
CSC 364S Notes University of Toronto, Spring, 2003Greedy AlgorithmsSimple Knapsa
k Problem\Greedy Algorithms" form an important 
lass of algorithmi
 te
hniques. Weillustrate the idea by applying it to a simpli�ed version of the \Knapsa
kProblem". Informally, the problem is that we have a knapsa
k that 
an onlyhold weight C, and we have a bun
h of items that we wish to put in theknapsa
k; ea
h item has a spe
i�ed weight, and the total weight of all theitems ex
eeds C; we want to put items in the knapsa
k so as to 
ome as 
loseas possible to weight C, without going over. More formally, we 
an expressthe problem as follows.Let w1; : : : ; wd 2 N be weights, and let C 2 N be a weight. For ea
h S �f1; : : : ; dg let K(S) =Pi2S wi. (Note that K(;) = 0.)Find: M = maxS�f1;:::;dgfK(S)jK(S) � CgFor large values of d, brute for
e sear
h is not feasible be
ause there are 2dsubsets of f1; : : : ; dg.We 
an estimate M using the Greedy method:We �rst sort the weights in de
reasing (or rather nonin
reasing order)w1 � w2 � ::: � wdWe then try the weights one at a time, adding ea
h if there is room. Callthis resulting estimate M .It is easy to �nd examples for whi
h this greedy algorithm does not give theoptimal solution; for example weights f501; 500; 500g with C = 1000. ThenM = 501 but M = 1000. However, this is just about the worst 
ase:Lemma 1 M � 12M 1



Proof:We �rst show that ifM 6=M , then M > 12C; this is left as an exer
ise. Sin
eC � M , the Lemma follows.The notion of a polynomial-time algorithm is basi
 to 
omplexity theory,and to this 
ourse (see de�nition below). Roughly speaking, we regard analgorithm as feasible (or tra
table) if and only if it runs in polynomial time.The above greedy algorithm runs in polynomial time (see below) and is feasi-ble to exe
ute for values of d in the thousands or even millions. On the otherhand, the blind sear
h algorithm takes more than 2d steps, is not polynomial-time, and will never run on any physi
al 
omputer (now or in the future) forvalues of d as small as 200 { the universe will expire �rst.Unfortunately the greedy algorithm does not ne
essarily yield an optimal so-lution. This brings up the question: is there any polynomial-time algorithmthat is guaranteed to �nd an optimal solution to the simple knapsa
k prob-lem? This question will be studied in the next part of the 
ourse. The answeris that this knapsa
k problem is \NP hard" (assuming that the weights aregiven using binary or de
imal notation), and hen
e is very unlikely to besolvable by a polynomial-time algorithm.De�nition 1 An algorithm is polynomial-time i� there exists a k su
h thatthe running time T (n) of the algorithm satis�es T (n) 2 O(nk), where n =input \size".The notation \T (n) 2 O(f(n))" is de�ned in CLR (that is, Cormen, Leis-erson, Rivest) in Se
tion 2.1, and in the more re
ent version of the text(CLRS) in Se
tion 3.1 . It means that for some positive 
onstants 
 and n0,0 � f(n) � 
g(n) for all n � n0. Instead of \T (n) 2 O(f(n))", we sometimessay \T (n) is O(f(n))", or \T (n) = O(f(n))".The running time (i.e. T (d)) for the knapsa
k problem with the above greedyalgorithm is O(d logd), be
ause �rst we sort the weights, and then go at mostd times through a loop to determine if ea
h weight 
an be added. So thisparti
ular greedy algorithm is a polynomial-time algorithm.Lemma 2 For any 
onstant 
 > 0 and positive integer k, nk 2 O(2
n) but2
n 62 O(nk). 2



