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INTRODUCTION

In [Dij76], Dijkstra introduces a predicate transformer semantics, which is called the weakest precon-
dition semantics, to deal with partial correctness of sequential programs. The relation between this
predicate transformer semantics and a state transformation semantics is considered by De Roever in
[Roe76]. In [Bak77], De Bakker shows that there is a homomorphism from the state transformation
semantics to the predicate transformer semantics. Plotkin shows, in [Plo79], that by refining the
definitions this homomorphism can be strengthened to an isomorphism.

Predicate transformer semantics for partial correctness of parallel programs are studied by Van
Lamsweerde and Sintzoff [1.S79], Haase [Haa81], Flon and Suzuki [FS81], Elrad and Francez [EF84],
Best [Bes82, Bes89], and Scholefield and Zedan [SZ92]. In [Bes89], a predicate transformer semantics
and a state transformation semantics are related. However, only parallel programs without recursion
are considered.

In this paper, we present a state transformation semantics and a predicate transformer semantics for
parallel programs built from atomic actions, sequential composition, nondeterministic choice, parallel
composition, atomisation (atomicity being a key notion in reasoning about parallel programs, see, e.g.,
[LL90]), and recursion. (In order to introduce recursion we will consider a program to be a statement
and a declaration. The statement is built from atomic actions, procedure variables, and the operators
mentioned above, and the declaration assigns to the procedure variables their corresponding bodies,
which are again statements. In general, we will fix the declaration part of a program and only consider
the statement part.) These semantics are shown to be isomorphic. Although several results of [Plo79]
are exploited in our paper, for parallel programs the isomorphism result cannot be obtained simply
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along the lines of [Plo79], because the parallel composition is not compositional with respect to the
(state transformation and predicate transformer) semantics defined in [Plo79]. The standard example
to show that compositionality is lost when introducing parallel composition is that the programs

r:=2and z:=1;z:=z+1
are semantically equivalent, but
:U::2||a:::3 and (a::zl;a:::a:—l—l) H:r::3

are not (see, e.g., [Mil93]).

The state transformation semantics and the predicate transformer semantics to be presented are
mappings from statements to state transformations and predicate transformers, respectively. Before
we come to these semantics, we first discus the state transformations and the predicate transformers
and their relationship.

To model a statement we can use a state transformation assigning to an arbitrary (initial) state
the result of the statement started in the state. If the statement (always) terminates, then the
result is described by a set of (possible final) states. (Note that we need sets of states to model
nondeterminism.) Otherwise, i.e. if the statement might not terminate, the result is modelled by a
special element. For the time being, the set of state transformations can be viewed as

(€)X = (P(X)U{Xi}),

with 3| being the above mentioned special element.

A statement can also be modelled by a predicate transformer. A predicate transformer transforms
a predicate valid after the execution of a statement to a predicate valid before the execution of the
statement. (Note the order reversal when we go from state transformations to predicate transformers in
that a state transformation maps an initial state to a set of final states whereas a predicate transformer
maps a ‘final’ predicate to an ‘initial’ predicate.) To model predicates we employ sets of states. (Taking
P (X) as the set of predicates is the so-called extensional view. We could also have taken the so-called
intensional view by describing the set of predicates by ¥ — {true, false} as is done in, e.g., [Bak80].)
Predicate transformers will look like

(BE)P(E)—=P().
With each state transformation a we can associate a predicate transformer w () defined by
w(a)=AS-{oceX|aloc)C S}

The set w (a)(S) is called the weakest precondition of S relative to a (cf. [Roe76]). By refining the
above definitions of state transformations and predicate transformers and by endowing them with
orders, complete partial orders of state transformations and predicate transformers can be obtained.
These complete partial orders can be shown to be isomorphic (by means of a modification of w and
its inverse). These refinements and endowments with orders can be done in various ways. Here, we
will follow [P1lo79]. Other isomorphism results of state transformations and predicate transformers are
presented by Wand [Wan77], Majster-Cederbaum [MC80], Best [Bes82], Smyth [Smy83, Smy92], Apt
and Plotkin [AP86], and Bonsangue and Kok [BK92, BK93]. For an overview of these isomorphism
results we refer the reader to [BK92].
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Having discussed the state transformations and the predicate transformers, we now come to the
state transformation and predicate transformer semantics. Both semantic models are so-called oper-
ational semantics defined by means of a labelled transition system (cf. [Plo81, Plo82]). TLet us first
discus the state transformation semantics. The labels of the labelled transition system defining the
state transformation semantics are state transformations. To deal with recursion, we employ pairs of
statements and natural numbers as configurations of the labelled transition system. A configuration
(s,n) denotes that statement s has to be executed with recursion restricted to at most depth n. By
means of the labelled transition system we define an (intermediate) state transformation semantics
O, mapping a configuration to a state transformation. This state transformation is obtained by
composing the labels of the transition sequences starting from the configuration. The state transfor-
mation semantics Oy maps statements to state transformations. For statement s, O (s) is defined
as the least upper bound (in the complete partial order of state transformations) of the O%, (s, n)’s.
The predicate transformer semantics O, is defined similar to the state transformation semantics O.;.
In this case, the labels of the labelled transition system are predicate transformers. These two step
definitions are choosen to smoothen the proof of the theorem establishing the isomorphism of the state
transformation semantics and the predicate transformer semantics.

