
IE
EE

Pr
oo

f

IEEE SIGNAL PROCESSING LETTERS, VOL. 11, NO. 3, MARCH 2004 1

Fast Rauch–Tung–Striebel Smoother-Based Image
Restoration for Noncausal Images

Amir Asif, Senior Member, IEEE

Abstract—We describe a technique for restoration of blurred
images corrupted with additive noise. Our algorithm uses a prac-
tical implementation of the Rauch–Tung–Striebel (RTS) smoother-
based on noncausal prediction that models the blurred image as
a finite-lattice Gauss Markov random process (GMRP). The one-
sided regressors of the GMRP converge at a geometric rate to shift-
invariant values along the rows of the image. This leads to a steady-
state solution for the RTS filter. Experimental results illustrate the
superiority of our RTS-based algorithm over Wiener filter, deter-
ministic filters, and filters that use the one-sided causal state model.

Index Terms—Gauss–Markov random process (GMRP), image
restoration, Kalman–Bucy filter (KBF), noncausal prediction,
random process, Rauch–Tung–Striebel (RTS) smoother.

I. INTRODUCTION

AN IMAGE ACQUIRED by a practical (typically imper-
fect) imaging system suffers from degradations resulting

from such factors as sensor noise, improper camera focus, and
relative object–camera motion. If the imaging system is mod-
eled by a linear shift-invariant (LSI) system, the observed image

is expressed in terms of the ideal image as

(1)

where denotes the two-dimensional (2-D) convolution oper-
ator, is the point spread function (psf) that introduces blur
and distortion in , and represents additive noise.
The objective of image restoration is to determine from
the observed image .

In recent years, a number of robust algorithms have been
proposed for image restoration. Broadly speaking these can
be categorized in two categories. Category 1 based on inverse
filters, [2], considers only blurring and performs poorly in
the presence of the observation noise. Category 2 proposes
the Wiener filter or compound Gauss Markov random field
(CGMRF)-based restoration techniques [3], to control changes
in the image model using a hidden random field. The process of
finding the maximum a posterior (MAP) estimate is complex
and methods like simulated annealing, deterministic relaxation,
or anisotropic diffusion are used. Such methods are computa-
tionally intensive and lead to unstable solutions.

The letter describes a fast implementation of the
Rauch–Tung–Striebel (RTS) smoother [1] for image restoration
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Fig. 1. First- to sixth-order neighborhood noncausal prediction models.

based on a noncausal predictive model. Our approach models
the image as a noncausal finite-lattice Gauss Markov
random process (GMRP), [4]–[7]. We extend the work pre-
sented in [6] and restore a noisy image blurred with a known
psf using a computationally efficient implementation of the
RTS algorithm. Our work supplements [6] in two ways. While
[6] is limited to images corrupted by additive noise (no blur is
considered), we consider degradations introduced from both
noise and blur. A second contribution of this work is to derive a
practical implementation of the RTS algorithm. We make use of
the fact that the state matrices in the state model obtained from
the noncausal GMRP predictive model reach shift-invariant
values along the rows of the noisy image. The predictor and
filter covariance matrices computed in the forward stage of the
Kalman–Bucy filter (KBF) therefore attain steady-state values
after a few iterations. Once this happen, the smoother gain
and smoother covariance in the backward sweep of the RTS
algorithm do not require any further updating. This reduces the
computational complexity of the RTS algorithm.

The letter is organized as follows. Section II reviews the non-
causal GMRP used to model the image. Under mild constraints,
the regressors used to define the state model of the noncausal
image field reach shift-invariant values. Section III describes
the psfs that we consider. In Section IV, the RTS algorithm is
presented with a note on its steady-state values. Section V com-
pares the performance of the algorithm with spatial averaging,
Wiener filter, and a similar RTS algorithm based on causal pre-
diction. Finally, Section VI concludes the letter.

II. NONCAUSAL GMRP

In noncausal GMRP, we use a noncausal neighborhood of
pixels to make a linear prediction of the current pixel value.
Fig. 1 illustrates the noncausal neighborhood sets of order up
to six for the pixel labeled o. The first-order GMRP involves
pixels marked 1, the second-order set involves the pixels marked
as 1 and 2, and similarly for the higher order processes. For the
first-order GMRP, the prediction of the image intensity at pixel
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( ) (say the pixel represented by o in Fig. 1) given the image
intensity values at all other pixels, is

(2)
where and are the vertical and horizontal field interac-
tions, represents the intensity value of the pixel in
the row above the reference pixel, row ( ), and in the same
column as the reference pixel, column , of an ( ) image
and likewise for the remaining quantities in (2). The error
involved in the prediction is given by .
Using the row-major order to vectorize image by vector
and error field by , the error image can be expressed
in the matrix-vector form, , where is the ( 1)
column vector for the error image . The matrix is the
( ) potential matrix and has the following structure for
zero Dirichlet1 boundary conditions (BCs)

with and
(3)

where represent the Kronecker product. The symbols and
are identity matrices, while and are Toeplitz matrices

that have zeros everywhere except for the first upper and first
lower diagonals, which are composed of all ones. The subscript
denotes the order of the matrices.

