
A Note on the Hutchinson Metric(Draft)Franck van BreugelYork University, Department of Computer Science4700 Keele Street, Toronto, Canada M3J 1P3franck@cs.yorku.caJuly 20, 1999In [Hut81], John Hutchinson introduced a metric on the set of Borel probability measures on a metric space.In this note, I present the Hutchinson metric and prove several properties of this metric. I restrict myattention to 1-bounded metric spaces. Most of the material in this note is based on [Par67] and [Edg98].Proposition 7, 8 and 9 may be new.Let X be a 1-bounded metric space. I denote the set of Borel probability measures on X byM (X). TheHutchinson metric on M (X) is introduced inDefinition 1 The function dM (X) :M (X)�M (X)! [0; 1] is de�ned bydM (X) (�; �) = sup � ����ZX fd�� ZX fd����� : f 2 X ! [0; 1] is nonexpansive� : yFirst, I show that the above introduced distance function is a metric. My proof is based on [Edg98, Propo-sition 2.5.14].Proposition 2 dM (X) is a metric.Proof Since for all nonexpansive f 2 X ! [0; 1],0 = ZX 0d� � ZX fd� � ZX 1d� = 1;dM (X) (�; �) � 1.Obviously, dM (X) (�; �) = 0.Towards a contradiction, assume that � 6= � and RX fd� = RX fd� for all nonexpansive f 2 X ! [0; 1].Since Borel probability measures on X are completely determined by their restrictions to the closed subsetsof X , � (C) 6= � (C) for some closed subset C of X . For each n 2 IN, the function fn : X ! [0; 1] is de�nedby fn (x) = max f0; 1n � infc2C dX (x; c)g:Since for all x, y 2 X ,jfn (x) � fn (y)j= jmax f0; 1n � infc2C dX (x; c)g �max f0; 1n � infc2C dX (y; c)gj� j 1n � infc2C dX (x; c)� ( 1n � infc2C dX (y; c))j 1



= j infc2C dX (x; c)� infc2C dX (y; c)j� dX (x; y) [see [Par67, Theorem I.1.1]]fn is nonexpansive. One can easily verify that the set fx 2 X : infc2C dX (x; c)< 1n g is open and that1n � �C � fn � 1n � �f x2X:infc2C dX (x;c)< 1n g:Therefore,� (C)= ZX �Cd�� n � ZX fnd�= n � ZX fnd�� ZX �f x2X:infc2C dX (x;c)< 1n gd�= � (fx 2 X : infc2C dX (x; c) < 1n g)Hence,� (C)� infn2IN � (fx 2 X : infc2C dX (x; c) < 1n g)= � ( \n2IN fx 2 X j infc2C dX (x; c)< 1n g)= � (C):Similarly, one can show that � (C) � � (C) which leads to a contradiction.Clearly, dM (X) (�; �) = dM (X) (�; �).For each nonexpansive f 2 X ! [0; 1],����ZX fd�� ZX fd!����� ����ZX fd�� ZX fd�����+ ����ZX fd� � ZX fd!����� dM (X) (�; �) + dM (X) (�; !):Hence,dM (X) (�; !) � dM (X) (�; �) + dM (X) (�; !): �The metric space X can be isometrically embedded into the metric space M (X) (cf. [Par67, Lemma II.6.1]and [Edg98, page 108]). For each x 2 X , let �x be the Dirac measure at x.Proposition 3 � is isometric.Proof Let x, y 2 X .dM (X) (�x; �y) 2