The main result of this paper is the relation of the state transformation semantics O,; and the
predicate transformer semantics O,;. We will show that these semantics are isomorphic. A problem in
the proof of this theorem is that the state transformation semantics O,; and the predicate transformer
semantics O, are not compositional. As an intermediate tool, compositional semantics Cy; and Cp; are
introduced. The semantics C4; and Cps are defined by means of the labelled transition systems defining
the semantics OF, and Oy, respectively. This time, the semantics assign to a configuration a set of
sequences of state transformations and predicate transformers (cf. [Coo78]). To a configuration the
set of label sequences corresponding to the set of transition sequences starting from the configuration
is assigned. Using sets of sequences of state transformations and predicate transformers instead of
state transformations and predicate transformers gives rise to compositional semantics as we will see.
We prove that the compositional semantics Cs; and C,,; are isomorphic. For this purpose, we use the
already mentioned result of [Plo79] that a complete partial order of state transformations (ST) and a
complete partial order of predicate transformers ( PT') are isomorphic, w : ST 2 PT. From this result,
we can easily derive that the sets of (nonempty and finite) sets of (nonempty and finite) sequences of
state transformations and predicate transformers are isomorphic, 2 : P, (5T+) = Py (PT+). Based
on this, the compositional semantics C,; and Cp; are shown to be isomorphic. This proof shows some

resemblance with the isomorphism proof in [Bes89].

Conf

P (STT) Py (PTT)

Q
From this isomorphism result we will derive the isomorphism of O,; and O,; as follows. We introduce
abstraction operators absg; and abs,;. These operators map sets of sequences of state transformations
and predicate transformers to state transformations and predicate transformers, respectively. The
sets of sequences will be composed as in the definitions of the intermediate semantics OF, and O},.
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First, we relate the isomorphisms w and 2 by means of the abstraction operators.

Q
Py (ST) Py (PT)
abs gt * (L’)Spt
ST _ PT

Second, we relate the compositional semantics with the intermediate semantics.

Prf (ST+) Prf (PT+)
Cat Cpt
abs gt * Conf * abspt
ST PT

By combining the above results, we finally show that the state transformation semantics O, and the
predicate transformer semantics O,,; are isomorphic.

Stat

7

ST<=———F—PT

In the first section of this paper, some results of [Plo79] are repeated. A complete partial order of
state transformations and a complete partial order of predicate transformers, which are isomorphic, are
introduced. In the second section, the state transformation semantics and the predicate transformer
semantics are presented. The paper concludes with the theorem establishing the isomorphism of
these semantics. The theorem extends the isomorphism results of [Plo79] and [Bes89] by going from
sequential programs to parallel programs and by adding recursion, respectively.
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1. STATE TRANSFORMATIONS AND PREDICATE TRANSFORMERS

In this section, some results of [Plo79] are repeated. A complete partial order of state transformations
and a complete partial order of predicate transformers are introduced and shown to be isomorphic.
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1.1 STATE TRANSFORMATIONS

First, we define a complete partial order of state transformations (cf. Definitions 5.1, 5.2, and 5.3 of
[Plo79]). We postulate a denumerable set (o €)X of states (cf. page 212 of [Wan77] and page 529 of
[Plo79]). State transformations are defined as mappings from ¥ to the so-called Smyth power domain

([Smy78]) of ¥ in

DEFINITION 1.1 The partial order (o €) ST of state transformations is the set

E—>P5(El)

where
Ps(3X1)=4{SC¥|S is nonempty and finite } U {3, }

and 3 denotes the disjoint union of ¥ and {L}. This set is ordered by a C o' if
forall o € £, a(o) 2 a (o).