Proof:It is suÆ
ient to show that limn!1 2
nnk = 1. This 
an be proved usingL'Hospital's rule. The derivative of 2
x with respe
t to x is (
 loge 2)2
x. So ifwe di�erentiate any number of times, the resulting fun
tion still approa
hes1 as x approa
hes1. On the other hand, if we di�erentiate xk just k times,the result is the 
onstant k!.
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Minimum Spanning TreesAn undire
ted graph G is a pair (V;E); V is a set (of verti
es or nodes); Eis a set of (undire
ted) edges, where an edge is a set 
onsisting of exa
tlytwo (distin
t) verti
es. For 
onvenien
e, we will sometimes denote the edgebetween u and v by [u; v℄, rather than by fu; vg.The degree of a vertex v is the number of edges tou
hing v. A path in Gbetween v1 and vk is a sequen
e v1; v2; : : : ; vk su
h that ea
h fvi; vi+1g 2 E.G is 
onne
ted if between every pair of distin
t nodes there is a path. A 
y
le(or simple 
y
le) is a 
losed path v1; : : : ; vk; v1 with k � 3, where v1; :::; vkare all distin
t. A graph is a
y
li
 if it has no 
y
le. A tree is a 
onne
teda
y
li
 graph. A spanning tree of a 
onne
ted graph G is a subset T � E ofthe edges su
h that (V; T ) is a tree. (In other words, the edges in T must
onne
t all nodes of G and 
ontain no 
y
le.)If a 
onne
ted G has a 
y
le, then there is more than one spanning tree forG, and in general G may have exponentially many spanning trees, but ea
hspanning tree has the same number of edges.Lemma 3 Every tree with n nodes has exa
tly n� 1 edges.The proof is by indu
tion on n, using the fa
t that every (�nite) tree has aleaf (i.e. a node of degree one).We are interested in �nding a minimum 
ost spanning tree for a given 
on-ne
ted graph G, assuming that ea
h edge e is assigned a 
ost 
(e). (Assumefor now that the 
ost 
(e) is a nonnegative real number.) In this 
ase, the
ost 
(T ) is de�ned to be the sum of the 
osts of the edges in T . We say thatT is a minimum 
ost spanning tree (or an optimal spanning tree) for G if Tis a spanning tree for G, and given any spanning tree T 0 for G, 
(T ) � 
(T 0).Given a 
onne
ted graphG = (V;E) with n verti
es andm edges e1; e2; : : : ; em,where 
(ei) = \
ost of edge ei", we want to �nd a minimum 
ost spanningtree. It turns out (mira
ulously) that in this 
ase, an obvious greedy algo-rithm (Kruskal's algorithm) always works. Kruskal's algorithm is the fol-lowing: �rst, sort the edges in in
reasing (or rather nonde
reasing) order of
osts, so that 
(e1) � 
(e2) � : : : � 
(em); then, starting with an initiallyempty tree T , go through the edges one at a time, putting an edge in T if itwill not 
ause a 
y
le, but throwing the edge out if it would 
ause a 
y
le.4



Kruskal's Algorithm:Sort the edges so that: 
(e1) � 
(e2) � : : : � 
(em)T  ;for i : 1::m(*) if T [ feig has no 
y
le thenT  T [ feigend ifend forBut how do we test for a 
y
le (i.e. exe
ute (*))? After ea
h exe
ution ofthe loop, the set T of edges divides the verti
es V into a 
olle
tion V1 : : : Vkof 
onne
ted 
omponents. Thus V is the disjoint union of V1 : : : Vk, ea
h Viforms a 
onne
ted graph using edges from T , and no edge in T 
onne
ts Viand Vj, if i 6= j.A simple way to keep tra
k of the 
onne
ted 
omponents of T is to use anarray D[1::n℄ where D[i℄ = D[j℄ i� vertex i is in the same 
omponent asvertex j. So our initialization be
omes:T  ;for i : 1::nD[i℄ iend forTo 
he
k whether ei = [r; s℄ forms a 
y
le with T , 
he
k whether D[r℄ = D[s℄.If not, and we therefore want to add ei to T , we merge the 
omponents
ontaining r and s as follows:k  D[r℄l  D[s℄for j : 1::nif D[j℄ = l thenD[j℄ kend ifend for 5