The structure of the potential matrix includes both past (left
and up) and future (right and down) pixels for prediction of a
pixel value. Such a representation precludes recursive compu-
tations as KBF or RTS filtering. We derive one-sided-forward
representations by upper Cholesky factorization of
where the matrix is a lower triangular ( ) block bidi-
agonal matrix

(4)

with ( ) lower and upper triangular blocks ( ), (
). The block is an ( ) matrix that has zeros

everywhere except for the first lower diagonal. Substituting in
, left multiplying by , and expanding in terms of

vectors representing pixel values of row gives

for
(5)

where represents the whitened field arranged
in a row-major order. Using the relationship , it fol-
lows that the noise field is white given that the covari-
ance matrix of is . The forward regressors and

in (5) are evaluated by solving a Riccati type equation that
follows by equating the main block diagonals and upper block
diagonals in . The resulting expressions are

for (6)

where and . With real data fields
and in actual applications, evaluation of the regressors and

is not required for all rows. In fact, the regressors converge
asymptotically to a steady-state solution at a geometric rate [4];

1For convenience of notation, we express our results in terms of zero Dirichlet
BCs. The results are generalizable to other BCs. In fact, we use the symmetric
Neumann BC in our experiments.

(a) (b) (c)

(d) (e) (f)

Fig. 2. Image restoration of the arial image. (a) Original. (b) Noisy and blurred
with truncated Gaussian blur (MSE = 1181.60). (c) Restored image with (3� 3)
spatial averaging (MSE = 1015.3). (d) Restored image with Wiener filter (MSE
= 439.6). (e) Restored image with RTS algorithm using causal prediction (MSE
= 407.89). (f) Restored image with RTS algorithm using noncausal prediction
(MSE = 207.54).

hence, only a few of the regressors need to be computed. For a
first-order GMRP, the steady-state solution for the regressors is

with

(7)

The notation defines the principal square root of a square
matrix such that . To save on the computa-
tional complexity, the regressors and are approximated by
their steady-state values, and , in state (6). To use (6),
we need estimates of the vertical and horizontal interactions,
and . The evaluation of and is based on maximizing
the likelihood function (see [4]), which is computationally in-
tensive. To simplify the restoration procedure, we use the fol-
lowing approximations

(8)

where and denote the vertical and horizontal sample cor-
relations of the GMRP and are given by

(9)

The term is a positive tolerance and is bounded [4] by
.

III. BLURRING MODEL

We consider restoring images blurred by either the truncated
Gaussian blur point spread function (psf)

otherwise
(10)
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or the out-of-focus blur psf

otherwise
(11)

and corrupted by white Gaussian noise. The values of the con-
stants, and in the psfs are selected such that

in each blurring function. The constant in the truncated
Gaussian blur corresponds to the standard deviation of the blur.
In our experiments, is set equal to 6.

For the two psfs, in the matrix-vector notation, (1) is

for (12)

where two vectors and represent row of the original
and blurred image . The observation noise vector

is obtained by lexicographic ordering of row of the noise
field . The blocks ’s are sparse and Toeplitz with ex-
actly five nonzero diagonals for blur models (10) and (11).

A. Dynamic Models

The state model and the observation model (12)
cannot be used directly in the RTS algorithm because
of the difference in the dimensions of the field vectors

’s containing the state. Defining a new state vector
, results in the fol-

lowing state and observation models:

(13)

(14)

which are used in the image restoration algorithm explained
next. The state and observation noise are White and Gaussian,
given by and .

IV. IMAGE RESTORATION

The procedure for obtaining a restored image has three se-
quential stages that are outlined below.

1) Parameter Estimation: After subtracting the global mean,
the horizontal ( ) and vertical ( ) field interactions
are estimated. Based on the values of the interactions
( ), the asymptotic approximation of the regressors
( ) is computed using (7).

2) Steady-State Error Covariance Approximation: Since the
state and observation equations (13) and (14) are shift-in-
variant, the predictor covariance matrix is approx-
imated with its steady-state value (say ) computed
using the Riccati equation in the KBF

(15)

(16)

(a) (b) (c)

(d) (e) (f)

Fig. 3. Image restoration of the Lena image. (a) Original. (b) Noisy and
Blurred with out-of-focus blur (MSE = 501.33). (c) Restored image with
(3� 3) spatial averaging (MSE = 432.24). (d) Restored image with Wiener
filter (MSE = 305.13). (e) Restored image with RTS algorithm using causal
prediction (MSE = 254.54). (f) Restored image with RTS algorithm using
noncausal prediction (MSE = 166.46).

where

(17)

The initial condition is . The Frobenius norm
of the difference ( ) is used as the con-
vergence criterion for the predictor covariance matrix.

