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ABSTRACT

A time reversal (TR) based direction of arrival (DOA) estimation
framework for multiple-input/multiple-output (MIMO) radars is
presented. We develop minimum variance distortionless response
(MVDR) and multiple signal classification (MUSIC) based DOA
estimators for the TR/MIMO setup. The TR/MIMO estimation algo-
rithms outperform their conventional counterparts in: (i) analytical
Cramér Rao Bounds (CRB) comparisons, and; (ii) numerical Monte
Carlo simulations for a range of signal to noise ratios that we tested.

Index Terms— Time Reversal, Cramér-Rao Bounds, DOA Es-
timation, Localization, MIMO, and Multipath.

1. INTRODUCTION

The paper explores the potential of using an adaptive waveform
design technique known as time reversal (TR) in conjunction with
multiple-input/multiple-output (MIMO) radars [1] to design new
source localization algorithms. Unlike the standard phased-array
radars, which transmit scaled versions of a single waveform, a
MIMO radar system has the capacity to transmit multiple and possi-
bly different probing signals simultaneously. This additional degree
of freedom, supplemented by the ability to design the probing wave-
forms according to the channel characteristics, is used to optimize a
desired criteria, such as enhancing detection performance, increas-
ing clutter/interference rejection, or improving metric accuracy.

To date, most of the work on the probing signal design in MIMO
radars has focused on non-adaptive waveform shaping [2], where a
particular waveform design is strictly followed throughout the esti-
mation process. By incorporating TR in MIMO radars, the paper em-
ploys an adaptive waveform reshaping mechanism, which conforms
the probing waveforms to the propagation environment. The differ-
ence in MIMO and TR/MIMO radars is, therefore, obvious. First,
while the conventional MIMO radar uses a pretrained set of probing
signals (generally orthogonal to each other), TR/MIMO radar adapts
the transmission waveforms to the multipath environment and thus
provides a straightforward procedure for adaptive waveform coding
based on the channel characteristics. Recently, Moura et al. [3, 4]
have introduced TR/MIMO radars for target detection. This paper
extends the TR/MIMO radar framework, we believe for the first
time, to target localization. A second distinction of TR/MIMO radar
lies in its positive treatment of multipath - normally considered detri-
mental in conventional radar systems.

The novel contributions of the paper, therefore, are: (i) Apply-
ing TR/MIMO to estimate the direction of arrival (DOA) of a target
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embedded in a highly cluttered environment, and; (ii) Deriving
the Cramér-Rao bounds (CRB) for the proposed TR/MIMO DOA
estimator. Combined with the traditional DOA approaches based
on minimum variance distortionless response (MVDR) and multiple
signal classification (MUSIC), the TR/MIMO estimator significantly
improves the estimation performance of these algorithms across a
range of signal to noise ratios (SNR) tested in our Monte Carlo sim-
ulations. In terms of organization, Section 2 formulates the problem
for both conventional MIMO and TR/MIMO frameworks. Section 3
reviews the classical DOA estimators (MUSIC and MVDR) used as
a proof of concept for the MIMO and TR/MIMO radars, and also
derives their CRBs. Section 4 compares their performances through
Monte Carlo simulations. Finally, Section 5 concludes the paper.

2. SYSTEM MODEL

Consider a monostatic radar consisting of two colocated arrays with
PT transmit and PR receive elements. Element i of the transmit array
probes the channel with a bandpass signal fi(t)e

jωct, where fi(t)
is the complex baseband envelope of the probing signal and ωc is
the carrier angular frequency. The backscatter from a point target
observed at the j’th receiver, (1 ≤ j ≤ PR), is given by

rj(t) =

PTX
i=1

Xijfi(t− τ̃T
i − τ̃R

j )ejωc(t−τ̃T
i −τ̃R

j ) +rc(t)+v(t) (1)

where τ̃T
i = (r0/c) + τT

i (θ) is the propagation delay between ele-
ment i of the transmit array and the far-field target at range r0 along
direction θ and c denotes the propagation speed in the medium. Sim-
ilarly, τ̃R

j = (r0/c) + τR
j (θ) is the propagation delay between el-

ement j of the receive array and the target. Terms {τT
i (θ), τR

j (θ)}
are, respectively, the inter-element delays between the i’th transmit
and j’th receive elements from r0. The complex term Xij corre-
sponds to the path loss including the target’s reflection coefficient.
The clutter response and noise are denoted, respectively, by rc(t)
and v(t). The signal rj(t) is down-converted to baseband then the
Fourier transform is performed, which gives