= sup � ����ZX fd�x � ZX fd�y���� : f 2 X ! [0; 1] is nonexpansive�= sup f jf (x)� f (y)j : f 2 X ! [0; 1] is nonexpansiveg� dX (x; y):The function g : X ! [0; 1] de�ned byg (z) = dX (x; z)is nonexpansive and����ZX g d�x � ZX g d�y����= jg (x)� g (y)j= dX (x; y): �As a consequence, if M (X) is complete then so is X .I denote the set of tight Borel probability measures on X by Mt (X). Since the Dirac measures aretight, the metric space X can be isometrically embedded into the metric space Mt (X). As a consequence,if Mt (X) is complete then so is X .Proposition 4 If X is complete then Mt (X) is complete.Proof I refer the reader to [Edg98, Theorem 2.5.25] for the moment. �Mt can be extended to an endofunctor on the category CMS of 1-bounded complete metric spaces andnonexpansive functions as follows.Definition 5 Let X and Y be 1-bounded complete metric spaces. Let f : X ! Y be nonexpansive. Thefunction Mt (f) :Mt (X)!Mt (Y ) is de�ned byMt (f)(�) = � � f�1: yProposition 6 Let f : X ! Y be nonexpansive. If � 2Mt (X) then � � f�1 2Mt (Y ).Proof Let � > 0. Since � is tight, there exists a compact subset K� of X such that � (X n K�) < �.Because f is nonexpansive, f (K�) is a compact subset of Y . Since f�1 (Y n f (K�)) is a subset of X nK�,(� � f�1) (Y n f (K�))< �. Hence, � � f�1 is tight. �Proposition 7 Mt (f) is nonexpansive.Proof For all �, � 2 Mt (X),dMt (Y ) (Mt (f)(�);Mt (f)(�))= sup � ����ZY g d(� � f�1)� ZY g d(� � f�1)���� : g 2 Y ! [0; 1] is nonexpansive�= sup � ����ZX(g � f) d�� ZX(g � f) d����� : g 2 Y ! [0; 1] is nonexpansive�� sup � ����ZX h d�� ZX h d����� : h 2 X ! [0; 1] is nonexpansive�= dMt (X) (�; �): �3



This functor is locally nonexpansive (see [RT92, De�nition 4.2]).Proposition 8 Mt is locally nonexpansive.Proof For all nonexpansive f , g 2 X ! Y and � 2Mt (X),dMt (Y ) (Mt (f)(�);Mt (g)(�))= sup � ����ZY h d(� � f�1)� ZY h d(� � g�1)���� : h 2 Y ! [0; 1] is nonexpansive�= sup � ����ZX(h � f) d�� ZX(h � g) d����� : h 2 Y ! [0; 1] is nonexpansive�= sup � ����ZX(h � f � h � g) d����� : h 2 Y ! [0; 1] is nonexpansive�� dX!Y (f; g);since for all nonexpansive h 2 Y ! [0; 1] and x 2 X ,(h � f � h � g) (x)� j(h � f) (x)� (h � g) (x)j� dY (f (x); g (x)) [h is nonexpansive]� dX!Y (f; g): �The terminal object and the coproduct of the category CMS are denoted by 1 and +, respectively. Let0< � < 1. The operation �� on metric spaces leaves the set unchanged and multiplies the metric by �. Thisoperation can be extended straightforwardly to an endofunctor on CMS .Proposition 9 For all 0< � < 1, there exists a terminal 1 + � � Mt(�)-coalgebra.Proof Let 0 < � < 1. Since the functor Mt is locally nonexpansive, the functor 1 + � � Mt (�) is locallycontractive. According to [RT92, Theorem 4.8], there exists a terminal 1 + � � Mt(�)-coalgebra. �References[Edg98] G.A. Edgar. Integral, Probability, and Fractal Measures. Springer, 1998.[Hut81] J.E. Hutchinson. Fractals and Self Similarity. Indiana University Mathematics Journal, 30(5):713{747, 1981.[Par67] K.R. Parthasarathy. Probability Measures on Metric Spaces. Academic Press, 1967.[RT92] J.J.M.M. Rutten and D. Turi. On the Foundations of Final Semantics: non-standard sets, metricspaces, partial orders. In J.W. de Bakker, W.-P. de Roever, and G. Rozenberg, editors, Proceedingsof the REX Workshop on Semantics: Foundations and Applications, volume 666 of Lecture Notesin Computer Science, pages 477{530, Beekbergen, June 1992. Springer-Verlag.
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