data items that are known not to be in the
instance, andPS,, specifies the decisions made about each data itefYif. Definel - P, to mean that
instancel travels down patlp, i.e. this path is iIND AG 4(I), becausd is consistent withI,, i.e. contains



the data items irPI;',? and not those irPIo". DefineS(I) - PS, to mean that the decisions made about
each data item id°[,)" is consistent with the/a solution fdr There technique for pFBT was to prove that
Vp, Pri[S(I) F PS, | I+ PL) < ;.

Letv be anode at levelin the DAG. Itis labeled wit{ PI,,, PS,,), wherePI, = (P1,| pis a path to)
andPS, = (PS,| pis a path taw). Definel - PI, to mean that instancktravels though node, i.e. node
visin DAG 4(I), becausd is consistent with at least one of the pathe it, i.e. OR,,c, [{ - PI,]. Consider
any such instancé, if there is a path il AG 4 (I) leading from node to an accepting node, i.e. to a sink
node labeled one, then all the nodes in the DAG from this dtggpode tov and back up through every
path inD AG 4(I) to the root will all be labeled one. The adversary might clecasy of these pathsfrom
the root back down to nodeand on to the accepting node. Hengxs, must be a valid partial solution far
for each such paths. Note that,, does not need to be a valid partial solution faf this path is inD AG 4
but not inDAG 4(I). DefineS(I) - PS, if this is the case, i.eAN D¢, [I - PI, = S(I) F PS,).

Theorem 1.
1. Give a probability distribution on instancds

2. Prove that whp every sé?tlg“t in DAG 4(I) is “small”. (Assume from here on in that this is the
case.)

3. Prove thatvv, Pr/[S(I) - PS, | I - PIL,] < §.
The theorem then assures that any valid pFBP has width f.
Proof. of Theorem 1 The challenge is that for each instaricelere is a possibly differe AG 4(1).
Define: T'ried = {(I,v) | I - PI,}.
Lemma 2. |Tried| < w - [{I}|.

Proof. of Lemma 2 Every instancé has at mostv nodes at levef. O
Define: Succeed = {(I,v) | I + PI,andS(I) - PS,}.
Lemma 3. [Succeed| > [{I}|

Proof. of Lemma 3 Every instancgé needs at least one path on which it succeeds and thewmatkevels
along this path will be such thaf, v) € Succeed. O

Lemma 4. |Succeed| < % | Tried|
Proof. of Lemma 4 By step 3,
|Succeed| = Y _|{{I,v) | T+ P, andS(I) - PS,}|

= ZPIr [I + PI,andS(I) F PS,] - |{I}]

= ZU:PIr [S(D) = PSy | I+ PL]-Pr(I+ PL] - [{I}]
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By Lemma 3, Lemma 4, and Lemma 2, we have t{dt| < |Succeed| < ;- |Tried| < § - w - [{I}].
Hencew > f as needed.

Shortest Pathcan be done in poly-time in pFBP but not in pFBT. This (I betipis becaus®r;[S(I) -
PS, | IF PI,)] < % is not true for specially cooked set®I,, PS,,), even though it is true for the sets

that arise in practice. For example, suppose fh@tl said that there is a partial path of surprisingly low (or
high) weight in the graph anfS,, said that that path is (is not) in the solution. Then they wqurobably
be right.

If pFBP is more powerful then pFBT, then it is because it pFBRble to find such situations, where
pFBT is not.

The next conjecture lets us reuse for pFBP many pFBT lowert®proofs without modification.
Conjecture 1. Pr;[S(I) - PS, | I - PI,] < (¢ 4+ 1) maxpe, Pr;[S(I) - PS, | I - PL,).

| am quite sure it is trueS(I) - PS, consists of a big AND, requiring many conditions of the form
S(I) = PS,. The probability all of them are true is clearly smaller ttiae probability that only one is true.
For intuition lets change this condition to simply that thgogsithm needs to know what decision to make
for [ of the data items (but it does not matter which). Supposelfweithm has been told - PI,. Thisis a
big OR. Telling itI - P1I, is more information. Surely telling it more information be¢ needing to guess
the decisions for thédata items can only help. Especially, since, ihe v is chosen to be the most useful.

| thought it was true for sure but here is why it might not be.t 8¢ = {I | I + PI,}. Think of
{S, | p € v} as being a collection of sets of red and blue balls. Theballred if S(I) - PS,. For each,

4 = ‘S"’grfd‘ is the density of red balls in thé" set and; = % is the density red balls over all.

My intuition was thaty < max, g,. However, this is not true. Let there be sets. Eaclb), consist ofg'n
red balls that are not contained in any other set and of ¢')n blue balls that are common to every set.
Then the density of each, is ¢, = ¢’. The total number of red balls is - ¢'n and the total number of blue
balls is1-(1— d’)n giving an over all density on% ~ 1. This is counter example to Conjecture 1.
It, however, requires lots of intersection between the Sgtsn the blue balls. The next lemma, however,
proves that this cant happen because the intersectionmativghile the number of blue balls huge.