The 
omplete program for Kruskal's algorithm then be
omes as follows:Sort the edges so that: 
(e1) � 
(e2) � : : : � 
(em)T  ;for i : 1::nD[i℄ iend forfor i : 1::mAssign to r and s the endpoints of eiif D[r℄ 6= D[s℄ thenT  T [ feigk  D[r℄l D[s℄for j : 1::nif D[j℄ = l thenD[j℄ kend ifend forend ifend forWe wish to analyze the running of Kruskal's algorithm, in terms of n (thenumber of verti
es) andm (the number of edges); keep in mind that n�1 � m(sin
e the graph is 
onne
ted) and m ��n2�< n2. Let us assume that thegraph is input as the sequen
e n; I1; I2; : : : ; Im where n represents the vertexset V = f1; 2; : : : ; ng, and Ii is the information about edge ei, namely thetwo endpoints and the 
ost asso
iated with the edge. To analyze the runningtime, let's assume that any two 
ost values 
an be either added or 
omparedin one step. The algorithm �rst sorts them edges, and that takes O(m logm)steps. Then it initializes D, whi
h takes time O(n). Then it passes throughthe m edges, 
he
king for 
y
les ea
h time and possibly merging 
omponents;this takes O(m) steps, plus the time to do the merging. Ea
h merge takesO(n) steps, but note that the total number of merges is the total numberof edges in the �nal spanning tree T , namely (by the above lemma) n � 1.Therefore this version of Kruskal's algorithm runs in time O(m logm + n2).Alternatively, we 
an say it runs in time O(m2), and we 
an also say it runs6



in time O(n2 logn). Sin
e it is reasonable to view the size of the input as n,this is a polynomial-time algorithm.This running time 
an be improved to O(m logm) (equivalently O(m logn))by using a more sophisti
ated data stru
ture to keep tra
k of the 
onne
ted
omponents of T ; this is dis
ussed on page 570 of CLRS (page 505 of CLR).
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Corre
tness of Kruskal's AlgorithmIt is not immediately 
lear that Kruskal's algorithm yields a spanning treeat all, let alone a minimum 
ost spanning tree. We will now prove that itdoes in fa
t produ
e an optimal spanning tree. To show this, we reason thatafter ea
h exe
ution of the loop, the set T of edges 
an be expanded to anoptimal spanning tree using edges that have not yet been 
onsidered. Hen
eafter termination, sin
e all edges have been 
onsidered, T must itself be aminimum 
ost spanning tree.We 
an formalize this reasoning as follows:De�nition 2 A set T of edges of G is promising after stage i if T 
an be ex-panded to a optimal spanning tree for G using edges from fei+1; ei+2; : : : ; emg.That is, T is promising after stage i if there is an optimal spanning tree Toptsu
h that T � Topt � T [ fei+1; ei+2; : : : ; emg.Lemma 4 For 0 � i � m, let Ti be the value of T after i stages, that is,after examining edges e1; : : : ; ei. Then the following predi
ate P (i) holds forevery i, 0 � i � m:P (i) : Ti is promising after stage i.Proof:We will prove this by indu
tion. P (0) holds be
ause T is initially empty.Sin
e the graph is 
onne
ted, there exists some optimal spanning tree Topt,andT0 � Topt � T0 [ fe1; e2; : : : ; emg.For the indu
tion step, let 0 � i < m, and assume P (i). We want to showP (i + 1). Sin
e Ti is promising for stage i, let Topt be an optimal spanningtree su
h thatTi � Topt � Ti [ fei+1; ei+2; : : : ; emg. If ei+1 is reje
ted, then Ti [ fei+1g
ontains a 
y
le and Ti+1 = Ti. Sin
e Ti � Topt and Topt is a
y
li
, ei+1 =2 Topt.SoTi+1 � Topt � Ti+1 [ fei+2; : : : ; emg.Now 
onsider the 
ase that Ti [ fei+1g does not 
ontain a 
y
le, so we haveTi+1 = Ti [ fei+1g. If ei+1 2 Topt, then we have Ti+1 � Topt � Ti+1 [8



