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ABSTRACT

In this paper, we consider the problem of computing a max-
imum inscribed sphere inside a high dimensional polytope
formed by a set of halfspaces (or linear constraints) and
with bounded aspect ratio, and present an efficient algo-
rithm for computing a (1 — ¢)-approximation of the sphere.
More specifically, given any aspect-ratio-bounded polytope
P defined by n d-dimensional halfspaces, an interior point
O of P, and a constant € > 0, our algorithm computes in
O(nd/e®) time a sphere inside P with a radius no less than
(1—€)Ropt, where Rop is the radius of a maximum inscribed
sphere of P. Our algorithm is based on the core-set concept
and a number of interesting geometric observations. Our
result solves a special case of an open problem posted by
Khachiyan and Todd [13].
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1. INTRODUCTION

In this paper, we consider the following problem of ap-
proximating maximum inscribed sphere (MaxIS): Given a
set H = {Hi,Hs, - ,H,} of halfspace in d-dimensional
Euclidean space E¢, a point O in the common intersection
P of 'H, and a small constant ¢ > 0, compute a sphere B
inside P (assume that P is bounded) with a radius no less
than (1 — €)Ropt, where Rop: is the radius of a maximum in-
scribed sphere of P whose center is also called a Chebyshev
center of P.

Efficiently computing the maximum inscribed sphere or
ellipsoid in high dimensional polytope formed by a set of
halfspaces (or linear constraints) is a challenging problem in
theoretical computer science and operations research. It is
closely related to the interior-point method for linear pro-
gramming (LP) [17]. One commonly used approach [6] for
solving the MaxIS problem is to reduce it to a linear pro-
gramming (LP) problem with one more dimension and then
use existing LP algorithms to solve it. Thus optimally solv-
ing the MaxIS problem could be rather costly (i.e., with
the same complexity as an LP problem). With the power
of core-sets [1, 5], it has been shown that many problems
(such as the clustering problems and shape fitting problems
[1, 10, 9]) in high dimensional space which originally have
high time complexities can now be efficiently approximated.
For instance, using core-sets, a (1 + €)-approximation of the
minimum enclosing sphere (MinES) of a set of n points in d-
dimensional space can be computed in linear time [1, 5, 4, 16,
12]. Thus it would be very interesting to know whether the
core-set concept can be used to speed up the computation
of the MaxIS problem. Note that when the dimensionality
is a constant, the e-kernel result in [1] implies a linear time
approximation algorithm for the MaxIS problem.

A problem closely related to the MaxIS is that of com-
puting the maximum inscribed ellipsoid (MaxIE) (also called
maximum volume ellipsoid (MaxVE)). The MaxIE of a poly-
tope is, in general, quite different from its MaxIS, but in



some special cases, such as the traveling salesman polytope
[3], the two objects are actually the same. The MaxIE has
direct applications in the interior-point method and is fre-
quently used to round convex bodies in R¢ space. Due to its
importance, the MaxIE has received a great deal of atten-
tion. Khachiyan and Todd [13] built a polynomial bound
for computing an approximate point of the center of the
maximal inscribed ellipsoid in the polytope defined by lin-
ear constraints. Most recently, Anstreicher [2] showed that
a (1 — €)-approximation of the maximum inscribed ellipsoid
of the polytope can be computed in O(n®®log(“£)) time,
where R is a priori known ratio between the radii of a sphere
enclosing P and its co-centered sphere inscribed in P. This
is the best complexity to our knowledge. For the special case
of n <« d?, Zhang and Gao [18] recently obtained a more
practical algorithm with roughly the same time bound.

A dual problem of MaxIE is that of computing a minimal
enclosing ellipsoid (MinEE) for the convex hull of n points
in F?. Khachiyan [11] showed that a (1 + €)-approximation
of the MinEE can be computed in O(n®®log(2)) time. Re-
cently, Kumar and Yildirim designed an efficient approxima-
tion algorithm by using core-sets and showed the existence
of a core-set of size « = O(d(logd + 1)). The complexity of
their algorithm is O(nd”a + o*®log(2)).

Khachiyan and Todd [13] observed that the MaxIE and
MinEE problems are equivalent if they are appropriately
represented, and conjectured that there exist “linear-time”
reductions among the following 4 ellipsoids: C : (1 — €)-
approximation of the MinEE = Co : (1 — €)-approximation
of the MinEE centered at an arbitrary point O = Io : (1—¢)-
approximation of the MaxIE centered at an arbitrary inte-
rior point O = I : (1—¢)-approximation of the MaxIE. They
posted as an open problem for searching for the reduction
from Ip to I.

In this paper we present an efficient algorithm for comput-
ing a (1 — ¢)-approximation of the MaxIS of an aspect-ratio-
bounded P. The running time of our algorithm is O(:‘—g),
which is linear in terms of the size of the input (i.e., nd).
(The running time includes a constant factor of o, where
a is the aspect ratio.) For simplicity of our analysis, we
assume in our current version that n > O(1/€?) and € is rea-
sonably small, e.g., 0 < € < 0.1. Our algorithm first moves
the origin of the coordinate system to the interior point O
and then applies the dual transform to reduce the MaxIS
problem to a sequence of the MinES problems. Based on a
number of interesting observations and the core-set concept,
we prove that at each iteration, significant progress can be
achieved. Particularly, we show that only O(1/€?) iterations
are needed when aspect ratio is a constant, no matter where
the interior point lies inside the polytope, and each iteration
takes no more than O(nd/e) time.