PROPERTY 1.2 ST is a complete partial order.

PROOF See Proposition 5.4 of [Plo79]. O
Composition and union of state transformations are defined in

DEFINITION 1.3 The mapping e : ST x ST — ST is defined by

aea =\o-

{ U{a'(¢") |0’ €a(o)} ifa(o)#%,
Xy

otherwise

and the mapping U : ST x ST — ST is defined by
aUad =Xo a(c)Ud (o).

Note that the state transformation a e o is the result of performing state transformation o' after
state transformation «. The definition of the composition is similar to the definition of Comp at
page 543 of [Plo79]. The definition of the union is similar to the definition of I at page 542 of
[Plo79]. We will use the composition and union of state transformations to compose the labels, i.e.
state transformations, of transition sequences of the labelled transition system in the definition of the
(intermediate) state transformation semantics.

PROPERTY 1.4 The mappings ¢ and U are strict in both arguments.

PRrROOF Trivial. O

The strictness of composition and union will be applied in the well-definedness proof of the state
transformation semantics.
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1.2 PREDICATE TRANSFORMERS

Second, we define a complete partial order of predicate transformers (cf. page 537 of [Pla79]).

DEFINITION 1.5 The partial order (8 €) PT of predicate transformers is the set
{B€P(X)— P(X)] g is strict, continuous, and multiplicative },

where ( is called multiplicative if
for all 5,8 e P(X), B(SNS")=6(S)NB(S").

This set is ordered by 8 C 3' if
for all S € P(X), B(S) C 5'(9).

PrROPERTY 1.6 PT is a complete partial order.

PROOF See Proposition 4.2 of [Plo79]. O
For predicate transformers, composition and intersection are defined in
DEFINITION 1.7 The mapping @ : PT x PT — PT is defined by
BeB =AS-F (5(S))
and the mapping N : PT x PT — PT is defined by
BB =AS-8(S)NB(S).

The predicate transformer S e 3' is the result of performing predicate transformer 3' after predicate
transformer 3. The definition of the composition is the ‘reversed’ version of Comp at page 538 of
[Plo79], i.e. B3 = Comp(3,3'). The definition of the intersection is similar to the definition of
M at page 537 of [Plo79]. The composition and intersection of state transformations will be used
to compose the labels, i.e. predicate transformers, of transition sequences of the labelled transition
system in the definition of the (intermediate) predicate transformer semantics.

PROPERTY 1.8 The mappings @ and () are strict in both arguments.

PrROOF Trivial. O

The strictness of composition and intersection will be exploited in the well-definedness proof of the
predicate transformer semantics.

1.3 ISOMORPHISM THEOREM

Third, we show ST and PT to be isomorphic. To define the isomorphism the following stability lemma
(this term originates from the term stable function which has been introduced in [Ber78]) is proved.

LEMMA 1.9 Let 8 € P(X) — P(X). Then 8 € PT if and only if whenever o € §(X) there exists a
nonempty and finite set min (8, 0) satisfying
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forall S e P(¥),0€p(S)< min(B,05) CS.

PROOF See Lemma 5.6 of [Plo79]. O
The isomorphism w and its inverse w'! are defined as follows (cf. Definition 5.8 of [Plo79]).

DEFINITION 1.10 The mapping w: ST — PT is defined by
w(a)=AS-{oceX|alc)C S}
and the mapping w'! : PT — ST is defined by

w“(ﬁ)—Aa'{ min(f,) ifo € B (3)

Y otherwise

THEOREM 1.11 The mapping w: ST = PT is an isomorphism of complete partial orders.

PROOF See Theorem 5.9 of [Plo79]. O

The predicate transformer corresponding to the composition of the state transformations o and o/
is the composition of the predicate transformers corresponding to the state transformations o' and «
(order reversal). The predicate transformer corresponding to the union of the state transformations
o and o' is the intersection of the predicate transformers corresponding to the state transformations
a and o'

PROPERTY 1.12 For all @ and o,

wlaed) =w(d)ew(a)
w(laUa) =w(a)Nw(a)

PROOF See Lemmas 5.10 and 5.11 of [Plo79]. O

The proof that the state transformation semantics and the predicate transformer semantics are
isomorphic, will be based on these properties.