Rj(e
jω) =

PTX
i=1

h
Xije

−j(ω+ωc)(2r0/c+τT
i (θ)+τR

j (θ))Fi(e
jω)

i
(2)

+ R′
c(e

jω) + V ′(ejω),

where Fi(e
jω) is the discrete time Fourier transform (DTFT) of

fi(t). Notations R′
c(e

jω), and V ′(ejω) are, respectively, the fre-
quency downconverted versions of the DTFTs of rc(t) and v(t).

Conventional MIMO Radar: is shown in Fig. 1 and is based on the
following steps.



1. Conventional Probing: In Eq. (2), we define the attenuation
coefficient X=Xij exp (−j2ωcr0/c). Based on the far-field
assumption, the path losses Xij are assumed identical for all
pairs of transmit and receive elements for the backscatter trav-
elling via the direct path. In the vector-matrix form, Eq. (2) is,
therefore, given by

r(ejω) = Xe−j2ωr0/cA(θ)f(ejω) + rc(e
jω) + v(ejω)(3)

where r(ejω) is the ordered vector for Rj(e
jω); rc(e

jω) and
v(ejω) are, respectively, the clutter and noise vectors; A(θ)
= aR(θ)aT

T (θ) is the transmit-receive steering matrix with

aT (θ) = [e−j(ω+ωc)τT
1 (θ), · · · , e

−j(ω+ωc)τT
PT

(θ)
]T ,

aR(θ) = [e−j(ω+ωc)τR
1 (θ), · · · , e

−j(ω+ωc)τR
PR

(θ)
]T ,

and f(ejω) = [F1(e
jω), · · · , FPT (ejω)]T .

With interference backscatters part of the clutter, Eq. (3) is

r(ejω) = H(ejω)f(ejω)| {z }
rt(ejω )

+Hc(e
jω)f(ejω) + v(ejω)| {z }

rz(ejω)

, (4)

where H(ejω) = Xe−j2ωr0/cA(θ) contains the unknown
parameters and Hc(e

jω) is the clutter frequency response. In
rz(e

jω), the clutter component is rc(e
jω) = Hc(e

jω)f(ejω).

2. Conventional Clutter Probing: A training stage in the ab-
sence of the target estimates the statistics of the clutter and
also models the clutter frequency response Hc(e

jω). The
channel is probed with f(ejω) and the clutter backscatters
rc(e

jω) are recorded. In modeling Hc(e
jω), we follow the

approach presented in [4,5], where the clutter is characterized
in the spatial and spectral domains, and represented as a mul-
tivariate complex Gaussian random process. The covariance
matrix of the clutter returns Rrc is estimated in this step.

3. Conventional Clutter Suppression: With the noise compo-
nent v ∼ CN (0, σ2

nIPR), the covariance of the clutter-noise
component rz is Rrz = Rrc + σ2

nIPR . Noting that the
clutter-noise covariance matrix Rrz is a positive definite ma-
trix, a whitening filter is used to convert the clutter-noise com-
ponent to white noise. The whitened observation is given by

r̃(ejω) = R
− 1

2
rz H(ejω)f(ejω)| {z }

r̃t(ejω )

+R
− 1

2
rz rz(e

jω)| {z }
r̃z(ejω )

, (5)

with the whitened clutter-noise term r̃z(e
jω) ∼ CN (0, σ2

zIPR).
The whitened channel response H̃(ejω) = R

−1/2
rz H(ejω).