fei+2; : : : ; emg.So assume that ei+1 =2 Topt. Then a

ording to the Ex
hange Lemma below(letting T1 be Topt and T2 be Ti+1), there is an edge ej 2 Topt � Ti+1 su
hthat T 0opt = Topt [ fei+1g � fejg is a spanning tree. Clearly Ti+1 � T 0opt �Ti+1 [ fei+2; : : : ; emg. It remains to show that T 0opt is optimal. Sin
e Topt �Ti [ fei+1; ei+2; : : : ; emg and ej 2 Topt � Ti+1, we have j > i+ 1. So (be
ausewe sorted the edges) 
(ei+1) � 
(ej), so 
(T 0opt) = 
(Topt) + 
(ei+1) � 
(ej) �
(Topt). Sin
e Topt is optimal, we must in fa
t have 
(T 0opt) = 
(Topt), and T 0optis optimal.This 
ompletes the proof of the above lemma, ex
ept for the Ex
hangeLemma.Lemma 5 (Ex
hange Lemma) Let G be a 
onne
ted graph, let T1 be anyspanning tree of G, and let T2 be be a set of edges not 
ontaining a 
y
le.Then for every edge e 2 T2 � T1 there is an edge e0 2 T1 � T2 su
h thatT1 [ feg � fe0g is a spanning tree of G.Proof:Let T1 and T2 be as in the lemma, and let e 2 T2 � T1. Say that e = [u; v℄.Sin
e there is a path from u to v in T1, T1 [ feg 
ontains a 
y
le C, and itis easy to see that C is the only 
y
le in T1 [ feg. Sin
e T2 is a
y
li
, theremust be an edge e0 on C that is not in T2, and hen
e e0 2 T1�T2. Removinga single edge of C from T1 [ feg leaves the resulting graph a
y
li
 but still
onne
ted, and hen
e a spanning tree. So T1 [ feg � fe0g is a spanning treeof G.We have now proven Lemma 4. We therefore know that Tm is promisingafter stage m; that is, there is an optimal spanning tree Topt su
h that Tm �Topt � Tm [ ; = Tm, and so Tm = Topt. We 
an therefore state:Theorem 1 Given any 
onne
ted edge weighted graph G, Kruskals algorithmoutputs a minimum spanning tree for G.Dis
ussion of Greedy Algorithms9



Before we give another example of a greedy algorithm, it is instru
tive togive an overview of how these algorithms work, and how proofs of 
orre
tness(when they exist) are 
onstru
ted.A Greedy algorithm often begins with sorting the input data in some way.The algorithm then builds up a solution to the problem, one stage at atime. At ea
h stage, we have a partial solution to the original problem {don't think of these as solutions to subproblems (although sometimes theyare). At ea
h stage we make some de
ision, usually to in
lude or ex
ludesome parti
ular element from our solution; we never ba
ktra
k or 
hange ourmind. It is usually not hard to see that the algorithm eventually halts withsome solution to the problem. It is also usually not hard to argue about therunning time of the algorithm, and when it is hard to argue about the runningtime it is be
ause of issues involved in the data stru
tures used rather thanwith anything involving the greedy nature of the algorithm. The key issueis whether or not the algorithm �nds an optimal solution, that is, a solutionthat minimizes or maximizes whatever quantity is supposed to be minimizedor maximized. We say a greedy algorithm is optimal if it is guaranteed to�nd an optimal solution for every input.Most greedy algorithms are not opitmal! The method we use to show that agreedy algorithm is optimal (when it is) often pro
eeds as follows. At ea
hstage i, we de�ne our partial solution to be promising if it 
an be extended toan optimal solution by using elements that haven't been 
onsidered yet by thealgorithm; that is, a partial solution is promising after stage i if there existsan optimal solution that is 
onsistent with all the de
isions made throughstage i by our partial solution. We prove the algorithm is optimal by �xingthe input problem, and proving by indu
tion on i � 0 that after stage i isperformed, the partial solution obtained is promising. The base 
ase of i = 0is usually 
ompletely trivial: the partial solution after stage 0 is what westart with, whi
h is usually the empty partial solution, whi
h of 
ourse 
anbe extended to an optimal solution. The hard part is always the indu
tionstep, whi
h we prove as follows. Say that stage i + 1 o

urs, and that thepartial solution after stage i is Si and that the partial solution after stagei+1 is Si+1, and we know that there is an optimal solution Sopt that extendsSi ; we want to prove that there is an optimal solution S 0opt that extendsSi+1 . Si+1 extends Si by making only one de
ision; if Sopt makes the samede
ision, then it also extends Si+1, and we 
an just let S 0opt = Sopt and we10