Our algorithm can be easily implemented and converges
very quickly for randomly generated polytopes. It takes only
a small constant number of steps to converge to the (1 — ¢€)-
approximation of the MaxIS even for dimensions as high as
1000 and with very large aspect ratio. Detailed experimental
results are left for the full paper. Our algorithm settles a
special case of the open problem of Khachiyan and Todd
[13].

2. FROM MAXISTO MINES

To compute the (1 — ¢)-approximation of the MaxIS of P,
our main idea is to reduce the computation of the MaxIS
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problem to that of a sequence of MinES’s. Without loss of
generality, we assume that the origin O of the coordinate
system is an interior point of P. Then we use the following
dual transform to convert the bounding hyperplane of each
halfspace H; into a point for 1 < i < n. For simplicity, we
also use H; to denote the hyperplane of the corresponding
halfspace and H; to denote its dual.

Let H be an arbitrary hyperplane pixi + p2xa + --- +
paxqg = 1 in E? not containing the origin O. The dual H*
of H is the point (p1,p2,--- ,pa) € E. The dual transform
has several nice properties which can be summarized by the
following lemma.

LEMMA 1. If the dual space is superimposed on the primal
space so that they share the same coordinate system, then the
dual transform maps a hyperplane H at distance h from the
origin O to a point H* at distance 1/h from the origin and
the ray OH* is orthogonal to H.

COROLLARY 1. Let H; and H; be two hyperplanes in the
primal space, and H; and HJ be their corresponding dual
points. If dist(H;, O) > dist(H;,O), then in the dual space
dist(H;,0) = |H}|| < dist(H;,0) = ||HJ||.

With the above dual transform, each halfspace H; in 'H
can be mapped to a point H;. Let H* be the set of dual
points of H. Since for the set of dual points, we can effi-
ciently compute a good approximation of the minimum en-
closing sphere, thus a natural question is “How do we make
use of the MinES of H* for the computation of the MaxIS
of H?” To answer this question, we first let the two spheres
share the same space, that is, superimpose the dual space
on the primal space so that they share the same coordinate
system. (Hereafter, unless we specify otherwise, we always
assume that the two spaces share the same coordinate sys-
tem.) Then, we study how the two spheres change when the
origin O moves around in P.

Let O and O’ be the old and new origin and C be the
center of the MinES B, of H*. Let § = ||CO|| and s =
00’. We use 7 and 7’ to denote th,e radii of the MinES of
H* and H* respectively, where H* is the set of new dual
points (defined by Lemma 2) after moving O to O’. For
any point H* in the dual space, we use f(H") to denote the
new dual point of the hyperplane corresponding to H*. The
following lemma shows how f(H™*) changes when moving O
to O'.

LEMMA 2. Let H be an arbitrary hyperplane and H* be
its dual point. If the origin O is moved to a new location O’
by a vector s = 00’ and H remains at its original position
(hence the distance between O and H changes), then after

this movement, H* moves accordingly to a new point o
p— H*
T 1-H*-s’

where H* - s is the inner product of H* and s.

H" = f(H")

PrOOF. Let the equation of H be pix1 + p2xa + - +
paxrq = 1. Then H™ is the point (p1,p2, - ,pd). Let s be
(s1,82, -+ ,84). When O is moved to O’, the new equation
of H is

Zipifl:i
1-— ZZ PiSi

. H*
1s at iH 5" D

=1,

!’
which means H*



The following lemma shows an interesting relation be-
tween the centers of MaxIS and MinES.

LEMMA 3. If the center C' of the MinES of H* coincides
with the origin O, or say C and O overlap, then there exists
a MazlS of H co-centered with the MinES at O.

To prove this lemma, we need the following lemmas.

LEMMA 4. Let P be any bounded polytope defined by lin-
ear constraints, and Oopt be the center of a MaxIS of P. Let
O be any interior point but not the center of any MazlS of
P, q be any point on the segment Oop:O, and R(q) be the
minimum distance from q to the boundary of P (i.e., R(q) is
the radius of the mazimum inscribed sphere centered at q).
Then R(q) is monotonically decreasing when q moves from
Oopt to O

PROOF. Suppose this is not true. Then there must exist
two points g1 and go, other than Oy, on the segment Ogpt O
with g2 further away from Oop: than g1 but R(¢1) < R(gqz2) <
R(Oopt). Let H be the closest hyperplane to ¢i1, and b1,
b2, and bs be the closest points of g1, g2, and Ogp: on H.
Clearly, bi,b2,b3,q1,q2 and Oop: are all on the same 2-D
plane, say B, and bi, b2, bs are in the common intersection
(i.e., a straight line ) of B and H. By the definition of R(),
we known that

|g2b2| > R(q2) > R(q1) = |q1b1].
Also since Oopt is the center of the MaxIS of P,
|Ooptbs| > R(Oopt) > R(q1) = [q1ba].

This means that b1, b2 and bz cannot be on the same straight
line, a contradiction. []

The following lemma has been proved in [5].

LEMMA 5. If B(T) is the MinES of a set T of points
in E?, then any closed halfspace that contains the center
Cp(r) also contains a point of T that is at distance rp(T)
from Cpg(ry. 1t follows that for any point z at distance
K from Cp(r), there is a point t € T at distance at least

r%(T) + K2 from z.