4. Conventional MIMO Matched Filtering: The wideband
observations are decomposed into Q = B/Bc narrowband
bins using either the DTFT or filter banks before apply-
ing a narrowband localization algorithm, where Bc is the
coherence bandwidth of the multipath channel and B the
system bandwidth. The output Br̃ of the filter matched to the
probing signal f(ejωq ) when applied to the MIMO observa-
tion r̃(ejωq ) provides sufficient statistics for estimating the
unknown parameters [2]. The output of the matched filter is

Br̃ =

Q−1X
q=0

»
Xe−j2ωqr0/cR

− 1
2

rz A(θ)f(ejωq )fH(ejωq )

+ r̃z(e
jωq )fH(ejωq )

i
(6)

The conventional radar uses (6) to estimate the DOA θ.
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Fig. 1. Schematic diagram for the conventional MIMO DOA radar.

TR/MIMO Radar: In addition to Steps 1-3, the TR/MIMO DOA
estimation includes the following steps. Step 4 is not needed here.

5. Time Reversal Probing: The whitened backscatters r̃(ejω)
from Eq. (5) in Step 3 are time-reversed, energy normalized,
and are used to probe the channel a second time. The TR
probing signal is given by fTR(ejω) = g [̃r(ejω)]∗, where

g =
qR ||f(ejω)||2dω/

R ||r̃(ejω)||2dω is the TR normal-
ization constant with respect to the whitened backscatter
r̃(ejω). The TR backscatter observations are

p(ejω) = gHT (ejω, α)r̃∗(ejω)+pc(e
jω)+pn(ejω). (7)

Substituting Eq. (5) in Eq. (7) gives

p(ejω) = gHT (ejω)H̃∗(ejω)f∗(ejω)| {z }
pt(ejω)

(8)

+ gHT (ejω)r̃∗z(e
jω) + HT

c (ejω)r̃∗(ejω) + pn(ejω)| {z }
pz(ejω )

.

In pz(e
jω), the clutter component pc(e

jω) = HT
c (ejω)r̃∗(ejω).

6. TR Training: The TR training step time reverses the clutter
returns rc(e

jω) obtained from the conventional clutter prob-
ing stage and probes the channel in the presence of the target
with r∗c(e

jω). The backscatter of this probing is given by

pct(e
jω) = gc[H(ejω)+Hc(e

jω)]T r∗c (ejω)+n(ejω), (9)

where gc =
qR ||f(ejω)||2dω/

R ||rc(ejω)||2dω is the nor-
malization constant with respect to the clutter returns. Since
an estimate of Hc(e

jω) is available (Step 2), term gcH
T
c r∗c is

subtracted out from pct in Eq. (9).

7. TR Clutter Suppression: The whitening filter for the TR
stage is based on Eq. (8), which has two clutter components:
HT (ejω)r̃∗z(e

jω) and HT
c (ejω)r̃∗(ejω). An estimate of the

clutter component in the first term is obtained from Step 6,
while a determination of the clutter for the second term is ob-
tained by estimating the clutter frequency response Hc from
the conventional clutter probing stage. We follow the same
whitening approach as described earlier for the conventional
MIMO. The whitened TR observations are then given by

p̃(ejω) = R
− 1

2
pz pt(e

jω)| {z }
p̃t(ejω)

+R
− 1

2
pz pz(e

jω)| {z }
p̃z(ejω )

, (10)



with the whitened clutter-noise term p̃z(e
jω)∼CN (0, σ2

wIPT ).
Using Eq. (8), the whitened return p̃(ejω) in the TR step is

p̃(ejω) = gR
− 1

2
pz HT (ejω)H̃∗(ejω)f∗(ejω) + p̃z(e

jω), (11)

with the whitened TR matrix T̃(ejω)=R
− 1

2
pz HT (ejω)H̃∗(ejω).