To make things slightly easier, lets assume that the datesite each instance are indexed from one to
n, i.e. I € g D;. Recall thatPI;" fixes the values i1 for a subset of these indexes and tlf?dl;;“t
throws out possibilities for the remaining indexes, 8g.= {I | I - PI,} = PIL,* x Wie(n)-prinDip,iy,
whereD, = D; — PI<0“1¢> is the set of values still possible for this index. Becausepithp is notbad,

for eachi € [n] — PII", | Dy, | > |D| . Let us denote this size ds

Lemma 5. (1) If PI)" andPI;? do not fix the same set of indexes (or fix the same set of indexes b
different ways), thenS, N S| < £ max(|Sy|,|Sy[). (2) If PI;* and PI} fix the same set of indexes in
the same way, the difference betwegnandsS,, depends only on thBIg“t and **** we will ignore this
case from here on in. ****

Proof. of Lemma 5 If there is some indexwhere the'” value inT is fixed in Sy orin Sy, but not in the
other. Hence|S, N S,/| < 2 max(|S,|, [Sy|). O

Conjecture 2. | believe the following is the worst case.



We start by colouring a small number of the balls “red”. I5¢1) - P.S, be true forI if I; = 0 for at least
onei < ¢+ 1. We want the set§), to not over lap on these red balls but over lap a lot everywhkse For
eachi < ¢ + 1, and for eachy € Hiewﬂ]—?wi — 0], let there be a path such thatPI;'," fix the indexes

i € [¢++1]—7 of I to be the nonzero values This givesS, = {I | I - PT,} = axT,_, ., +D;. Note

that the only way fod < S, to be red is to have a zero at indexThis gives thaPr;[S(I) - PS,| I+
PI,] = 1. On the other hand,,¢,5), is almost the full domain of possible instances. The onlyri#n
is that the first’ + 1 indexes have at most one zero. There are &till1 indexes such that if this index is
zero then! is red. This gives thafr;[S(I) - PS, | I + PI,] = Pr[one zerd/ Pr[at most one zefo=
A = 81 = (¢ + 1) maxpe, Pr/[S(I) - PS, | I b PI,). This is in line with Conjecture 1.

Coverings: Let S, be ané-rectangle ifS, = a x Icp,—;, Di, Wherei, C [n] specifies/ indexes and
a € ILig;, D;. Say that a seS), } of (-rectangles covers maximally if eadh) covers somd that the others
do not. LetU(r) = maxyg, | pefr)y 111 | 1 & Upelr)Sp) b€ the maximum number of uncoveréd

Conjecture 3. U(r) < (1 — d~)"d™, givingU (r) < qd"*, whenr = (¢Ind + In(1/q))d".

“Proof” of Conjecture 3: We want theS,, to be different but overlap as much as possible. This is dgne b
havingi, and:, differ by at most one index. This is what is done in the conjesd worse case.

Another option is to choose thg, randomly. First choose thg using your favorite distribution and
then choose uniformly at random(1 — d—%)"d" is the expected number of uncoveredl
“Proof” of Conjecture 1: We will now use Conjecture 3 to prove a weaker version Conjecll. Let
v be anode. Let = (¢Ind + In(1/q))d’. Let{S, |p € [r] C v} be the firstr rectangles that cover
maximally. Letq = max,e, Pr;[S(I) = PS, | I - PI,]. The number of red balls in any ort is at
mostq|S,| = qd"~‘. Hence, the number ifiS, | p € [r] C v} is at mostrqgd”~*. Lets assume that all
I uncovered by{S,, | p € [r] C v} are red. There are at moSi(r) of these. Hence, the total number of
red balls over all ofD" is rqd"~* + U(r) < (r + 1)qd"~*. The number of covered by al{S, | p € v}

is at least?” — U(n) ~ d". This gives thalr;[S(I) - PS, | I - PI,] < thenumber of red balls

dn=U(n)
T < S (it In(1/g))g. W

3 Tree Width vs Parallel Width

Allan was wondering about the power tvée widthverses that oparallel width The first is the pFBT
concept defined before, while the later imposes a restnictiat all of the branches start at the beginning of
the computation and survive until the end. Essentiallyctiraputation consists d¥ independent parallel
priority computations, resulting in the best of these. Wevprthat there is a problem that can be done
with tree widthTV =2, but that requires parallel widt’ = 22" |t is analogous to many instances of a
problem solved in serial being able to reusing its boundethang while the memory requirements blow
up when the instances must be solved in parallel.