From this lemma, we know that the farthest point in H*
to O has a distance at least v/r2 + 62 to O. Thus we have
the following corollary.

COROLLARY 2. The distance from O to the closest hyper-
plane H € H is no more than h = 1

\r2+62 '

With the above two lemmas, we can now prove Lemma 3.

PROOF. Suppose C' and O overlap but the maximum in-
scribed sphere centered at O is not the MaxIS of P. Then
let Oopt be the closest point (to O) which is the center of
a MaxIS of P. Consider the hyperplane V crossing O and
orthogonal to the segment OO,p:. By Lemma 5, we know
that on the side of V' containing O, there exists at least
one point H* € H* on the boundary of the MinES. When
O moves towards Oopt, by Lemma 2 we know that the dis-
tance between H* and O will be non-decreasing and the dis-
tance between O and H will be non-increasing. This means
that the distance from O to the boundary of P will be non-
increasing. This contradicts Lemma 4. []
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Brmin

Left-0 Right-O

Figure 1: Partition B, into Left-O and Right-O.

From Lemma 3, we know that to find the MaxIS of H, it
is sufficient to make the origin O and the center C' of the
MinES coincide. To reach this goal, our main idea is to move
the origin O within the polytope P and force the center C'
to move accordingly so that their distance become smaller
and smaller.

Before we further discuss how to move O, we first intro-
duce some notations. Without loss of generality, we assume
that the segment OO’ is horizontal, and O is to the left of
O’ (see Figure 1). Let V be the hyperplane crossing O and
orthogonal to OO’. V partitions By,n into two parts. We
denote the left part of B, as Left — O sphere and the
right part as Right-O sphere. Clearly,

Left-O sphere = {z | || f(z)|| < ||z||,z € Bmin}, and

Right-O sphere = {z | || f(z)]| > ||z||, & € Bmin}-

From Lemma 2 and the dual transform, it is easy to see
that in order to make C and O coincide (i.e., d = 0), O has to
move in certain direction. Since when C' overlaps O, MinES
has the smallest radius, this means that forcing C to over-
lap O is equivalent to minimize the radius of MinES or the
longest distance from O to a point in H*. Since the farthest
point (to O) can only appear in the Left-O sphere, to ensure
that the movement of O always reduces the longest distance
to O, O has to move away from C, ideally in the direction
of CO. The following lemmas show some nice properties of
such a movement.

LEMMA 6. IfO,x,y are collinear, and both x andy are in
Left-O (or Right-0O) sphere, then ||z|| < |ly|| implies || f(z)| <
£ @)II-

Lemma 6 shows that to estimate how the MinES changes
after moving O to O, it is sufficient to consider only the
points on the boundary of the MinES.

LEMMA 7. Let z be any point in V, then ||f(z)| = ||z|.

LEMMA 8. Let ropt be the radius of the MinES when C
overlaps O, and Rop: be the radius of the MaxIS of H. Let
r be the radius of the MinES Bmin (whose center C' may
not overlap O), and R be the shortest distance from O to
the hyperplanes in P. If r < (14 €)ropt and 0 < eropt, then
Ropt > R > (1 — 2€)Ropt.

PROOF. When 7 < (14 €)ropt and & < ergpe, the furthest
point in H* to O is no more than (1 + 2€)r,p:. Thus,

1

R> ————
- (1 +25)Topt

> (1 = 2€)Ropt.



Lemma 8 suggests that to compute a (1—¢)-approximation
of the MaxIS, it is sufficient to reduce the radius r of the
MinES so that 7 < (1 4 €/2)ropt and § < eropt/2. Also
note that, for any € > 0 we can always choose € = €p/2
and compute a (1 + €)-approximation of the rop: and make
0 < eropt. This will ensure that the obtained solution is
a (1 — €o)-approximation of Rop:. Hence, hereafter we will
focus on computing a (1 + €)-approximation of r,p: and on
reducing 9.

3. ALGORITHM

As shown in last section, the MaxIS problem can be re-
duced to solving the MinES problem. Thus our main focus
in this section is on how to move O so that the radius r of
the MinES can be quickly reduced to the level of (14 €)rope
and ¢ be reduced to erop.

From Lemma 5, we know that the farthest point of O
lies in the half-sphere which is to the left of the hyperplane
crossing C and orthogonal to CO. Since the farthest point
could be in any place of the boundary of this half-sphere, to
ensure that the longest distance to O will always be reduced,
we move O in the direction of CO.

Once determined the motion direction, we immediately
face two more questions: (1) How much should O move in
the direction of CO (i.e., what is the value of ||s||)? (2) How
much is the radius r of the MinES reduced (i.e., what is
the value of r/r")? Clearly, exact answers to the two ques-
tions depend on the distribution of H* inside the MinES.
To simplify our task, instead of giving an exact answer to
each question, we estimate the values of ||s|| and r/r’. More
specifically, our idea is to ignore the exact distribution of the
points of H* inside MinES and consider only the boundary
OBpin of the MinES B,,;n,. By Lemma 6, we know that af-
ter moving O to O', all points in H*' will still be inside the
region bounded by f(9Bmin). (Note that f(0Bmin) is no
longer a sphere.) Thus, by estimating the radius of the min-
imum sphere Bj;m enclosing f(0Bmin), we can obtain the
upper bound of the radius 7’. The following lemma shows
some property of B{;m.
and B!

min

LEMMA 9. Both f(9Bmin)
CO and the center C* of BS

min

are symmetric about
is on the segment of CO.

