Ordinary differential equations



Example problem

» consider the no-drag projectile motion problem
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Example problem

» the solution is known to all physics students

x(t) = (vycosO)t
y(t) = (vgsin§)t — %gt2

vy Anitial velocity
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Example problem

» if you did not know the solution, could you find an
approximate solution using computation?

» we know that velocity is the first derivative of position
with respect to time
» it is tangent to the position curve

» if we use the tangent to approximate the actual position
curve at time t, = 0 we can estimate the position at time
t; = ty + At for some small value of At

X1 = xg + (vg cos O)At = xq + v, oAt

V1 = Yo + (v sin )At =y, + v, oAt



Example problem

» the projectile experiences a force downwards equal to
its mass times the constant acceleration of gravity

» acceleration is the first derivative of velocity with
respect to time
» it is tangent to the velocity curve

» if we use the tangent to approximate the actual velocity
curve at time t; = 0 we can estimate the velocity at time
t; = ty + At for some small value of At

Ux1 = VUxo0

Vyq1 =Vyo — gAt



Example problem




Example problem

» if we assume that (x4, y;) is close to the actual position
curve, we can repeat our reasoning to compute a new

position (x,, y,) and new velocity (Vx,z: Uy,z)

» i.e., use the previously estimated position and velocity to
estimate the new position and velocity

Xy = X1 + Uy 1AL
Y2 = Y1+ Uy AL

Ux2 = Ux1

Vy o = Vyq — gAt



Example problem
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Example problem

» repeating the process yields the position (x;, y;) and
velocity (Vx,i» vy,i) attimet =t; =ty + iAt

Xi = Xij—1 T Uyi—1At
Vi = Vi1 T Uy 1AL

Uxi = Uyx,i-1

» we can implement the above equations in a function



function [x, y, vx, vy, t] = solveproj(tf, dt, x0, y0, wvx0, wyO)

%$SOLVEPROJ Numerical solution for projectile motion

%
%
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[X, Y, VX, VY, T] = SOLVEPROJ(TF, DT, X0, YO, VX0, VYO)
solves the projectile motion problem for a projectile
having initial location (X0, Y0) moving with initial
velocity (VX0, VYO) over the time period [0, TF] in
time steps of DT.

The position (X, Y) and velocity (VX, VY) of the

projectile is evaluated at times T.

O0:dt:tf;

make sure tf is at the end of t
if t(end) ~= tf

end

n

10

t = [t tf];

length(t) ;

continued on next slide



% estimated position and velocity

zeros (size(t)) ;

X
y = zeros(size(t)):

vx = zeros(size(t));
vy = zeros(size(t));
x(1l) = x0;

y(1) = y0;

vx(l) = vxO0;

vy (1l) = vyO;

for i = 2:n

x(1i) = x(1i - 1) + vx(i

(i) =y(i - 1) + vy(d

vx(i) = vx(i - 1);

end
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- 1) * dt;
- 1) * dt;

vy(i) = vy(i - 1) - 9.81 * dt;



Example problem

» seeday23.m
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Example problem

» making At small enough yields a solution that closely
matches the textbook solution

projectile motion solution using Euler's method
35

textbook solution
«  dt=0.01
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Example problem

» our numerical solution is actually performing
numerical integration using a variation of the
rectangle rule

ti
X; = Xj—1 + Uy ;1A = x4 + j Uy,i-1 dt
ti—1
ti
Vi =Yi-1+ VyiAt=y;_1+ j Vy -1 dt

ti—1
ti
Ui = Uxi-1 = Uxi-1 T J 0dt

ti—1
ti
Vyi = Vyi—1— gAt = vy ;4 _J gdt

ti—1
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Example problem

» another way to view the problem is that we are trying
to solve the following set of equations

%va Xo =0
%zvy Yo =0
%: 0 Vyo = Vg COSH
%= —g Vyo = VpSiné

initial conditions
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Example problem

» replacing the derivatives with a finite forward
difference yields

dx X = Xj_q B
iy =V, = X;=Xj_1+ VAt
dy Yi—Yi-1

dt ~ AL =Dy = Vi =Yi-1 + vyAt
AUy  Vy; = Uxi-1

dt ~ At =0 = Uy,i = VUyx,i—-1
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Ordinary differential equations

» equations written in terms of ordinary (not partial)
derivatives are called ordinary differential equations

dx dy dv, dvy
dr X dct Y dt dt

-9

» solving an ordinary differential equation by replacing
the derivative with a forward finite difference is called
the Euler method
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Projectile motion with drag

» one model of air resistance (drag) for ball-like objects
states that the magnitude f of the air drag force is
approximately proportional to the square of the
projectile speed, and the direction of the air drag force
is opposite to the instantaneous velocity of the
projectile
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Projectile motion with drag

Fdrag = —DIvl?

/ l S
Fy,drag = —Dlv|v,

D|v|* mg

—D|v|v,
S = may = ~Dlel, = a = 20

—D|v|v,
ZFyzmayz—Dlvlvy—mg = asz—g
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Projectile motion with drag

» our system of differential equations now becomes
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Projectile motion with drag

» replacing the derivatives with a finite forward
difference yields

dx X; —Xj_q

I ~ A7 =V, = X;=Xj_1t VAt

dy ¥i—Yi-1

I ~ At =v, = y;=Yi—1+t AL

dv, _Uxi T Uxi-1 _ _D|U|Ux oy = . — Dlvi—llvx,i—l At
dt At m oL xi-1 m

dv,, N Vyi = Vyi—1 _ _Dlvlvy Ly > v Dlv;_1|vy ;—
dt At m Yot yi-1 m
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Projectile motion with drag

» for a round projectile of radius 5cm an approximate
valueof D is D = 0.002

» the following example uses mass m = 0.2kg
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function [x, y, vx, vy, t] = solveproj2(tf, dt, x0, y0, vx0, wvyO)

$SOLVEPROJ2 Numerical solution for projectile motion with drag

%
%

%
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[X, Y, VX, VY, T] = SOLVEPROJ2 (TF, DT, X0, YO, VX0, VYO)

solves the projectile motion problem with drag for a projectile
having initial location (X0, Y0) moving with initial

velocity (VX0, VYO) over the time period [0, TF] in

time steps of DT.

The position (X, Y) and velocity (VX, VY) of the

projectile is evaluated at times T.

O0:dt:tf;

make sure tf is at the end of t
if t(end) ~= tf

end

n
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t = [t tf];

length(t) ;



% estimated position and velocity
X = zeros(size(t));

y = zeros(size(t)):

vx = zeros(size(t));

vy = zeros(size(t))

x(1l) = x0;
y(1l) = yO0;
vx(l) = vxO0;

vy (l) = vyO;

D =0.002;

m=0.2;

for 1i = 2:n
% velocity magnitude from t(i - 1)
vmag = norm([vx(i - 1) vy(i - 1)1]1);

x(1) =x(1i - 1) + vx(1 - 1) * dt;

y(i) = y(1i - 1) + vy(i - 1) * dt;

vx(i) = vx(i - 1) - D * vmag * vx(i - 1) * dt / m;

vy(i) = vy(i - 1) - D * vmag * vy(i - 1) *dt / m - 9.81 * dt;
end
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Projectile motion with drag
» seeday23.m

projectile motion with drag using Euler's method
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