are done. The hard part of the indu
tion step is if Sopt does not extend Si+1.In this 
ase, we have to show either that Sopt 
ould not have been optimal(implying that this 
ase 
annot happen), or we show how to 
hange someparts of Sopt to 
reate a solution S 0opt su
h that� S 0opt extends Si+1, and� S 0opt has value (
ost, pro�t, or whatever it is we're measuring) at leastas good as Sopt, so the fa
t that Sopt is optimal implies that S 0opt isoptimal.For most greedy algorithms, when it ends, it has 
onstru
ted a solution that
annot be extended to any solution other than itself. Therefore, if we haveproven the above, we know that the solution 
onstru
ted must be optimal.A Greedy Algorithm for S
heduling Jobs with Deadlines and Prof-itsThe setting is that we have n jobs, ea
h of whi
h takes unit time, and apro
essor on whi
h we would like to s
hedule them in as pro�table a manneras possible. Ea
h job has a pro�t asso
iated with it, as well as a deadline;if the job is not s
heduled by the deadline, then we don't get the pro�t.Be
ause ea
h job takes the same amount of time, we will think of a S
heduleS as 
onsisting of a sequen
e of job \slots" 1; 2; 3; : : : where S(t) is the jobs
heduled in slot t.(If one wishes, one 
an think of a job s
heduled in slot t as beginning at timet� 1 and ending at time t, but this is not really ne
essary.)More formally, the input is a sequen
e (d1; g1); (d2; g2); � � � ; (dn; gn) where giis a nonnegative real number representing the pro�t obtainable from job i,and di 2 N is the deadline for job i; it doesn't hurt to assume that 1 � di � n.(The reason why we 
an assume that every deadline is less than or equal ton is be
ause even if some deadlines were bigger, every feasible s
hedule 
ouldbe \
ontra
ted" so that no job was pla
ed in a slot bigger than n.)De�nition 3 A s
hedule S is an array: S(1); S(2); :::; S(n) whereS(t) 2 f0; 1; 2; � � �ng for ea
h t 2 f1; 2; � � � ; ng.11



The intuition is that S(t) is the job s
heduled by S in slot t; if S(t) = 0, thismeans that no job is s
heduled in slot t.De�nition 4 S is feasible if(a) If S(t) = i > 0, then t � di. (Every s
heduled job meets its deadline)(b) If t1 6= t2 and S(t1) 6= 0, then S(t1) 6= S(t2). (Ea
h job is s
heduled atmost on
e.)We de�ne the pro�t of a feasible s
hedule S byP (S) = gS(1) + gS(2) + :::+ gS(n), where g0 = 0 by de�nition.Goal: Find a feasible s
hedule S whose pro�t P (S) is as large as possible;we 
all su
h a s
hedule optimal.We shall 
onsider the following greedy algorithm. This algorithm begins bysorting the jobs in order of de
reasing (a
tually nonin
reasing) pro�ts. Then,starting with the empty s
hedule, it 
onsiders the jobs one at a time; if a job
an be (feasibly) added, then it is added to the s
hedule in the latest possible(feasible) slot.

12



Greedy:Sort the jobs so that: g1 � g2 � : : : � gnfor t : 1::nS(t) 0 fInitialize array S(1); S(2); :::; S(n)gend forfor i : 1::nS
hedule job i in the latest possible free slot meeting its deadline;if there is no su
h slot, do not s
hedule i.end forExample. Input of Greedy:Job i: 1 2 3 4 CommentsDeadline di: 3 2 3 1 (when job must �nish by)Pro�t gi: 9 7 7 2 (already sorted in order of pro�ts)Initialize S(t): t 1 2 3 4S(t) 0 0 0 0Apply Greedy: Job 1 is the most pro�table, and we 
onsider it �rst. After4 iterations: t 1 2 3 4S(t) 3 2 1 0Job 3 is s
heduled in slot 1 be
ause its deadline t = 3, as well as slot t = 2,has already been �lled.P (S) = g3 + g2 + g1 = 7 + 7 + 9 = 23.Theorem 2 The s
hedule output by the greedy algorithm is optimal, that is,it is feasible and the pro�t is as large as possible among all feasible solutions.We will prove this using our standard method for proving 
orre
tness ofgreedy algorithms.We say feasible s
hedule S 0 extends feasible s
hedule S i� for all t (1 � t � n),if S(t) 6= 0 then S 0(t) = S(t). 13