Clearly, to get the maximum reduction on r, O should be
moved as much as possible so that the farthest point to O’
in f(0Bmin) is minimized. However, by Lemma 7, we know
that points in VN9 Bmr are fixed points (i.e., their distances
to the origin do not change). Thus our main idea is to see
if we can move O so that points in V N @Bpin, which are
V1?2 — 2 distance away from O, become the farthest points
to O’. The following lemma shows that such a movement
exist and the function || f(z)|| has some monotonicity on the
boundary of Bumin.

LemMMA 10. If ||s|| = —255, then for any point x on the

boundary OBmin of the MinES, | f(z)|| < v/r? — 2. Fur-
ther, (1) for any pair of points x and y on the boundary of
Left-O sphere, ||lz|| > |yl implies || f ()| < |f@)ll; and (2)
for any pair of points x and y on the boundary of Right-O

sphere, ||z > ||yl implies || f(x)[| > [If(y)]]-

PRrOOF. We prove only for the boundary of Right-O sphere.

The proof for the boundary of Left-O sphere is easier and
omitted.
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Figure 2: Illustration of a primitive move.

Let = and y be any pair of points on the boundary of
Right-O sphere. Since f(z) = =

1—x-s?

[l

IF @)= 1— (1)

|E] ﬁ cosf’
where 6 is the angle between Ox and OO’. By the definition
of 6, we have

r? — 0% — Jlaf|?

cosf =
26|zl

Plugging cos 0 into (1), we get

2|||(r* — &%)

||f(93)H = 262 + Hl’“2

Similarly, we have

2|lyll(r* — 8%

If )l = 2 _ 62 + Hsz

Since [|z|| > ||ly||, we have

1 (r* = %) + N1zl = Iyl (* = 6%) = yllll”]
= (llzll = Iyl = 6*) + iy lyll — llll)

= (lzll = Iyl (r* = 6% = lllllIyll)-

Since ||z||, ||ly|l € (r — 8, v/r? — §2), the above equation is
positive. This implies || f(x)|| > || f(¥)|l-

Also since the point p in V' N 0Bpin is farther away from
O than any other point in the boundary of Right-O sphere

and || f(p)|| = V% — 62, thus || f(z)|| < vrZ —02. O

Lemma 10 suggests that to have the maximum reduction

on r, O should move in the direction of C'O by a distance of
’

Isll = ﬁ, and the new radius r’ of the MinES of H* is

no more than v/r2 — §2. We call such a move as a primitive
move (see Figure 2).

Once determined how to move O in one step, a naive idea
is just to repeatedly perform the primitive moves on O and
reduce r so that r will eventually be smaller than (14 €)rop¢.
In this way, we only need to bound the total number of steps.
Unfortunately, since the interior point O could be in any
place of the polytope P and P could be of arbitrary (convex)
shape, the total number of primitive moves is not always a
constant. To overcome this difficulty, we first partition the
problem into two cases: (A) the starting point of O is in a
“good” position; (B) the starting point of O is in arbitrary
position. Below we first consider case (A).

We say O is in a “good” position if the initial radius ro
of the MinES B;,;, is at most constant times of 7o, i.e.,
ro < k-ropt for some constant k. To bound the total number



of steps needed for this case, we first assume we can compute
in each step the exact MinES of H*, and then show how to
use core-sets to speed up the computation.

LEMMA 11. If r < (1 + €)ropt, then either (1) § < erop:
or (2) if § > eropt, then after at most 1/e primitive moves,
0 can be reduced to €ropt.

PRrROOF. Since the first case is trivial, we focus on the
second case.

Assume that & > erop:. By the above discussion about
the primitive move, we know that if we perform a primitive
move on O, the new radius r’ of the MinES is

=12 — 62 < \f1% — (eFopm)?.

Using Taylor’s expansion, we have

_ (erom)2

’ _ (Eropt)2 <
2r = (14 €)ropt

r<r

2
< T — € Topt-

By the assumption, we know that r — rop: < €rope and each
primitive move reduces r by at least ezropt. If 0 is always
larger than erop, in 1/€ steps r will be reduced to ropt. By
Lemma 3, we know that at that time 6 = 0. Thus the lemma
follows. [

Combining Lemmas 8 and 11, we know that to obtain a
(1 — e)-approximation of Ropt, it is sufficient to focusing on
reducing 7.

Let « be the aspect ratio of P (i.e., the ratio of the radii
of the minimum enclosing sphere of P and the MaxIS of P).
In this paper we consider the case that « is a constant.

€0

LEMMA 12. For a given e > 0, let € = 5%.
Sa

0 < ropt€, T < (14 3€0)Topt-

Then, if

To prove this lemma, we need the following lemma.

LEMMA 13. Let O and C be respectively the origin and
the center of the MinES with 6 < ropie and r > (14 3€)ropt.
Let Oopt be the closest optimal (i.e., Chebyshev) center and
Vopt be the hyperplane with O € Vope and Vopr L OOpt.
Then, no point x is on the boundary of the MinES with
x - OOopt > 0.

PROOF. Suppose there is such an z on the boundary of
the MinES with - OO,y > 0. Below we show that this
would lead to a contradiction. Our main idea is to demon-
strate that if there is such an z, then after moving O to Oope,
the distance from O,p: to the corresponding hyperplane of
x would be smaller than R,p:, thus a contradiction.