3) RTS Smoothing: The state model (13) and the observation
model (14) with the state matrices provided by step 1)
and the predictor covariance matrix given by step 2) are
used as the basis for the double-sweep RTS smoother [1].
The forward sweep recursively computes the predictor
estimate [(18)] ( ) and the filter estimate [(19)]
( ) using the KBF

with (18)

(19)

for . Both Kalman gain and the
filter covariance matrix converge and do not
need any further updating during the KBF iterations. The
steady-state values of the Kalman gain and filter covari-
ance matrix are denoted by and . The predicted
field and the filtered field are the out-
puts of this stage.

The backward sweep computes the smoother estimate
[(20)] from the predictor estimate ( ) and the
filter estimate ( ) provided by the KBF

with (20)

for . The smoother gain uses the
steady-state values for the error covariances and is given
by where is the steady-state
value of the filter covariance matrix. The smoother covari-
ance matrix is obtained from the following iteration:

with (21)
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TABLE I
QUANTITATIVE COMPARISONS BASED ON PSNR AND MSE FOR

RESTORATION SCHEMES USED IN THE LETTER

The smoothed image obtained from the state
vector is the output of the final stage.

V. NUMERICAL EXPERIMENTS

In this section, we compare the performance of the
RTS-based smoothing algorithm that uses noncausal predictive
models versus other enhancement schemes. We carry out
qualitative and quantitative studies. The qualitative analysis is
based on the subjective evaluation of the image restored by the
selected schemes. The quantitative comparison is based on the
means-square error (MSE) given by

MSE (22)

where denotes the restored version of the original image
. We compare our RTS-based noncausal algorithm with

the following restoration techniques.

i) Wiener Filter: Using the orthogonality principle, the
transfer function of the Wiener filter is

(23)

where and are the power spectral
densities (PSDs) of the original image and additive noise.
The term is the 2-D Fourier transform of the
psf as defined in (1).

ii) Spatial Averaging: The input pixel is replaced by a spa-
tial average of its neighborhood pixels. A (3 3) window
is used as the neighborhood for the spatial averaging filter
in our experiments.

iii) RTS with causal prediction: This resembles the RTS al-
gorithm described in the letter except for the prediction
model, which is one-sided (causal) and is given by

(24)

where , , and are the diagonal, vertical, and hor-
izontal field interactions of a third-order Markov mesh.
The superscript denotes causal prediction.

iv) RTS with noncausal GMRP prediction is the algorithm
described in the letter.

Fig. 2 illustrates the experimental results of the restoration
schemes [i)–iv)] with Neumann boundary conditions for an
aerial test image distorted by the truncated Gaussian blur [(10)]

with set to 6. Gaussian noise with an SNR of 10 dB is added
to the blurred image. The resulting distorted image is shown in
Fig. 2(b) where for reference we also include the original image
in Fig. 2(a). The outputs of the spatial averaging filter is shown
in Fig. 2(c). The restored image does not include any additional
postprocessing of images after restoration, as is the case for
the later results. Since the spatial filter do not take the blurring
model in consideration, it is unable to remove the distortions
introduced by blur. Fig. 2(d)–(f) illustrates the outputs from
the Wiener and RTS filter. In Fig. 2(d), we use the Wiener
filter. Fig. 2(e) is obtained from the causal model of (24), while
in Fig. 2(f), we use the noncausal GMRP model, described
in Section II. The RTS filter based on the noncausal GMRP
model [scheme iv)] exhibits the best performance, restoring
important features such as edges distinctly than its counterpart
based on the third-order causal Markov mesh [scheme iii)],
which includes undesired horizontal streaking. The Wiener
filter is computationally intensive, as it requires calculating the
2-D Fourier transform (and its inverse) of the blurred image,
yet it does not clearly restore most of the features present in
the aerial image. A second comparison based on the Lena
image is shown in Fig. 3. The original image is distorted
with the out-of-focus blur. Restoration results reinforce our
earlier conclusions. The MSEs included in Table I highlight the
quantitative improvement acheived by the noncausal RTS over
schemes [i)-iii)] for the two test images.

VI. SUMMARY

The letter presents a practical implementation of the RTS
filter based on noncausal GMRP prediction model for restora-
tion of blurred image corrupted by additive noise. We exploit the
shift-invariant characteristics of the state matrices in the non-
causal GMRP predictive model and use the steady-state solu-
tion of the Riccati equation in the RTS filter. The resulting im-
plementation is computationally practical. Our experimental re-
sults outperform the Wiener filter and illustrate the superiority
of the noncausal GMRP prediction model used in the RTS filter
over a causal prediction model.
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