De�nition 5 A feasible s
hedule is promising after stage i if it 
an be ex-tended to an optimal feasible s
hedule by adding only jobs from fi+1; � � � ; ng.Lemma 6 For 0 � i � n, let Si be the value of S after i stages of the greedyalgorithm, that is, after examining jobs 1; � � � ; i. Then the following predi
ateP (i) holds for every i, 0 � i � n:P (i) : Si is promising after stage i.This Lemma implies that the result of Greedy is optimal. This is be
auseP (n) tells us that the result of Greedy 
an be extended to an optimals
hedule using only jobs from ;. Therefore the result of Greedy must be anoptimal s
hedule.Proof of Lemma: To see that P (0) holds, 
onsider any optimal s
hed-ule Sopt. Clearly Sopt extends the empty s
hedule, using only jobs fromf1; � � � ; ng.So let 0 � i < n and assume P (i). We want to show P (i+1). By assumption,Si 
an be extended to some optimal s
hedule Sopt using only jobs from fi +1; � � � ; ng.Case 1: Job i+ 1 
annot be s
heduled, so Si+1 = Si.Sin
e Sopt extends Si, we know that Sopt does not s
hedule job i+ 1. So Soptextends Si+1 using only jobs from fi+ 2; � � � ; ng.Case 2: Job i+1 is s
heduled by the algorithm, say at time t0 (so Si+1(t0) =i+ 1 and t0 is the latest free slot in Si that is � di+1).Sub
ase 2A: Job i+1 o

urs in Sopt at some time t1 (where t1 may or maynot be equal to t0).Then t1 � t0 (be
ause Sopt extends Si and t0 is as large as possible) andSopt(t1) = i+ 1 = Si+1(t0).If t0 = t1 we are �nished with this 
ase, sin
e then Sopt extends Si+1 usingonly jobs from fi+2; � � � ; ng. Otherwise, we have t1 < t0. Say that Sopt(t0) =j 6= i + 1. Form S 0opt by inter
hanging the values in slots t1 and t0 in Sopt.Thus S 0opt(t1) = Sopt(t0) = j and S 0opt(t0) = Sopt(t1) = i + 1. The new14



s
hedule S 0opt is feasible (sin
e if j 6= 0, we have moved job j to an earlierslot), and S 0opt extends Si+1 using only jobs from fi+2; � � � ; ng. We also haveP (Sopt) = P (S 0opt), and therefore S 0opt is also optimal.Sub
ase 2B: Job i+ 1 does not o

ur in Sopt.De�ne a new s
hedule S 0opt to be the same as Sopt ex
ept for time t0, wherewe de�ne S 0opt(t0) = i + 1. Then S 0opt is feasible and extends Si+1 using onlyjobs from fi+ 2; � � � ; ng.To �nish the proof for this 
ase, we must show that S 0opt is optimal. IfSopt(t0) = 0, then we have P (S 0opt) = P (Sopt) + gi+1 � P (Sopt). Sin
e Soptis optimal, we must have P (S 0opt) = P (Sopt) and S 0opt is optimal. So saythat Sopt(t0) = j, j > 0, j 6= i + 1. Re
all that Sopt extends Si using onlyjobs from fi + 1; � � � ; ng. So j > i + 1, so gj � gi+1. We have P (S 0opt) =P (Sopt) + gi+1� gj � P (Sopt). As above, this implies that S 0opt is optimal. �We still have to dis
uss the running time of the algorithm. The initial sorting
an be done in time O(n logn), and the �rst loop takes time O(n). It is nothard to implement ea
h body of the se
ond loop in time O(n), so the totalloop takes time O(n2). So the total algorithm runs in time O(n2). Usinga more sophisti
ated data stru
ture one 
an redu
e this running time toO(n logn), but in any 
ase it is a polynomial-time algorithm.Greedy Summary: In general, greedy algorithms are very fast. Unfortu-nately, for some kinds of problems they only do not always yield an optimalsolution (su
h as for Simple Knapsa
k). However for other problems (su
has the s
heduling problem above, and �nding a minimum 
ost spanning tree)they always �nd an optimal solution. For these problems, greedy algorithmsare great.S
heduling Jobs with Deadlines and Pro�ts, on Multiple Pro
essorsThe input to this problem, as before, is a sequen
e of n (unit duration) jobs(d1; g1); (d2; g2); � � � ; (dn; gn) where di and gi are the deadline and pro�t ofjob i. The di�eren
e is that we may now have more than one pro
essor onwhi
h we are allowed to s
hedule jobs, so that our optimal pro�t may behigher. Of 
ourse, we are not allowed to s
hedule the same job on more thanone pro
essor. 15