First we know that in this case, Topt < 7 < kTopt. Let
r = k'ropt for some k' € (1 + Xe, k] and A > 3. Then,

T > T — Topt€ = (k:' — €)Topt > Topt, When E>14 e

Next we show that when A > 3, a contradiction can be
derived. Let H be the corresponding hyperplane of x, then
the distance from O to H is

1 1 1
H| = — = ‘R,
= 1 < 7 rpee ~ e ot
1 1 1 2e
= quopt < E(l + ?)Ropb
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8<e oy Oopt

Figure 3: Illustration of Lemma 12.

To ensure a contradiction, A has to satify the following
inequality.
1

2
4+ <1-e

k' k' )

This means

1+ cva—o),

k/
2¢ 2
1—|—?<(1—|—)\e)(1—e):1—e—|—)\e—)\e,
%</\,1,)\6’
2 !
1-e¢

Notice that from & > 1 + \e, we have
2/k" <2/(1+ Xe).

Thus,
2
e +1
1+ Xe
TS <A 4
1—¢ < “)
This implies
2 1<A1-9
1+ Xe ’

2414+ Xe <A1 —€)(1+ Xe),

34 A6 < A1+ Ae — € — Ae?).

It is easy to see that when A > 3, (5) holds.
This means that when k' > 1 + 3¢,
1 2¢
L0+ 2 R < (1= B ©)
Now we have ||H|| < (1 — €)Ropt. Thus if moving O to
Oopt, the distance from O to H will be shorter than the

current ||H||, which contradicts to the fact that Rop is the
radius of the MaxIS. [J

Now we prove Lemma 12.

ProOOF. We prove this lemma by contradiction. First,
from Lemma 13, we know that there is no point x on the
boundary of the MinES with z - OO,,: > 0. Suppose the
lemma is not true. Then, we assume r > (1 + 3eg)ropt.



By Lemma 5, we know that there is at least one boundary
point, say x, between V,p,; and Wopi, where Vop and Ogpe
are defined as in Lemma 13 and Wy, is the hyperplane
containing C' and orthogonal to OOp:.

Next we lower bound the distance ||[OOgp:| between O
and Ogp:. Let H be the corresponding hyperplane of z, and
h be the distance from O, to H after moving O to Ogp:.
Then we have

h> Rop: (7)
From Figure 3, it is easy to see that
h— L
=1l
OOopt|| > ————. 8
100um]) > L (®)

Since & < €ropt, we can upper bound sin 6 as follows.

Topt€ Topt€

maxsinf < —; <
min |[z|| T 7 — eropt
Topt€ < €
(14 3€0)Topt — €ropt — 1+ 2¢
Thus [|[OOopt|| can be lower bounded by

1
T—Topt€0

sin 6

<

h —
[000pe|| >

By assumption, we have
(10)

T — Topt€o > Topt + 27"opt60~

Thus,

1 3 1
————— < Ropi(1 — Z€0), whi < -
Topt + 2€0Topt Opt( 260) WhER co [§

Plugging the above inequality into (9), we have

Ropt(1 — 1+ 3¢0)(1+2
loo| > Bl Z1H 50429 g

34
HOOoptH > Roptég()é(l + 26) > ZRoptOz.

But we know that ||OOopt|| < 2Roptax (from the definition
of aspect ratio). A contradiction. This means that when
0 < €ropt, T < (1 + 3€0)ropt. [

The above lemma suggests that given an ¢p, by using a
smaller €, we can ensure that when r > (1 + 3€)Topt, 0 >
Topt - €. Thus in each step, the converging ratio of r is

_ 2 _ 52
(r T 5):1_ 1_(§)2
r r
Topt * €
>1—4/1—(2—)2
> 11— (2
Topt * €
>1—,/1 4 2
- (k~r0pt)
:1—%~ k2 —¢e?
k-VEE—&
= p .
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The total number of steps is no more than

r k
Toptk—\/:te? 1—/1-(%)2
k K3

ST

Since k is a constant, the total number of steps is O(1/€?).

LEMMA 14. If MinES is exactly computed in each step,
then the total number of primitive moves for case (a) is
O(1/€?) (i.e., when k is a constant).

Now we consider using core-sets to compute the MinES.
Let r be the radius of the exact MinES in each step, and
rq be the radius of an approximation of the MinES (using
algorithm in [4, 16]) in the same step.

LEMMA 15. If a (14 ¢€/k)-approzimation of the MinES is
computed in each step, then the total number of primitive
moves needed for case (A) is bounded by O(1/€?), where k
is the constant in the definition of case (A).

PROOF. Observe the above proof for bounding the total
number of primitive moves for case (A). The proof does not
require 7 be the radius of the exact MinES of H*. It is
actually sufficient to bound the total number of primitive
moves by O(1/¢?), as long as the reduction on the radius r
at each step is no less than r — /1?2 — 62.

Consider the case of using a (1 + ¢/k)-approximation al-
gorithm to compute the MinES at each step. By the above
discussion, we know that the total number of steps will still
be O(1/¢?) if at each step the radius r} returned by the ap-
proximation algorithm after a primitive move is no larger
than /r2 — §2, where r, is the radius of the approximate
MinES computed at the previous step.

