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Task

Directed st-connectivity
Input: A directed graph
with distinguished nodes s and ¢
Output: “Yes” - d a directed path from s to t

“No” - otherwise
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Upper Bounds

Undirected
Depth First Search Random Walk
Time < O (m + n) Time < O (mn)
Space < O (nlogn) Space < O (logn)
(Tarjan “72) (Aleliunas et al. '79)

_ o) Broder et al.
Time x Space < O (mn log n) B % o
arnes eige

Directed

Depth First Search Combined Recursive Doubling

Time < O (m + n) Time < n¢W Time < nOlosn)
Space < O (nlogn) Space < 2(2(7\/”10?”) Space < O <log2 n)
(Tarjan 72) (Barnes et al. '92) (Savitch "70)

Time € 22(08°(3)) x O (Barnes et al. '92)



The JAG Model
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Current
State

e [nput includes labels € |1..out-deg.] on out-edges
e Pebbles placed on nodes of input graph

— “walk” along directed edge specified by label

— “jump” to the location of another pebble
e Non-uniform state change
e Space = p X log (n) + log (# of states)

— p distinguishable pebbles

— @ states



The JAG Model

Partition of pebbles

The Node-Named JAG Model

Partition of pebbles
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Lower Bounds

Undirected st-Connectivity

ime > ) (m?
% one pebble Time > & (m?)
BRT '92
@F/ -~ 7 © abitrary number
=T = of pebbles
21 5 © 22 | Degree = 4p
; Time > Q2 (mlogn)
2 e &2 BBRRT 93
>

PPN
§> E Iogiog n Pepbles Time > 0 (n”m)
27

22 % FEdmonds 93



Lower Bounds

Directed st-Connectivity

The JAG Model

Space > () logn_ Cook & Rackoft "80
loglogn
1
Time X Space2 > Q( ?)
Time x Space > Q( ) Barnes & Edmonds 93

The Probabilistic Node-Named-JAG Model

logZn )
Space > () (@) Poon 93
2 2
Time X Space3 > Q( 3 3) Edmonds '93
10g2<g))
Q og 1o
Time > 9 (1 glog Edmonds & Poon
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Layered Graphs with Hard Paths

D=logn< e e e e e
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Progress
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hard leaves

Def” of Progress: Having a pebble on a hard leaf.

e Must “traverse” hard path to reach hard leaf
(If initially no pebbles on hard path)

e Must make x/2 progress

(else connect t to the hard node not reached.)
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Steps of Proot

hard easy

D=logn

. Time = x/8, Space = 00, any start config (@, IT),
Prg [Prog > 35) < 527°

. Time = %, Space = 5,
Pr¢ | st-conn | < 3
Conclude: SxT e (é%)

. Define Recursive Graph

. Lower Bound for Gj._1 (Time = T;_1, Space = .S)
— Lower Bound for Gy, (Time = T}, Space = .5)

( loglogn
Conclude: T e?2
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Step 2

Lemma:
Time = %, Space = 5,
Pr¢ | st-conn | < 3
Conclude: SxT e (é%)
Proof:

e Total progress needed is x/2

/2)

e Partition the computation into (39) periods.

e For each input G,
there exists a period of x/8 time steps

in which 35S progress is made.

e Given fixed (@, IT) and x/8 time steps,
Prg [Prog > 35) < 527°

o Prg [3(Q,11), s.t. Prog > 35] < %2—5 X 95 — !
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An Attempt at Step 1

Lemma;:
Time = x/8, Space = 00, any start config (@, IT),
Prg [Prog > 35) < 527°

Branching Program
<(%art’ I_lstart>

<UTT

~v: Computation Path
E(): Set of edges traversed by ~v. |E| < x/8.

Prg [Prog > 39]
= Y Prg[Prog > 35 | G follows 7| X Prg [G follows 7]
~
< maxPrg [Prog > 35 | G follows 7] x 1

nax Prg [Prog(G,E) > 3S | E C @]
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A Good Set of Edges E

hard
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A Bad Set of Edges E
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Step 1

Lemma:
Time = x/8, Space = 00, any start config (@, 1),
Pre [Prog > 35) < 527°

Branching Program
<%art’ rgtart >

<OT]

v: Computation Path
E(v): Set of edges traversed by v. |E| < x/8.