We therefore also have as input a positive integer m denoting the number ofpro
essors, where m � n. A s
hedule is now de�ned to be a fun
tionS : f1; 2; � � � ; mg � f1; 2; � � � ; ng ! f0; 1; 2; � � � ; ng. The intuition is thatS(k; t) is the job s
heduled on pro
essor k in slot t; S(k; t) = 0 means thatno job is s
heduled in slot t of pro
essor k. We say S is feasible if the followingtwo properties hold:(a) If S(k; t) = i > 0 then t � di; that is, no job 
an be s
heduled after itsdeadline.(b) If S(k; t) = S(k0; t0) > 0, then k = k0 and t = t0; that is, no job 
an bes
heduled more than on
e.We de�ne the pro�t of a (feasible) s
hedule S byP (S) = X1�k�m; 1�t�n gS(k;t)where g0 = 0 by de�nition. The goal is to �nd a feasible s
hedule with ashigh a pro�t as possible.
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Exer
ise: Give a polynomial time Greedy algorithm for this problem. Provethat your algorithm is optimal. Analyze the running time of your algorithm.\A
tivity" S
heduling(This development will be similar to that in CLR.)An a
tivity is de�ned to be a pair (s; f) of nonnegative integers su
h thats < f ; the intuition is that s is the starting time of the a
tivity and f is the�nishing time of the a
tivity. We will be given a sequen
e of a
tivities, andwe wish to s
hedule as many of them as possible (on one pro
essor) so thatno two s
heduled a
tivities overlap. If (s; f) and (s0; f 0) are a
tivities, we saythey do not overlap if f � s0 or f 0 � s.More formally, the input is a sequen
e of n a
tivities, (s1; f1); (s2; f2); � � � ; (sn; fn).A s
hedule is de�ned to be a set A � f1; 2; � � � ; ng su
h that for all i; j 2 A,if i 6= j then (si; fi) does not overlap (sj; fj). The goal is to �nd a s
heduleA su
h that jAj (the size of A) is as big as possible. (Sin
e we are only inter-ested in how many a
tivities are in A, we are in e�e
t treating ea
h a
tivityas if it yields unit pro�t. More 
ompli
ated versions of this problem allowdi�erent a
tivities to yield di�erent pro�ts.)Our greedy algorithm will work as follows. First, we will sort the a
tivitiesa

ording to nonde
reasing �nish times. Then we will go through the a
-tivities, one at a time, s
heduling ea
h a
tivity if possible. Before formallystating the algorithm, we give the following exer
ise.Exer
ise: Prove that if, instead of sorting by nonde
reasing �nish times, wesort by nonde
reasing start times, then the algorithm would not work.Prove that if, instead of sorting by nonde
reasing �nish times, we sort bynonde
reasing job size (that is, f � s), then the algorithm would not work.We now give 
ode for the algorithm. We will use a variable e to keep tra
kof the last �nish time of an a
tivity added to A, where e = 0 if A is empty.That is, sin
e the jobs are sorted a

ording to �nish time, e is the earlieststart time at whi
h we 
an add an a
tivity to A.
17



Greedy:Sort the a
tivities so that: f1 � f2 � : : : � fnA ;e 0for i : 1::nif si � e thenA A [ fige fiend ifend forAnalyzing the running time of the algorithm, we see that the n logn time forthe sort dominates the linear time for the loop, so the total time is O(n logn).We now want to prove the algorithm is optimal.Theorem 3 This Greedy algorithm outputs an optimal (that is, largest pos-sible) s
hedule.We will prove this using our standard method for proving 
orre
tness ofgreedy algorithms.Let Ai and ei be the values of A and e after the body of the `for' loop hasbeen exe
uted i times. It is easy to prove by indu
tion on i that for all i,0 � i � n:(*) Ai � f1; 2; � � � ; ig and(**) ei = maxffj j j 2 Aig (where max ; = 0).The Theorem 
learly follows from the following Lemma.Lemma 7 For 0 � i � n, Ai is promising after stage i, that is, there existsan optimal s
hedule Aopt su
h that Ai � Aopt � Ai [ fi+ 1; � � � ; ng.Proof of Lemma: Clearly A0 is promising after stage 0.So let 0 � i < n and assume that Ai is promising after stage i. We wantto show Ai+1 is promising after stage i+ 1. Let Aopt be an optimal s
hedule18