2. STATE TRANSFORMATION SEMANTICS AND PREDICATE TRANSFORMER SEMANTICS
In this section, we present the state transformation semantics and the predicate transformer semantics.

After we have introduced these semantic models, we head for the main theorem of this paper. In this
theorem, we show that the semantics are isomorphic.

The parallel programs are built from atomic actions a, sequential composition ;, nondeterministic
choice +, parallel composition ||, atomisation [ |, and procedure variables z.

DEFINITION 2.1 The class (s €) Stat of statements is defined by
su=als;s|s+s]|s]|s]|[s]|=x
and the class (d €) Decl of declarations is defined by

Decl = PVar — Stat
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and the class (p €) Prog of programs is defined by

Prog = Decl x Stat.

In the sequel, we fix the declaration part of a program and only consider the statement part.

2.1 STATE TRANSFORMATION SEMANTICS

First, we present the state transformation semantics. The semantics is defined by means of a labelled
transition system. In the labelled transition system, we employ configurations (s, n) in Stat x IN. The
natural number 7 in the configuration (s,n) denotes the maximal depth of recursion which is allowed
during the execution of statement s. The use of such configurations will facilitate the subsequent proof
that the state transformation semantics and the predicate transformer semantics are isomorphic. The
configurations of the labelled transition system are defined in

DEFINITION 2.2 The class (¢ €) Conf of configurations is defined by
cu=(s,n)|c;c|lc+c]|c]c]|l]

Furthermore, the empty statement E, which denotes termination, is used as configuration of the
labelled transition system. The labels of the labelled transition system are state transformations. We
presuppose a mapping S7 assigning to each atomic action a state transformation. For an atomic
action @ and a state o, ST (a)(o) is the singleton set consisting of the state after the execution of a

started in o. The transition relation of the labelled transition system is defined in

DEFINITION 2.3 The transition relation — is the smallest subset of

(Conf U{E}) x ST x (Conf U{E})

satisfying
ST (a) AoX
o (a,n) LLIII>E o (z,0) LLIII—E
(s1,n); (s2,n) £ | c (s1,n) + (s2,n) £ B |
o [ ]
(51;52,n)£>E\c (51—|—52,n)(£v>E|c
(s1,m) | (s2,m) £ 1 | ¢ [(s,m)] £ 5 c
[ ] ¢
(s1 || s2,m) & E|c ([s],n) = E|c
(d(z),n) & E | c ot Bl
° [ ]
(z,n+1) B E|c crjcr B oealer;e
clj(;E|c’1 clj(;E\c'l
L] o , L & ’
caate BE|G cilleca &= eaf ey |l e

02—1—61LE|C’1 62H61L02‘C2HC’1
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o1 [ %) Y41
cl—c¢ 11— 1lI—>E
°

1@ -OX} 4]

[ LTk

In the configuration (z,0) only recursion at depth 0, i.e. no recursion, is allowed. Consequently,
the procedure variable z cannot be replaced by its declaration d(z). In this case, (z,0) can only do
a Ao - X -step, which denotes nontermination (see Introduction). In the configuration (z,n + 1), the
procedure variable x can be replaced by its declaration d(z). However, in d(x) only recursion at
depth at most n is allowed.

Although the parallel composition fits in the framework described above, for example, the condi-
tional statement does not fit in this framework, because the obvious transition rule

(a3
g & E|d
. where o' = Ao - {

I
(o3
if b then ¢ else ¢y |—E | ]

a (o) if b is true in state o
0 if b is false in state o

gives rise to a label o’ which is in general not a state transformation, since o' may map a state to the
empty set (see Conclusion).

Instead of state transformations as labels, we could also have used pairs of states (cf. [BKPR9I1]).
By changing the definitions of the transition relation and the state transformation semantics to be
introduced below, an equivalent state transformation semantics can be obtained.

By means of the labelled transition system, the (intermediate) state transformation semantics O%,
is defined. This state transformation semantics maps a configuration to a state transformation. This
state transformation is obtained by composing the labels, i.e. state transformations, of the transition
sequences starting from the configuration by means of composition and (finite) union.

DEFINITION 2.4 The (intermediate) state transformation semantics OF, : Conf — ST is defined by

%) [e% Y41

oz (c):U{ozlo--~oak+1\cJ_—>cl J_iJ_I_L—>E}

8

To prove the well-definedness of the state transformation semantics O%,, i.e. showing that composing
the labels gives rise to a state transformation, we introduce a complexity measure.