Theorem 6. There is a problem that can be done with tree witlth= 2, but that requires parallel width
W =29,

Proof. of Theorem 6 LetP denote any computation problem that can be solved with tidghi” =2 but
cannot be solved with width” =1, even with lots of free data items. For example, the Bor edpkp proves
that widthWW =2 is needed to solve knapsack with some competitive ratio. d\Mdcalso scale down the
20(vn) SAT result. Let the constant be the smallest number of data items needed in the input &bt
this result. Let the constad? = d* be the total number of different input instances to this fEob LetPa
denote the problem consisting $findependent instances 6f The input will consist of: data itemsg for



each of the instances. Each data item will clearly say which of thanstances it is associated with. The
task is to solve each of thegeinstances to the required level of accuracy.

The problem can be solved with tree widthh = 2. The algorithm simply solves the instances one at a
time sequentially. After seeing thedata items for the current instance, one of the two brancliesomtain
an valid solution for this instance. The other branch didse Gomputation continues on the living branch.
In the end, the final branch will contain an valid solution éarch of thel instances.

On the other hand, simple counting shows that any algoritarallel width1 that solves this problem
requiresi > eap = 29" Consider any branch of any such algorithm. Consider hosvitanch solves
the*" instance ofP for i € [%]. This branch cannot solve this instancefofor all D input instance. This
would contradict the fact that there is hid = 1 with algorithm for P. (Note the lower bound foP needed
to allow for the algorithm to also receive dummy data itemse §emma 7.) To be nice, assume that it
solvesP on D —1 of the instances. Similarly, this same branch solies1 of each of thel instances. In
order for this branch to solve the instanceR?, it must solve each of thé instances of?. Hence, this
branch solves at mo$tD —1)= instances of?. However, there ar@ instances ofP« to be solved.
Hence, the number of branches must be at [#ast [D<]/[(D—1)4] ~ eab.

Itis interesting that this reduction is almost tight. Sugpthat for each of th® possible instances 1B,
there is &V =1 width algorithm that fails to solve this instance but solttesD—1 other instances. Choose
an algorithm forPs by choosing independently for each of its branches and for each ifsinstances of
P which of theseD algorithms forP to use. Consider one of the s instances ofPf, one branch, and
onei € [Z2]. The probability that this branch solves tHe instances isDD;l. The probability that it solves

each of theZ instances is@D[;l]% ~ e~ ab. The probability that each of tHd” branches fails to solve this

n n
a

instance ofPs is [1 — e~ ap]a|W ~ e~(¢ *P)W_ That this occurs for one of thB= instances is at most

e~(¢ *PIW . Da. SettingWV > eaad - 21D gives that this probability is strictly less than one. Herae
algorithm exists that solves each of these instances.

| have not been able yet, however, able to prove the lemmat Maated. (Though it might now be
of limited interest.) It is basically the same question edhabove, except thE requiresw parallel width
and we want to know the parallel width requirementr, consisting of two independent copies Bf |
conjecture that widthV = Q(w?) is needed. Consider the following problem of covering a xatith
rectangle. The rows of the matrix are indexed by instancd? and the columns by instances Bf. Each
entry of the matrix is an instance @&f x P’. A single branch solves the instances in a rectasgbe S’
whereS are the instances d? solved andS’ the instances aof”’. An algorithm forP x P’ with W parallel
width covers all the entries of the matrix with' such rectangles. Assuming that moof these rectangles
can cover all of the rows and nd’ of them can cover all of the columns, prove thHtvw') rectangles are
needed.

As seen in Sectiof??, free data items can provide extra power. In addition totliata items one also
receivesm free data items chosen from some large domain. These haveanimdp on the solution of the
problem and the algorithm need not make any decision abeut.tiWe show here that when the width is
W =1, the power of free data items is limited.

Lemma 7. When the width is only/’ = 1, the free data items seems to be limited to increagiRg® at
only three times the speed that it is increased with out them.

This is not a proof.

The extra power comes as follows. The algorithm orders the il@ms that remain possible. This
ordering includes the possible free items. The algorithanne the first data item in this ordering that is in
the actual input instance. If this data item is a free itera,algorithm still learns that all the possible data
items that were before it in the ordering are not in the inpstance, i.e. are added f/°“*. The scary



thing is that this extra information comes at no extra cosit iBis not so bad. If the possible actual data
items and the free data items are distributed uniformiyp ﬂﬁgﬂ is the expected number of free data items
seen before a real data item is seen. For each of these fee@atas, the expected number of possible real
data items added tBI° is ¢; = C“%W This number is given in the upper bound Theore?and will

be needed in the lower bound. In total, the expected numbgossdible real data items addedRd°“! is
before a real data item is seen is th@ﬁiﬂ X q < W This is only a factor of two away from the
number added t@7°%t when a real data item is seen. Hence, all is well.