From the discussion about the primitive move, we know
that for any dual point H*, ||[H"|| < +/r2 — 2. This means
that a ball B centered at O and with radius /72 — 02 con-
tains all points in H*,, and the radius r’ of the exact MinES
is no more than /r2 — 02. Thus, the only chance for the
approximation algorithm to generate a ball B, with radius

. 252 . .
rh, > /T2 — 62 is when r’ > ﬂ But in this case, the

distance between the center C, of B, and O will be less than
ey/r2—52 . .
— and ¢ will be less than eryp:. This means that the
algorithm can stop. [J

Lemmas 14 and 15 indicate that if O is in a good position,
then the total number of steps needed to reduce ro to (1 +
€)Topt is no more than O(1/€?), and each step takes O(nd/e)
time.

Next we consider case (B) (i.e., O is initially in an ar-
bitrary position). From Lemma 1, we know that given an
arbitrary polytope P and an arbitrary interior point O, since
O could be very close to a boundary of P, the initial value
of ro could be arbitrarily larger than r,p:. Thus if we just
perform the above procedure on O, the number of steps will
depend on the initial position of the origin. Next we show
how to remove this dependency.

Let h; be the distance from O to the hyperplane H; €
H,i=1,---,n.

LEMMA 16. In dual space, the radius r of the MinES is a
constant times of Topt if and only if hmin = minj— {h;} is a
constant times of Ropt.
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Figure 4: Illustration of P;;.

We first use affine scaling to make Rop: < €. Let Amaz =
mazj—{h;} and u = “maz_ Then the coordinate system is
scaled in the following way

=2 =1, ,d.
U
It is easy to prove that after this scaling, Rop: < €, and the
cost of the scaling is O(nd). From now on, we assume that
Ropt S €.

To move O away from the boundary of P, we first intro-
duce a new dimension z441 orthogonal to all other dimen-
sions z;,1 < i < d, and then build a new polytope Pgi1
in (d + 1)-dimensional space E?t!. The polytope Py;; is
defined by 2n + 2 hyperplanes (see Figure 4(a)).

Pyt = {((H176)7€+ hl)v ((Hlv 76)776 - hl))v )

((HThe)ve + hn))? ((an 76)5 —€— hn))7¢)17®2}a

where 1 = {z € Ed+1|md+1 =€}, P ={z € Ed+1|xd+1 =
—e}, and ((H;, €), e+h;)) represents a (d+1)-dimensional hy-
perplane which contains a point (0, ..., 0, e+ h;) on the xq41
axis and intersects with ®; at the d-dimensional hyperplane
H;.
Let O4 be any interior point of P N ®1, and O44+1 by its
projection (along xq4+1 axis) on the hyperplane 2441 = 0.
Without loss of generality, we assume that O441 is the origin
of E4*!. Let ngtl and Ogp: be the optimal points of Py
and P respectively, RZ;}I and Ropt be the respective radii of
the MaxIS’s of Py11 and P. By the symmetry of Pjy1, it
is easy to see that OZ;I is on the hyperplane of z44+1 = 0.
The following lemmas shows some interesting properties of
Pd+1 .

LEMMA 17. Let H be any hyperplane in P and Hgy1 be
one of its corresponding hyperplane ((H;,€),e+h;)) € Pyi1.
Then dist(Og+1, Hiy1) = %(e + dist(Oq, H)), where dist()
is the Buclidean distance from one point to a hyperplane.

PROOF. Assume that the hyperplane H is of the form

(11)
In E4*1| the corresponding hyperplane Hqyq has the form
(12)

a1T1 + asxe + ... + agrqg = 1.

/ ! I
a121 + ... + agxd + agr12ar1 = 1.

Let T = y/a? + a3 + ... + a2. Then the distance dist(Oq, H)
between Oq and H is 1/T. From the construction of Py,
we have

/ 1 T
ad+1 =71

_— 1
T T € 14T -¢€ (13)
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When restricting zq4+1 = ¢, H and Hg41 are the same, i.e.,
(12) = (11). Thus, we have

,and

aixy + ...+ ayx —1—L
1T1 T ... dTd = 14 Te

a; =a;(14+Te),fori=1,---,d. (14)
The distance from Og41 to Hgyq is
. 1
dlst(0d+17Hd+1) =
\/a’12 + ot al® + a:HlQ
. 1
VIR + (e
1 V2 1
= =5 e+ (3) (15)
2(172)?

= g(e + dist(Ogq, H)).
O

LEMMA 18. % < R4t!

opt S €.

PrOOF. The first inequality follows from Lemma 17, since
the closest distance from the (d+1)-dimensional origin Og41

to any hyperplane is at least g X €. The second inequality
follows from the fact that the distance between ®; and P,
is exact 2¢. [

LEMMA 19. For any Oq in P N ®1, the projection of Oq
to the hyperplane xq411 = 0 is a good starting point for Pyy1.

ProOF. From Lemma 18, we know that Rff;'tl <e. From

Lemma 17, we know that for any interior point Og4, the
projection Og441 to the hyperplane x441 = 0 is at least %
away from any hyperplane in Py41. Thus the radius of the
maximum inscribed sphere centered at Og4y1 is a constant
times of Rg;tl. This implies that Ogy1 is a good starting
point for Pyy1. [

LEMMA 20. The projection point O(C)lpt,d+l of Ogl‘;l on ¢
is an interior point of P, i.e.

4(b).

PRrROOF. We consider two cases, (a) € < g(e + Ropt) and

(b) e > g(eJrRopt). Case (a) follows trivially from Lemma
17. Thus we only need to focus on case (b). We prove this
case by contradiction.