DEFINITION 2.5 The complexity measure ¢cm : (Conf U {E}) — IN is defined by

em (a,n) =1
em (s1;89,m) = em(sy,n)+ cem(sy,n)+1
em (s1 + 89,n) = em (s1,n)+ em (s2,n) + 1
em (s1 ]| s2,n) = em(s1,n)+ em(sa,n) +1
em ([s],n) =cm(s,n)+2

1 ifn=20
em (z,n) - { em (d(z),n L 1) otherwise
em (cy ;o) = cm(c1)+ em(c2)
em(cr +co) = em(er)+ em(cs)
cm (cl H 62) = cm (cl) + cm (62)
em ([e]) =cm(c)+1
cm (E) =0
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The complexity measure can be shown to be well-defined as follows. First, for all s and n, the well-
definedness of em (s,n) is proved by induction on n and structural induction on s. Second, for all ¢,
em (c) is demonstrated to be well-defined by structural induction on ¢. The complexity measure is such
that if there is a transition from configuration ¢ to configuration ¢ (including the empty statement),
then the complexity of c is greater (with respect to the lexicographic order) than that of ¢, as is shown
in

PROPERTY 2.6 For all ¢ and ¢, if c Lé for some a, then cm (c) > cm (2).

PRrROOF This property can be proved by induction on the complexity of configuration c. a

The labelled transition system is finitely branching, as is shown in

PROPERTY 2.7 For all ¢, the set {(a,¢) ]| c £ ¢} is nonempty and finite.

PROOF The property is proved by induction on the complexity of configuration ¢. We only consider
the case ¢ = [¢']. According to the definition of the transition relation,

41

{(a,0)|[(] 2} ={(an o - ®ap,B) | ¢ Iep [on - LI ED. (2.1)

Consider the tree of which the nodes are labelled with configurations and the root is labelled with ¢'.
The branches of the tree are labelled with state transformations, and there exists a branch from ¢ to

¢’ labelled with « if and only if ¢ L& The paths of this tree correspond to the transition sequences
started from configuration ¢’. Because IN is well-founded and by Property 2.6, all transition sequences
are finite, 1.e. all paths in the tree are finite. By induction, the tree is finitely branching. By Konig’s
lemma ([K6n26]), the tree has only a finite number of paths. Consequently, the set (2.1) is finite.
Obviously, (2.1) is a nonempty set. O

The well-definedness of the state transformation semantics OF,; is concluded from the above two
properties in

PROPERTY 2.8 OF, is well-defined.

PrROOF By Property 2.7, each transition sequence is nonempty. By Property 2.6, all transition
sequences are finite. Similar to the proof of Property 2.7, the nonemptiness and finiteness of the
set of transition sequences started in a fixed configuration can be proved. Because composition of a
nonempty and finite sequence of state transformations gives rise to a state transformation and union
of a nonempty and finite set of state transformations gives rise to a state transformation, O3, assigns
to each configuration a state transformation. a

By means of the above defined state transformation semantics O},, the state transformation seman-
tics O, which maps statements to state transformations, is defined.

DEFINITION 2.9 The state transformation semantics Qg : Stat — ST is defined by

Oy (s) =[] O% (s,).

REMARK 2.10 The above definition shows some similarities with the approximation theorem in the
labelled A-calculus, i.e.
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[M]=J{IZ] | L e w(M)},
with w (M) the set of so-called Q-approximants of the term M, as is found in [Hyl76].

The least upper bound | | in Definition 2.9 exists, because ST is a complete partial order (Prop-
erty 1.2), and (0%, (s,n)), is an increasing chain as is shown in

PROPERTY 2.11 For alln, O (s,n) C O% (s,n+1).

« o Xpt1
PROOF If there exists a transition sequence (s,n) 15 c1 1% oo 1ll— B with a; = Ao - X
for some j, then O% (s,n) = Mo - X, since o and U are strict (Property 1.4). Consequently,
0% (s,m) C O (s,n+1). Otherwise, O, (s,n) = 0% (s,n + 1). O

2.2 PREDICATE TRANSFORMER SEMANTICS

Second, we present the predicate transformer semantics. Also this semantics is defined by means of a
labelled transition system. The configurations of the labelled transition system are defined as in the
previous subsection. The labels of the labelled transition system are predicate transformers. With
each atomic action a, a predicate transformer P7 (a) is associated, by defining P7T (a) = w (ST (a)).
The transition relation of the labelled transition system is defined in

