
Author: Franck van BreugelTitle: Topological Models in Comparative SemanticsLanguage of presentation: EnglishPromotor: Prof. dr. Jaco de BakkerDate of defense: September 28, 1994Institution granting degree: Vrije Universiteit Amsterdam, The NetherlandsAbstract:During the last three decades several di�erent styles of semantics for programming languages havebeen developed. This thesis compares two of them: the operational and the denotational approach.We show how to give operational and denotational semantics to programming languages, and how tocompare di�erent semantic models for a given language. Both in the de�nition of the denotationalsemantics and in the comparison of semantic models we make use of metric topology. This thesisbuilts on the pioneering work by Arnold and Nivat and the foundational work by the AmsterdamConcurrency Group headed by De Bakker on the use of metric spaces in semantics.The work reported in this thesis started with the search for comparative semantics for a frag-ment of ACPr�, a real time language introduced by Baeten and Bergstra (1991). The principalconstruction of this language is the integration statement. In its most general form the integrationstatement gives rise to unbounded nondeterminism. We �rst considered a �nite version of integra-tion. An operational semantics was given for the language by means of a labelled transition system.Furthermore, a denotational semantics based on a complete metric space was constructed for thelanguage. We proved that the two semantic models are equivalent by means of standard tools.Inspired by a theorem of Michael (1951), a result from general topology which roughly tells us thata compact union of compact sets is again compact, we next considered the language with a compactversion of integration. The operational semantics could be extended without any problems. For theextension of the denotational semantics we needed some new ingredients. In the de�nition of thedenotational semantics we exploited the already mentioned theorem of Michael and the fact that acontinuous image of a compact set is compact, a result from general topology due to Alexandro�(1927). The equivalence proof of the two semantic models was the most di�cult part to generalize.To prove the equivalence by uniqueness of �xed point, a proof principle based on Banach's unique�xed point theorem (1922) and introduced in semantics by Kok and Rutten (1990), the operationalsemantics should be compact. The compactness of an operational semantics is usually derived fromthe fact that the labelled transition system inducing the semantics satis�es the �niteness condition�nitely branching. However, the labelled transition system at hand is not �nitely branching. It doesnot even satisfy the weaker �niteness condition image �nite. We provided the labelled transitionsystem with some additional metric structure. The enriched labelled transition system was shownto be compactly branching, a generalization of �nitely branching. This generalization enabled us toprove that the operational semantics is compact. The operational and denotational semantics andtheir equivalence proof are presented in Chapter 8.In the above described comparative semantic study we used labelled transition systems enrichedwith metrics. We call these enriched labelled transition systems metric labelled transition systems.We continued our research by developing a general theory for metric labelled transition systems.Several unsuccessful attempts were made to generalize the other �niteness condition image �nite.Restricting our attention to functions being nonexpansive, rather than continuous, enabled usto generalize image �nite to image compact. We proved that an image compact metric labelledtransition system induces a closed operational semantics, generalizing the folklore result that animage �nite labelled transition system gives rise to a closed operational semantics. The theory of



metric labelled transition systems is presented in Chapter 7. This theory generalizes well knownresults of labelled transition systems. These results are presented in Chapter 4 and applied to givecomparative semantics to a very simple language in Chapter 5.Apart from the comparative semantic study described above we applied the theory of metriclabelled transition systems to give comparative semantics to several other languages. Two furtherapplications are presented in this thesis. An operational semantics and a denotational semantics fora language with iteration are related by uniqueness of �xed point in Chapter 9. A language withsecond order communication is modelled operationally and denotationally and the relationship ofthe two semantic models is studied in Chapter 10 (joint work with De Bakker).In the study of metric labelled transition systems we encountered a new branching domain:a complete metric space of labelled trees. The elements of the branching domain, the branchingprocesses, are endowed with a metric such that the distance of branching processes increases (ex-ponentially) if the maximal depth at which the truncations of the branching processes coincidedecreases (linearly). The branching domain was designed to model image �nite language construc-tions, those constructions modelled operationally by means of an image �nite labelled transitionsystem. The random assignment is a standard example of an image �nite language construction.The branching domain is used to give comparative semantics to a language with random assignmentin Chapter 6. We were interested to see how this new branching domain relates to two alreadyknown branching domains introduced by De Bakker and Zucker (1982, 1983). The one domainwas also introduced to model image �nite language constructions, whereas the other domain wasdesigned to model �nitely branching constructions. The new domain turned out to be situatedproperly in between the two other domains. Although the new domain was designed to �t in be-tween them, it took us some time before we could actually prove this. In the proof we employedvarious results from general topology including a theorem of Lindenbaum (1926), which had notbeen used before in semantics as far as we know. In the comparison of the branching domainswe also used the fact that the branching domains are compact metric spaces. The study of thebranching domains is presented in Chapter 3.When the research reported in this thesis was started some problems of the branching domainfor image �nite constructions were already known. Bergstra and Klop (1987) had shown thatthe obvious parallel composition of two branching processes is in general not a branching process.Warmerdam (1990) had provided an intricate example showing that the same holds for the sequen-tial composition. The new branching domain does not give rise to these problems. The sequentialcomposition on the old and the new branching domain for image �nite constructions is discussedin Section 6.3.In the comparative study of the branching domains we exploited the fact that the branchingdomains are compact metric spaces. A rather ad hoc proof of this fact was �rst provided. Innotes by Warmerdam (1991) we found some general theory, based on the theory of solving domainequations over complete metric spaces developed by America and Rutten (1989), also proving thisfact. We worked out the details (joint work with Warmerdam). The main results can be found inChapter 2.Table of contents:Introduction 11 Mathematical preliminaries 91.1 Set theory : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 91.2 Topology : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 10
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