Suppose ngt,dJrl ¢ P, then by Lemma 17, it is easy to
see that

O:)ipt’d+1 € P (see Figure

2 2
Rﬁgﬁ < —\[e < —\[(e + Rgpt).
2 2
Let Og;%d be the projection of Ogp: (i.€., the optimal point

d+1

of P) on the hyperplane z4+1 = 0, then using Oopt,

4 as the
center and g(e + Ropt) as the radius, we can construct a
ball B. By Lemma 17, we know B C P;;;. Thus, R%! >

opt
%(e + Ropt), a contradiction. [



LEMMA 21. Let ngt’dﬂ be the projection ofOf,l;'t1

on ®;.
Then, the minimum distance humin from O‘,fpt,dﬂ to any hy-
perplane in P is at least %Rom (i.e., Oglptydﬂ is a good start-
ing point for P).

PROOF. Let Byp: be the MaxIS of P centered at Oop:
and Sp(Oopt) = {H| H € P is tangent to Bopt}. Sp(Oopt)
is called the solution set of Oopt.

Next we consider two cases, (a) € < ?(e + Ropt) and (b)

€> @(e + Ropt). We first consider case (b).

For case (b), it is easy to see that if we choose the solution
set Sp(Oopt) of Oopt € P, then we can construct a ball B
centered at the projection point of O,p: on the hyperplane
Z4+1 = 0 and with radius R = g(e + Ropt). Clearly, B C
Pi+1. B might be tangent to any hyperplane in P41 except
®; and ®5. Thus REY' > R.

Let Sp,., (O2H') be the solution set of O%f,'. From Lemma
20, we know that ngt,d+1 € P. From Lemma 17, we know
that the closest hyperplanes to Of,lptyd .1 in P are those cor-

responding to the hyperplanes in Sp, (Og’;l). Let hpmin be
the closest distance between ngt,d-‘rl and the hyperplanes
in P. By Lemma 17, we have

2
Rf,lztl = g(e =+ hmzn)

Thus,

2
Rg;tl = £(€ + hmzn) >

V2
2 2

(€ + Ropt),
hmin 2 Ropt.
Since Rop: is the radius of the MaxIS of P, Rp: can only be
equal to Amin. This means that ngt’dﬂ = Oopt, 1.e., the
projection ngt,d+1 of Of,l;'tl on ®; is an optimal point of P,
and ngt,d-‘rl is trivially a good starting point of P.
For case (a) (i.e., € < @(e + Ropt)), from Lemma 17 we

know that the hyperplanes in P4*?

solution set of O,p: are the closest hyperplanes to O

corresponding to the
d+1
opt,d
(except @1 and P2), where Og;fd is the projection of Ogpt
on the hyperplane z441 = 0. Since we already know that
these hyperplanes have a distance g(e + Ropt) to Of;rt?d, it
is easy to construct a ball B with radius R = ¢, centered at

O2t'y, and inside Pyt1. So RL%' > e. By Lemma 18, we
also know that RZH! < ¢, thus RMH! = e.

opt opt
Note that in thzis case, the M;XIS of Py+1 may not be
unique. We can compute Off;'tl first and then consider the
location of ngt,d-&-l' Below we prove that O;ipt,dH is very
close to some Oopt.

Let t be the distance from ngt,d-H to the closest hyper-
plane H in P, and H441 be the corresponding hyperplane of
H in Pg41. Then the MaxIS of Py could be either tangent
to Hg+1 or not. In either case, we have

V2

T(E‘Ft) 2 €.

Thus,

t> (V2 -1 (16)
This means that ngt,d+l is a good starting point as Rop: <
€. Here,
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The above lemmas suggest that when the starting point
Og4 is not good, we can first project Oy to the hyperplane
Zg+1 = 0 to obtain Og4y1, perform the algorithm for case
(A) in Piy1 to obtain the optimal (or near optimal) point
of Pyt1, and then project the optimal point of P44 back
to P. The point we obtained is either an optimal point of
P or a good starting point of P. Below we show that if
an approximation algorithm is used to compute the MaxIS
of P4t1, it is possible to obtain a good starting point in
P by performing a constant number of iterations in d + 1-
dimensional space, each with a slightly different P; 1.

The main difficulty of using an approximation algorithm is
that when Rope < €, a (1 — €)-approximation of the MaxIS
of P;11 may not be a good starting point of P. To over-
come this difficulty, our main idea is to use the following
observation: When 2R,,; is roughly equal to the height of
Py41 (along the xq41-axis), the projection of the center of a
(1 — e)-approximation of Psy1 is a good starting point of P.
Thus our idea is to guess Rop: and construct a Pg41 poly-
tope with z441-height equal to twice of the guessed value
of Ropt. Since € (equal to the distance from O to the far-
thest hyperplane in P after the affine scaling) can only be
2c times of Ropt, by performing a binary search (with at
most log a steps which is a constant when « is bounded)
in the interval |55, €], we can find a good starting point for
P. The following lemma summarizes the above discussion.
(Detailed proof is left for the full paper.)

LEMMA 22. Within log « iterations, a good starting point
of P can be founded by using the approximation algorithm
for case (A) in Pat1.

With the above lemmas, we can put all the pieces to-
gether and have the following main steps for our algorithm
for computing a (1 — eg)-approximation of the MaxIS of P.