8. TR/MIMO Matched Filtering: Next, we apply the matched
filter to the TR observations p̃(ejω) in order to formulate the
sufficient statistics matrix Bp̃ for the TR/MIMO radar. The
TR probing waveforms r̃∗(ejω) can not be used directly to
design the matched filter as these are not necessarily orthog-
onal and will result in the TR sufficient statistics Bp̃ that are
statistically dependent. So, we transform r̃∗(ejω) to a vector
of signals [6] as follows

f̃TR = V−1/2UH r̃∗(ejω), (12)

in which U and V are, respectively, the matrices of eigen-
vectors and eigenvalues of the correlation matrix of r̃∗. The
resulting waveforms f̃TR are used to design the matched fil-
ter, which results in the TR/MIMO statistics

Bp̃ =

Z
p̃(ejω)f̃H

TR(ejω)dω (13)

=

Z
p̃z(e

jω)f̃H
TR(ejω)dω + g

Z
T̃(ejω)f∗(ejω)f̃H

TR(ejω)dω

The conventional MIMO radar is based on Eq. (6), while the TR/
MIMO radar, shown in Fig. 2, uses Eq. (13) for target localization.

3. MIMO DIRECTION ESTIMATION

As a proof of concept, two classical DOA estimators, MUSIC
and MVDR, are applied to the conventional and TR observations
modeled, respectively, in Eqs. (6) and (13). Recall that the TR
probing signals are reshaped and adaptively adjusted to the scat-
tering properties of the medium. In order to de-correlate the time
reversed backscatters, the TR/MIMO radar requires a preprocessing
step based on the Transmission Diversity Smoothing (TDS) algo-
rithm [6], which is applied to the covariance matrix of the TR model.

R̃p̃ = (1/PR)

PRX
i=1

{Rp̃}i, (14)

where {Rp̃}i is the covariance matrix for the i’th column of the TR
sufficient statistics Bp̃ (Eq. (13)). This is equivalent to smoothing the
correlation matrices obtained from each column of the matrix Bp̃.
TR/MIMO MVDR: Combining results from different bins, the ge-
ometrically averaged wideband TR MVDR has the power spectrum

Q
TR
MV (θ) = (1/Q)

QY
q=1

{aH
T (θ)R̃−1

p̃ (ejωq )aT (θ)}−1. (15)

TR/MIMO MUSIC: Assuming that the covariance matrix R̃p̃ has
the eigen decomposition

R̃p̃ = Us
p̃Vs

p̃(Us
p̃)H + σ2

wUn
p̃(Un

p̃)H , (16)

where Us
p̃ and Vs

p̃ are, respectively, the eigenvector and eigenvalue
matrix of R̃p̃ in the signal subspace and Un

p̃ is the eigenvector of R̃p̃

in the noise subspace, the wideband TR/MIMO MUSIC spectrum is

Q
TR
MU (θ) = (1/Q)

QY
q=1

j
aH

T (θ)Un
p̃(Un

p̃)HaT (θ)

aH
T (θ)aT (θ)

ff−1

.(17)
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Fig. 2. Schematic diagram for the TR/MIMO DOA radar.

Conventional MIMO Direction Estimation: In order to compare
the TR/MIMO radar with its MIMO counterpart, the MVDR and
MUSIC DOA algorithms are implemented for the MIMO radar. We
follow the procedure for TR/MIMO expressed in Eqs. (15) and (17),
but instead of the TR covariance matrix R̃p̃, the covariance matrix
Rr̃ based on the conventional observations is processed by the TDS
step (similar to Eq. (14)) and the resulting matrix is used.

3.1. Performance Bounds: Extending the CRBs [7] for single-input
multiple-output (SIMO) radars to MIMO radars, the following CRB
expressions for unknown parameter α = [r0, θ]T are derived.

Conventional MIMO DOA Estimator:

CRBCV(α)−1 =
N

πσ2
z

×�
jZ

f̃H(ejω)DHDf̃(ejω)dω

ff
(18)

TR MIMO DOA Estimator:

CRBTR(α)−1 =
g2N

πσ2
w

× �
jZ

f̃T (ejω)EHEf̃∗(ejω)dω

ff
(19)

where D =

»
∂H̃(ejω)

∂r0

∂H̃(ejω)

∂θ

–
,E =

»
∂T̃(ejω)

∂r0

∂T̃(ejω)

∂θ

–
,

and f̃ = f ⊗ I2. In the above expressions, N is the total number
of snapshots. The proofs are based on the methodology introduced
in [8] but omitted here due to lack of space.