DEFINITION 2.12 The transition relation — is the smallest subset of

(Conf U{E}) x PT x (Conf U{E})

satisfying
PT (a) AS0
e (a,n) LLIII—E e (z,0) llII>E
B B
(s1,n);(s2,n) B E|c (s1,m)+ (s2,n) B E|c
L] [ ]
&} B
(s1;89,n) & E|c (s1 +s9,m) = E|c
B B
(s1,n) || (s2,n) £ E|c [(s,n)] = E]c
[ [ Y —
& B
(s1 ]| 82,m) & E| ¢ ([sl,n) £ E|c
8 8
(d(z),n) & E|c o & Ed,
L ] [ ]
P 8 ,
(z,n+1) L E|c crye0 b |asd
1 B2 Br+1

cl—c¢ 1— - Ul E

Pre---9f 41
[C} A iill—e
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s ) 8 ,
g HE|d g+ E|ld
° g , . I ,
caate bHE|G crlles ol | e
B Jé4
cote BHE| coller Beaea|d

The main difference with the transition relation defined in the previous subsection is the transition
rule for the sequential composition. The configuration ¢; ;cs can do a §-step if and only if ¢y can do a
G-step (order reversal). Furthermore, the axioms for atomic actions and procedure variables and the
rule for atomisation exhibit the natural differences in that

e for the atomic action a we use the label P7 (a) instead of ST (a),

e for the configuration (x,0) we employ the label AS - @ instead of Ao - 3 (note that
w(Xe-31)=AS-0), and

e in the rule for atomisation we apply the composition e on predicate transformers instead of state
transformations.

By means of the labelled transition system, the (intermediate) predicate transformer semantics O
is defined. This predicate transformer semantics maps a configuration to a predicate transformer.
This predicate transformer is obtained by composing the labels, i.e. predicate transformers, of the
transition sequences starting from the configuration by means of composition and (finite) intersection.

DEFINITION 2.13 The (intermediate) predicate transformer semantics Oy, : Conf — PT is defined
by

Brt1

5 B2
O;t(c):ﬂ{/@1°"'°/@k:+1‘CJ_;C1 J_HJ_I_L%E}

The well-definedness of the predicate transformer semantics O}, can be proved along the lines of
the well-definedness proof of the state transformation semantics OF, in the previous subsection.

REMARK 2.14 The above definition shows some similarities with the definition of the weakest invari-
ant in terms of the weakest liberal precondition, i.e.

win(0,Q) = /\ wlp (X, Q),

A€o*
as at page 408 of [Lam90].

;’;t, the predicate transformer

semantics Oy, which maps statements to predicate transformers, is defined.

By means of the above defined predicate transformer semantics O

DEFINITION 2.15 The predicate transformer semantics Oy @ Stat — PT is defined by

Opt () = |_| O:f, (s,m).
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2.3 ISOMORPHISM THEOREM

Third, we prove the main theorem of our paper establishing the state transformation semantics O,; and
the predicate transformer semantics O,,; being isomorphic. As already mentioned in the introduction,
a problem in the proof of this theorem is that the semantics O, and O,; are not compositional. As
an intermediate tool, we introduce the semantics Cy; and Cp;. These semantics will turn out to be
compositional. The compositionality of these semantic models will facilitate the subsequent proof that
they are isomorphic. From this isomorphism result we will obtain the isomorphism of O,; and O;.

The semantics C,; and Cp; are defined by means of the labelled transition systems defining the
intermediate semantics O}, and O, respectively. They map a configuration to a set of sequences of
state transformations and predicate transformers. To each configuration the set of label sequences
corresponding to the transition sequences starting from the configuration is assigned. The sets of
nonempty and finite sequences of state transformations and predicate transformers are denoted by
ST* and PT™, and the sets of nonempty and finite subsets of these sets are denoted by Prf (STT)
and P, (PTT).

DEFINITION 2.16 The semantics Cy; : Conf — Py (ST™) is defined by

Q41

Colc) =1 apq | cf; 1 fi e ll—E}
and the semantics Cp; : Conf — P,y (PT™) is defined by

£ B2 Br41
Copr(0)={B1-  Pry1|cloey I— -  LLI=E}

The well-definedness of these semantics can be proved along the lines of the well-definedness proofs
of the intermediate semantics O}, and O};. We now show that the above introduced semantics are
compositional by introducing for each syntactic operator a corresponding semantic operator (denoted
by the same symbol).