4 Large Data Items

Previous Model:

Contents of a Data Item: Suppose at first that the computational problem’s input isaplyG and
that decision are made about its edgésr its nodew). The most natural way to represent the
input would be to have one data item for each edge contaifieghvémes of the two adjacent
nodes and the weight of the edge. Sometimes, however, to drawdficient algorithm, the
degrees of these nodes is needed and maybe even their agjdises1 Even though decisions
are being made about the edges, another option is to have #etatfor each node containing
its adjacency list. One concern about the priority modehat the complexity of a problem
can depend a great deal on such representation details.i$\#taar, however, is that the more
information included, the better off the algorithm is.

The Decisions Made: If each data item contains a node and its adjacency list acidides need to
be made about the edges, then the standard thing to do isuimeadhe algorithm to make an
irrevocable decision about each of the edges seen. It wautddre generous to the algorithm
to only require it to make a decision at this time about oneifipeadge.

The New Model:

The Broad Local Priority and BT Model: Our idea is to include in each data item as much local
information about an object as the algorithm wants befdsfdrced into an irrevocable decision
about it and then to require it to make a decision about orn$/che object at this time.

The parametey will specify the amount of information accessible to theoailhm. For each
objecte, let G, be the sub-graph containing all edgestbthat are reachable fromby paths
of length /., where/, is chosen dynamically so thét, contains approximately edges. The
data item for the edge will specify all of G.. When a priority or BT algorithm sorts the edges
it can do so using all of this information. When it receives tiext edges, it receives all of
this information. Then using this information, it must mede irrevocable decision about

It can delay making decisions about the remaining edgé&s.inntil it receives the data items
associated with these edges.

3-SAT: The same ideas can be used for any input type as long as treseisse of the locality the
objects. 3-SAT, for example, has a set of clauses as inpims.sndard BT model has a data
item for each variable and to include in this data item a featiption of all clauses that the
variable is in. Our model, on inpuk, defines a graph on the variables with an edge between
two variables if they share a clause. It stofiesin the data item associated with variahle
where®, contains the full description of every clause containingaaable that is reachable in
this graph fromx by a path of lengtl?,,, where/, is chosen dynamically so thdt, contains
approximatelyg variables.



BT Width: Borodin et al defines the widtly of a BT computation to be the width of the tree of
decisions or equivalently the number of decision vectoas ¢tan be simultaneously kept.

Theorem 8. “Any” computation problem with data item sizecan be solved optimally with decision tree
width w = 20("/4),

Theorem 9. 3-SAT with data item sizgrequires tree widthy = 22("/9),

Proof. of Theorem 8 We prove that any computation problem with data sizeg can be solved optimally
with decision tree widthy = 20("/a),

Each data items reveajsof the n objects in the input instance. The algorithm greedily askafdata
item that gives as much as possible of the input not seendeftiNot Proved**) After (9(%) data items,
the algorithm has seen the entire input. Hence, with its unded computation power, it knows the optimal
solution. As it sees the() data items, the algorithm builds a tree of width= 20(n/4) considering every
possible answer for these. The optimal solution will be aem®sion of one of these partial solutions. [

Proof. of Theorem 9 By way of contradiction, suppose there is anritlgn with data item sizg that can
solve 3-SAT with decision tree width = 22("'/9), wheren/ is the number of variables.

The proof is a reduction to 3-SAT in the model where each data icontains a variable and a full
description of all the clauses that the variable is in. Cagrsan input instancé with »n variables andn
3-clauses. We map it to an input instankewith n’ = 6¢m variables as follows. Start by building a graph
with a nodeu,, for each variable: in . Nodewu, will be the center of a star of paths fanning out. For each
clausec containingz, there will be a pathu, = vz 1y, -,V (z 2 Of length2q. The instanced’ will
have a variable for each node in this graph. For each édg@c@,v(%cﬁw}, there will be two clauses
(g ei) N Via,e,it1) AN oy A =0 . 511y. Note that for both of these clause to be satisfied, these two
variable must be given the same values. Following this ladpnig the paths, all the variables in the star
associated with a variablemust all have the same value. To conclude the constructierinstanced’ will
have the original clauses but instead of using the original variabteit will use the new variables, . 5,

In the graph, this puts a clique between the nodes ), v, , andv, . 24y, Whenc contains the three
variablesr, y, andz.

The rest of the reduction is identical to Nassim wrote up. &aeh of our data items, being associated
with a variablex, is mapped to the entire star of variables . ;). When the mirrored algorithm receives
all clauses within distance from v, . ;), it learns no more than we learn, namely a full descriptiothef
clauses that is in. We setr the same that it sets, ;). We do not need to worry about “free branches”
because when their algorithm later sets.. -, we only need to follow one of their branches. O
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