Prg [Prog > 39]
= > Prg[Prog > 3S | G follows 7| X Prg [G follows 7]

v¢C
+ X Prg[Prog > 3S | G follows 7] x Prg [G follows 7]
vel
< max Prg [Prog > 3S | G follows 7] X 1
v

+ 1 X Prg [G follows v € C]

1
< 975
2
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Fix |E| < x/8.
Bound Prg [Prog(G, E) > 3S | E C G]

&E@\é\ | aef0,1
2N

Classify a € {0,1}7

W, C {0,1}¥: cannot be hard path
Y, C {0,1}: could be hard path and is traversed

Z, € {0,1}P: could be hard path, but not traversed

Y7 | X/8
Prg[Progonr | E C G| < TAEARRIARA

Define Set of Computation Paths C

EeC if {r | Y|+ |2, <2%1P} > S
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Fix |E| < x/8.
Bound Prg [Prog(G, E) > 3S | E C G]

V7| x/8
Prg [Progonr | E C G] < NATSYA < TARA

EeC if {r [V, +12,] < 2217} > §

Three types of progress:

e free progress when pebble is initially on hard path
(<p<S)

e high collision progress when |Y;| + |Z,| < 2017

(< S, when E ¢ C)

e low collision progress when |Y,| + |Z,| > 2010

(Pr = X%)

Bounding the Probability

If B¢,
Prq [Prog(G,E) > 3S | E C G] < 27%(5D)
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Probability of Single Collision

S

/ .~ X/8 easy nodes
] \‘ o o o \ o o X/Zedges

Prg[ edge collides | < i—g —

[ =

Pre |G follows v € C]
(N

AN
/\/> a

/ >)>

Branching Processes

e Binary Tree

e One designated path that is guaranteed to live.
e Every other edge dies with prob 1/4.

o Let “(|Y|+ |Z])” be the # of leaves a level D.
o xp[([Y]+|Z])] = (3/4 x 2)P = 20550,

o Pr[(|Y|+]Z]) < 2MP| < 27%P),

o Pr [|{r (Y| +|2]), < 201P}| > s} < 2-UDS),
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Step 1

Time = x/8, Space = 00, any start config (@, IT),

Pre [Prog > 39]

IA

_|_

> Prg[Prog > 3S | G follows ~y| X Prg [G follows 7]
7¢C

> Prg[Prog > 3S | G follows ] X Prg [G follows 7]
veC

max Prg [Prog > 3S | G follows 7] X 1
)

1 X Prg |G follows v € C]

12—5
2
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Step 3: Define Recursive Graph

Boosti ng Graph
ey

\
TS Nw>

T \g/
B
® [

-
X

Symbol

=logn

o] ] =

22



Step 3: Define Recursive Graph

Recursive Layered GraphG, , Boosting Graph
oI =
& e
o o =9 Xk = 2 X1
-
Xe-1
Recursive Layered GraphG,
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Step 4: Recursive Lower Bound

Induction Hypothesis:

e st-conn requires 1} time for Gj_q.

Consider G,

In x/8 time can traverse < 35 “hard paths”
~ “super nodes”.

<6S “super edges” .
In T}, time can traverse < 92 x Tj.

X/8

Set to Tj_1.

24



Calculating the Bound

n = width x height
= (x2%) x (D)

i _ log(n/x)
2log D
Xk X\
o= ()50 ~ ()
K 485) “F1 488
log(x/(485)) log(n/x)
— log D

X/ (485) = n/x

X = V48nS
log2 (\/n/(483))
TK = 9 loglogn

(et
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Strengthening the Model

e Let the JAG jump to the next node in a fixed ordering of the nodes.
= General Model of Computation

e Let the JAG specify an indegree edge and back up it.

within a poly factor in time is a General Model of Computation

Open Problems

S x T € Q(n* ) for
e undirected graphs

e directed graphs
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