1. Set € = €0 /(8).

2. Translate the origin of the coordinate system to the
interior point O.

3. Scale the coordinate system so that Rop: < €.

4. Perform a dual transform for each halfspace in H to
obtain H™.

5. Build the d 4+ 1 dimensional polytope Pgy1.

6. Perform the (1 — €)-approximation for the (good) case
(A) log(a) iterations on Pyi1’s, and project the ob-
tained center back to P.

7. Using the projection as the starting point, run the (1—

€)-approximation for case (A) on P and return the
obtained solution.

THEOREM 1. Given any polytope defined by n d-dimensional

halfspaces (or linear constraints) and with bounded aspect ra-
tio «, an interior point, and a small constant 0 < ¢ < 0.1,
there exists an approrimation algorithm which computes a
(1 — €)-approzimation of the mazimum inscribed sphere of
the polytope in O(nd/e®) time.

Acknowledgments

The authors would like to thank Professor Kenneth W.
Regan (Department of Computer Science and Engineering,
University at Buffalo) for helpful discussion on the problem.



4,
1]

2]

8]

[9]

REFERENCES

P.K. Agarwal, S. Har-Peled, and K. R. Varadarajan,
“Geometric Approximation via Coresets,” Survey,
2005.

K.Anstreicher, “Improved complexity for maximum
volume inscribed ellipsoids”, SIAM J. Optim., 13,
pp- 309-320, 2002.

A.Barvinok, G.Blekherman, “Convex Geometry of
Orbits”, manuscript, 2003.

M.Badoiu, K.Clarkson, “Smaller core-sets for balls”,
Proceedings of the fourteenth annual ACM-SIAM
symposium on Discrete algorithms, 2003.

M.Badoiu, S.Har-Peled, P.Indyk, “Approximate
clustering via core-sets”, Proceedings of the 34th
Symposium on Theory of Computing, 2002.
J.Elzinga, T.Moore, “A central cutting plane
algorithm for the convex programming problem”
Math. Programming, 8, pp. 134-145, 1975.
M.Grotschel, L.Lovasz, and A.Schrijver, ” Geometric
Algorithms and Combinatorial Optimization”,
Springer, New York, 1988.

C.Gonzaga, “An algorithm for solving linear
programming problems in operations, Progress in
Mathematical Programming: Interior Point and
Related Methods”, Springer Verlag, New York, 1989,
pp. 1-28.

S.Har-Peled, K.Varadarajan, ”Projective clustering in
high dimensions using core-sets”, Proc.18th

Annu. ACM Sympos. Theory Comput., 2004.

29

(10]

(11]

(12]

(13]

(14]

(15]

(16]
(17]

(18]

S.Har-Peled, K.Varadarajan, ” High-dimensional shape
fitting in linear time”, Discrete Comput. Geom., 32,
PP. 269-288, 2004.

L.Khachiyan, “Rounding of polytopes in the real
number model of computation”, Mathematics of
Operations Research, 21, pp. 307-320, 1996.

P.Kumar, J.Mitchell, A.Yildirim, “Computing
Core-Sets and Approximate Smallest Enclosing
Hyperspheres in High Dimensions”, manuscript, 2002.
L.Khachiyan, M.Todd, “On the complexity of
approximating the maximal inscribed ellipsoid for a
polytope”, Math. Programming, 61, pp. 137-160, 1993.
P.Kumar, A.Yildirim, ”Minimum volume enclosing
ellipsoids and core sets”, Journal of Optimization
Theory and Applications, 2005. To Appear.
G.Nemhauser, W.Widhelm, “A modified linear
program for columnar methods in mathematical
programming”, Operation Research, 19, pp. 1051-1060,
1971.

R.Panigrahy, “Minimum enclosing polytope in high
dimensions” , manuscript, 2004.

Y.Ye, "Interior Point Algorithms Theory and
Analysis”, Wiley-Interscience Series in Discrete
Mathematics and Optimization, John Wiley and Sons
Inc., pp. 157, 1997.

Y.Zhang, L.Gao, ”On the numerical solution of the
maximum volume ellipsoid problem”, SIAM J. Optim,
14, pp. 53-76, 2003.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Academy
    /AgencyFB-Bold
    /AgencyFB-Reg
    /Alba
    /AlbaMatter
    /AlbaSuper
    /Algerian
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /BabyKruffy
    /BaskOldFace
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BlackadderITC-Regular
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BradleyHandITC
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Castellar
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chick
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Croobie
    /CurlzMT
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversMT
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /EstrangeloEdessa
    /Fat
    /FelixTitlingMT
    /FootlightMTLight
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Freshbot
    /Frosty
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GlooGun
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /Jenkinsv20
    /Jenkinsv20Thik
    /Jokerman-Regular
    /Jokewood
    /JuiceITC-Regular
    /Karat
    /Kartika
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /MaturaMTScriptCapitals
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MSOutlook
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /OCRAExtended
    /OldEnglishTextMT
    /Onyx
    /PalaceScriptMT
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Papyrus-Regular
    /Parchment-Regular
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /Playbill
    /Poornut
    /PoorRichard-Regular
    /Porkys
    /PorkysHeavy
    /Pristina-Regular
    /PussycatSassy
    /PussycatSnickers
    /Raavi
    /RageItalic
    /Ravie
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /ScriptMTBold
    /ShowcardGothic-Reg
    /Shruti
    /SnapITC-Regular
    /Square721BT-Roman
    /Stencil
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Vrinda
    /Webdings
    /WeltronUrban
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