DEFINITION 2.17 The mapping ; : Py (STH) x Py (STT) — Py (STT) is defined by
X:X'={z;2' |ze X N2 e X'}

where

a;z =az

oea’:;a:’ =a(z; )

The mapping + : Py (STH) X Py (STT) — Py (STT) is defined by
X+X' =XUX"

The mapping || : P,y (STT) x Py (STT) — Pyy (STT) is defined by
X[|x' = J{z|[2'+2' [[z|zeX A2’ €X'}

where

all2' = {az'}

oz | 2" = ofx| )
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The mapping [ ] : Py (5T+) — Py (ST+) is defined by

[(X]={lz] [z X}

The compositionality of C,; 1s shown in

PROPERTY 2.18 For the semantics Cy; we have that

n) ={ST(a)}

813 82,m) = Cst (81,

) 3 C.s’t (SQa n)
514 s9,m) = Cy (s1,n) + Cy (52,7)
) Cst (52an)

k]

S

Cyi (a,

Cat (

C f(

Cot (51 1 32,7) = Co (s1.7) |
Collshn) = [Cur(s,m)

Cst (2,0) = {/\cr El}

Cyi (x ,n—l—l) =Cy (d(z),n)
Cyt (c1;¢2) = Cyt(c1);Cys (c2)
Cut (c 1+C2) =Cyq (Cl)‘i‘cst (c2)
Calerllez)  =Culer) ] Cotlca)
Cot ([c]) = [Cst (c)]

PROOF The property is proved by induction on the complexity of the configuration. Below, the
notation

aX ={az|zeX}
aeX ={aezx|ze X}

1s used. Only a few cases are elaborated on.
1. Let ¢ = (s1 ]| s2,n).

Cut (51 ]| 83,1m)

Csi ((51,m) [ (s2,m))
= C4(s1,n) || Csi(s2,n). [induction]

2. Let c =¢q ;co.
Cst(cl ;Cz)
= UtacCu(e)a LHerulJlacCuld o) lald)
U {aCy(c) ] ﬁ E}U U {a (Cy (c’l) 1 Cyt (c2)) | @1 Jg c }  [Property 2.6, induction)]
{ale £eyulJfaculd) o £ d})ic(e)
= Ceat (Cl) 5 C,st (62)-
3. Let c =[]
Cot ([c'])
A1

. { ,Oq (23]
= {age--reqyyy | l>¢ 1> LII>EY}
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{ar | omyuJlaneCu(la]) | 5 e

{ai | ¢ i E}U U {aje[Cs(c1)] | i c1} [Property 2.6, induction]
= Hald I pYuJ{aCule) | ¢ 15 e )]

= [Ca(d)].

a

In order to show that C,; is compositional, semantic operators similar to the ones introduced in
Definition 2.17 can be introduced. The compositionality of C,; is demonstrated in

PROPERTY 2.19 For the semantics Cpy we have that

an) = {PT(a)}

3

3

vllshm) = [Cor (s,

z,0) = {\S -0}
pn(z,n+1) =Cp(d(z),n)
ptlciica)  =Cpe(ca);Cpeler)
pilcr+e2)  =Cpi(cr) +Cpile2)
prlellea)  =Cpiler) || Cpeez)

NN NN0 AN

PROOF Similar to the proof of Property 2.18. a

The main difference with the previous property is the clause for the sequential composition. The
semantics of the sequential composition of ¢; and cs is the sequential composition of the semantics of
co and the semantics of ¢; (order reversal).

Next, we show that the compositional semantics C,; and C,; are isomorphic. For this purpose, we
first prove their codomains, i.e. P,s (STT) and Prf (PT™), to be isomorphic. The isomorphism €
reverses each sequence of state transformations and applies w (cf. Definition 1.10) to each state trans-
formation of the reversed sequence. Its inverse Q! reverses each sequence of predicate transformers
and applies w'! to each predicate transformer of the reversed sequence.

DEFINITION 2.20 The mapping Q2 : P (STT) — Ppy (PTY) is defined by
QX)) ={w(aps1) wla) ar-app € X}

and the mapping Q! : P, (PTY) — Pt (STY) is defined by
QM (Y) = {w Brg1) - w T (B1) | B Bry1 €Y T

PROPERTY 2.21 The mapping 2 : P,s (STT) = Pos (PT™") is an isomorphism of sels.

