Greedy Coin Change Making

We ae gven a %t of n coin denominationsA={a;,a,, -+, a,}, such that
a >a,>--->a, =1 We ae asked to maka dange forS "cents". (Notethat if the smallest
coin is not 1, then & impossible to mak change for 1 cent. On the other hand, if weeha
1-cent coin, then it is possible to neathange forS cents usings 1-cent coins. The problem is
to use the minimum number of coind.pt x; denote the number of coins of typgused in a
solution, that isS = Y, a;X;. The number of coins used in such a solutiop s x;.

We dudy the following simple greedy algorithm in class (Lecture Sliddt@pkes as man

of the largest coins as possible, then asynwdrthe next lagest coins as possible, etc. The fol-
lowing is an implementation of it and clearly tak&®) time, independent .

Algorithm GreedyCoinChange (A, S)
CoinCount -« 0 ; U ~ S
fort « 1to ndo

X; < U div a (*i.e., X « OU/a [)
U « U moda *ie,U « U-—ax?*
CoinCount — CoinCount + X;

return (( X, Xo, -+, X, ) ; CoinCount )

end

Let Opt(S) (respectiely, G(S)) denote the number of coins used in an optimal (resehecti
the greedy) solution with respect to the coin denominatiolsale say a coin denomination
setAis Regular if Opt(S) = G(S) with respect taA, for all S, i.e., when gien the coin denomi-
nation setA, the greedy algorithm ahys produces an optimum solution foryashange amount
S. We want to find a polynomial-time checkable necessary and sufficient conditiomyfdanity
of a coin denominationTo this end, let us definey, = [&4/a; Jand S = mya;. In what fol-
lows, we will gve a poof of the following &ct as stated in Lecture Slide 6. Note that the stated
condition can be checked ®(n?) time, since we essentially need to run @@)-time greedy
algorithm forO(n) "critical" change values.

Fact 1. [The Regularity Theorem of Magazine-Nemhauser-btter, 1975]
Suppose we va the Pre-Condition the, < a;_, for allt =3..n. Then

Opt(S) =G(S) forallS ifand only if G(S)< m, forallt=2.n.

Proof:

[Necessity:]

G(S) = Opt(S) for all S. In particular,G(S;) = Opt(S,) for allt. Clearly m; a;-coins is a feasible
solution forS, = mya;. So, Opt(S) < my for all t. Therefore, we must ka G(S;) < my for all t.



[Sufficiency:]

Consider the restricted set of smallest colms={a;, ai41,-*-, a,}. A solution for S with
respect toA; is a solution which uses only coins from the restricted/geti.e., we are not
allowed to use coing; ,---, a;4). LetOpt;(S) (respectiely, G;(S)) denote the number of coins
used in the optimal (respeatly, greedy) solution w.t. A;. Note thatOpt(S) = Opt;(S) and
G(9) = Gy«(9).

An instance is a pa(fA, S), where we want to mak dchange forS "cents" using the permitted
coin denomination sef. Suppose to the contrary that there is a couetample @A, S), i.e.,
G(S) > Opt(S) with respect toA. If so, then there must be axieographically minimal counter
example A, S), i.e.,|A] is mnimal, and with respect tthat A, Sis minimal. We will see belov
that these assumptions will lead to the contradictory conclusiorGif&t< Opt(S). This will
refute our assumption that there is a counter-example.