4. NUMERICAL SIMULATIONS

In this section, we carry out Monte Carlo simulations to evaluate the
performance of the proposed TR/MIMO DOA estimators. A MIMO
radar system based on two colocated arrays with PT = PR = 10 an-
tennae elements with half-wavelength inter-element spacing is used.
For the probing waveforms, we follow [4] and use the phase cod-
ing scheme Fi(e

jωq ) = ej2πiq/QF (ejωq ), for (1 ≤ i ≤ 10) and
(0 ≤ q ≤ Q− 1) with Q = 10 bins, where F (ejωq ) is the DTFT of
the linear frequency modulated signal

f(t) =
1√
τ0

Rect(
t

τ0
)ejπμt2ejωct. (20)

The angular frequency ωc = 2πfc with the base chirp frequency
fc = 5 GHz. The width of the pulse τ0 is set to 50 μs and param-
eter μ = B/τ0 with the bandwidth B set to 100 MHz. The setup
includes a single target located at θ = 40◦ with a range of 1km
embedded in a highly cluttered environment. The clutter model fol-
lows the complex Gaussian approach characterized in both spatial
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Fig. 3. (a) MIMO MVDR and (b) MIMO MUSIC DOA estimates for
a target located at 40◦ and two interference sources at {50◦,−30◦}.
The SNR is set to 10 dB with additional Gaussian clutter having the
signal to clutter ratio (SCR) of 10 dB. The outputs of the TR/DOA
estimators are shown with firm lines, while those of the conventional
estimators are shown with dotted lines.

and spectral domains suggested in [5]. In addition to the clutter and
noise model included in Eq. (4) for the conventional MIMO radar,
two interference sources located at {50◦,−30◦} transmit random
binary phase shift keying (BPSK) symbols with high power. The re-
ceived signals have N = 2500 snapshots, each corrupted with a
zero-mean white Gaussian noise, whose variance is adjusted to pro-
vide the desired range of SNRs. The TR received waveforms follow
the approach presented in Section 2 with the addition of jammers
similar to the ones introduced in the conventional MIMO radar. The
MVDR and MUSIC algorithms are used to plot the pseudospectrum
in Fig. 3. While both the MIMO/MVDR and MIMO/MUSIC are un-
able to locate the true DOA of the target at 40◦ and deviate from
this value because of the presence of clutter and interference source
at 50◦, their TR counterparts locate the target with a high accu-
racy. Further, the MUSIC and MVDR algorithms based on the con-
ventional MIMO suffer from higher sidelobes and wider mainlobes
(lower resolutions). On the other hand, the DOA estimators based
on TR/MIMO offer higher immunity to interference. Fig. 4 plots the
root-mean-square error (RMSE) obtained from a Monte Carlo sim-
ulation of 1000 runs for different SNRs with the SCR set to 10dB.
The TR/MIMO DOA estimators exhibits considerably lower RMSE
at all SNRs. The figure also shows the CRBs (obtained by discretiz-
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Fig. 4. Performance curves for the MIMO and TR/MIMO DOA es-
timators. For comparison, the plots for the CRBs are also included.

ing Eqs. (18) and (19) and running numerical simulations to compute
terms DHD and EHE) for the two DOA estimators illustrating the
potential of better performance with the TR/MIMO radar.

5. SUMMARY

A new TR/MIMO radar for target localization is presented, which
exploits the spatial diversity arising from multipath and adjusts the
probing waveforms to the scattering properties of the medium. As
evident from the Monte Carlo simulations, the TR/MIMO radar pro-
vides higher accuracy and is more robust to clutter and channel in-
terference than the conventional MIMO radar. The CRBs reinforce
the potential gain possible with the TR/MIMO radar.
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