Proor Immediate consequence of Theorem 1.11. a



16 Introduction

By means of this isomorphism, we can prove the compositional semantics Cy; and C,; to be isomor-
phic.
Conf

Cpt

Py (STH)

o P, (PT)

The isomorphism of C,; and C,; is based on the following properties of the isomorphism 2.

PROPERTY 2.22 For all X and X',

QX5 X)) =(X");Q(X)
QX +X)=2(X)+Q(X")
QX[ X') =a(X) ][ Q(X')
Q(x])) =)

PROOF Only the last case is considered.
Q([X])
= Q{aje--eapi|a-a € X))
= {w(are-eapyr)|ar- oy € X}
= {w(apsr)eow(og)|ag - -ary; € X} [Property 1.12]
= [wlapr) w(a) a1 app € X}
= [@X)].

O

Note that the Q-image of the sequential composition of X and X' is the sequential composition of the
Q-image of X' and the Q-image of X (order reversal). For the other operators, 2 is a homomorphism.

PROPERTY 2.23 Qo Cy = Cpy and Q11 0 Cpy = Cy.

PrROOF We prove the property by induction on the complexity of configuration ¢. Only the case
¢ = ¢ ; ¢y is considered.

Q (C.st (cl ; Cg))
Q(Cyt (1) 5 Catlc2)) [Property 2.18]
= Q(Cs(ca));2(Csi(c1)) [Property 2.22]
= Cpi{c2);Cpi(c1) [induction]
= Cpiler ;o). [Property 2.19]
Furthermore,

= Cu (o). [Property 2.21]
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We introduce abstraction operators abs,; and abs,;. These operators composing sets of label se-

quences as is done in the definitions of the intermediate semantics O}, and O7,, are defined in

>
DEFINITION 2.24 The mapping absg : Ppy (ST+) — ST is defined by

abs. (X)=|J{or1 e oapy |or-appn € X}
and the mapping abs,; : Pps (PTT) — PT is defined by

absyy (V) = ﬂ{ﬂl o e8| B Brr1eY )

The isomorphisms w and 2 are related by means of the abstraction operators.

Pus (STT) P (PTT)
abs gy % (I,b.s‘pt
ST 5 PT
PROPERTY 2.25 wo absy = abs,; o Q.
ProOOF
w (absst (X))
= w(U{a10-~~oak+1 | ap1 € X))
= m{w(al o - ceqpyy)|arrap € X} [Property 1.12]

= m{w(ak+1) o -ew(og)|oy--apy; € X} [Property 1.12]

= abs, {w(apgr) wlar)|og--appr € X })
= abs, ((X)).

a

The compositional semantics Cy; and C,,; are related to the intermediate semantics O}, and O;t by
means of the abstraction operators.

Py (STH) P (PT)
Cst CP’/
abs gt * Conf * absp
ST PT

PROPERTY 2.26 abss 0Cyy = OF, and abs,; 0 Cpy = O;t.

PRrROOF Trivial. O



18 Conclusion

Finally, we prove that the state transformation semantics O,; and the predicate transformer seman-
tics O, are isomorphic by combining the Properties 2.23, 2.25, and 2.26.

Stat

THEOREM 2.27 wo Oy = Opy and wtlo Opt = Oy

PrOOF
w (04 (s))
= w(]O% (s,m)
= |_| w (0%, (s,n)) [Theorem 1.11]
= |_| w(absy (Cy (s,m))) [Property 2.26]
= |_| absy (Q(Cyi (s,m))) [Property 2.25]
= |_| abs,y (Cpy (s, 1)) [Property 2.23]
= |_| Oy (s,n) [Property 2.26]
Furthermore,

= wt! (w (O (5)))

W (O (s))
= 04 (s). [Theorem 1.11]

CONCLUSION

A state transformation semantics and a predicate transformer semantics for programs built from
atomic actions, sequential composition, nondeterministic choice, parallel composition, atomisation,
and recursion have been presented. These semantics were shown to be isomorphic. Although parallel
composition fits in the presented framework, for example, the conditional statement does not fit in
the framework (see Section 2).

In order to treat the conditional statement, we could drop the restriction to nonempty sets in
Definition 1.1. The modified complete partial order of state transformations is isomorphic to the
complete partial order of continuous and multiplicative predicate transformers (cf. [BK92]). By means
of this isomorphism we could extend the presented results and deal also with the conditional statement.
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The framework presented in our paper might also be amended to treat a variety of other language
constructs using the various isomorphism results mentioned in the introduction.
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