Consider our minimal countexample @A, S). Let a; [JA be the largest coin such tHat a;. So,
we hae co=ag>--->a41>S=2a >ay >-->a,=1 (We have introduced the fictitious
8y =00 Iin caset =1, in which casea;; =ay.) Notethatt<n, for if t =n, then clearly
Opt(S) =G(S) =S. S0, a4 JA. Below, we gve an alphabetically labeled list of obsations
that will lead to the conclusion of the proof.
(@ a4 >Sza > am.
(b) Forallt andS < a; we hare Opt(S) = Opt;41(S) and G(S) = Gu(S)
(since larger coins cannot be used).
() Opty(S) < Opt;44(S) for allt andS
(since further restriction of coin utilization cannot imypgdhe optimum solution).
(d) Opt(S + ') < Opt(S) + Opty(S')
(since the left hand side is the optimum solutionSot S’ w.r.t. A;, while the right hand
side is a feasible solution for the same).
(e) Gi(ayxx+U)=x+G;U)foralltandU =20 anda;x + U =0 and integersc
(even if x is negdive!).
fH Gu(S)=0pt(S)ift'>t,ort' =tbut S <S
(since @y , S) is lexicographically smaller than the minimal countgasmple @A, S)).
(g) Sincea;4 > S= &, thenG(S) will use the coina;. By minimality of (A, S) we conclude
that Opt(S) will NOT use coina;. For otherwise, we would ka 0> Opt(S) - G(S) =
[l +Opt(S-a)] - M+G(S-a)] = Opt(S-a)-G(S-a). Hence, Opt(S-a) <
G(S—- &), i.e., the instancfA, S — &) is a lexicographically smaller countexample than
(A, S); a contradiction.
(h) Letus consider the optimum soluti@pt(S).
Definex = Sa;4 OandU = S— a4 X. S0, Xx=20and 0 U < ag,1. Now we have

Opt(S) = Opt(S) [by (a) and (b)]
= Optu(S) [by (9)]
= Gu(S) [by (F)]

= Gry(agnx +U) [by the definition of U]



= X + Gy (V) [by ()]

In summarywe onclude
Opt(S) = x + Gru(U) (1)

(i) Now let us consider the Pre-Condition stated in the Theorem.
We havemy; = & /ai Hand Sy = aiymyyy. DefineV = S, — a.. We have0 <V < ay.

Therefore
My = G(S49) [by Theorenms Condition]
= G(S+) [by (b) and the Pre-Conditid§,; < a;4]
= Gi(a; +V) [by definition ofV]
=1+ G(V) [by (e)]
=1+G(V) [by (b) and ()V < a.]

In summarywe conclude

G(V) - My +1<0 @)

() Now let us consider the greedy solutiG(S).

G(S) =Gi(9 [by (a) and (b)]
=1+ G(S-a) [by (a) and (e)]
=1+0pt(S-a) [by ()]
<1+ Opt.a(S—ay) [by (c)]
=1+ Gu(S-ay) [by (f)]
=1+ Gy aa(X—myy) +U +V) [by def. of U in (h) & V in (i)]
=14 (X~ M) + Ga(U +V) [by (e)]
=1+ X — My + Optg(U +V) [by ()]

<1+ X =My +Opliyg(U) + Optea(V)  [by (d)]
=1+ X~ My + Gra(U) + Gra(V) [oy ()]
= Opt(S) +1 - Mpy + Graa(V) [by (1]

= 0pt(§) +1 - myy + G(V) [ by (b) and ()V < a4]



< Opt(S) [by (2)]

In summarywe onclude
G(S) < Opt(9) (3)

This contradicts our assumption that,(S) is a munter-example and completes the praof.

Remark: We rotice that the theoremPe-Condition is needed only in the proof of (2) which is
subsequently needed to complete the proof of (3). So, we can simplify the theorem Wapgemo
its Pre-Condition and instead replace its necessary and sufficient coli8qy) < my,; for all

t, by the suficient condition (2), namehG(Sy; — &) < myy —1 for all t. The simplified theo-
rem is

Theorem: Opt(S) =G(S)forallS if G(S —ay)<m—1lforallt=2.n.

The sufficient condition stated in this theorem can also be checkaintime, since we essen-
tially need to run th@©(n)-time greedy algorithm for only O(n) critical change values.

Exercise: Is the suficient condition stated in the al® theorem also necessary (withoutyan
pre-condition)? Explaigour answer.c
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