su
h thatAi � Aopt � Ai [ fi+1; � � � ; ng. Clearly (*) and (**), together with the fa
tthat the �nish times are in sorted order, imply that ei � fi+1.Case 1: si+1 < ei, so Ai+1 = Ai.Then, sin
e ei is the �nish time of an a
tivity in Ai and ei � fi+1, we see thata
tivity i + 1 overlaps an a
tivity in Ai, so i + 1 =2 Aopt. So Ai+1 � Aopt �Ai+1 [ fi+ 2; � � � ; ng.Case 2: si+1 � ei, so Ai+1 = Ai [ fi+ 1g.Sub
ase 2A: i+ 1 2 Aopt.Then Ai+1 � Aopt � Ai+1 [ fi+ 2; � � � ; ng.Sub
ase 2B: i+ 1 =2 Aopt.Sin
e si+1 � ei, (**) implies that a
tivity i+ 1 does not overlap any a
tivityin Ai. Aopt 
annot equal Ai, for then Aopt[fi+1g would be a larger s
hedulethan Aopt. So let u � i+2 be the a
tivity in Aopt�Ai with the smallest �nishtime. Consider the a
tivities in Aopt � Ai other than u: sin
e these all havestart times � fu, and sin
e fu � fi+1, we see that none of these a
tivitiesoverlap a
tivity i + 1. Let A0opt = (Aopt � fug) [ fi + 1g. A0opt is a s
hedule,and sin
e it has the same size as Aopt, it is an optimal s
hedule. We also
learly have Ai+1 � A0opt � Ai+1 [ fi+ 2; � � � ; ng. �A
tivity S
heduling on Multiple Pro
essorsFor this problem, the input will 
onsist of a positive integer m in addition to(s1; f1); (s2; f2); � � � ; (sn; fn), where m � n denotes the number of pro
essors.Of 
ourse, we are not allowed to s
hedule overlapping jobs on the samepro
essor.More formally, a s
hedule is now de�ned to be a sequen
e A = (A1; A2; � � � ; Am)where ea
h Ak � f1; 2; � � � ; ng and where the following two properties hold:(a) For all k, 1 � k � m, and for all i; j 2 Ak, if i 6= j then a
tivity i doesnot overlap a
tivity j.(b) For all k1; k2, 1 � k1; k2 � m, if k1 6= k2 then Ak1 \ Ak2 = ;.The size of s
hedule A is de�ned to be jA1j+ jA2j+ � � �+ jAmj. The goal isto �nd a s
hedule with as large a size as possible.19



Exer
ise: Give a polynomial time Greedy algorithm for this problem. Provethat your algorithm is optimal. Analyze the running time of your algorithm.Making ChangeCanadian 
oins 
ome in the following denominations: 1, 5, 10, 25, 100, 200.Let's assume that when we give somebody 
hange we want to use as few 
oinsas possible. For example, if we wanted to 
reate the value 143, we 
ould use:3 quarters, 6 dimes, 1 ni
kel and 3 pennies,for a total of 13 
oins. A better way would be to use a greedy algorithmwhere we make 
hange by, at ea
h stage, using as big a 
oin as possible tomake 
hange for the remaining amount. For example, to 
reate the value143, we �rst use a loonie, followed by a quarter, followed by a dime, followedby a ni
kel, followed by 3 pennies, for a total of only 7 
oins. It turns outthat this greedy algorithm always yields an optimal solution, for the 
ase ofCanadian 
oins.It is important to realize that there are other 
urren
ies for whi
h this greedyalgorithm is not optimal. For example, assume we modify our 
urren
y bygetting rid of the ni
kel. Say that we want to 
reate the value 30. The greedyalgorithm will use 1 quarter and 5 pennies, whereas the optimal method uses3 dimes.We wish to dis
uss this greedy algorithm for an arbitrary 
urren
y. Saythat we have k distin
t 
oin denominations of integer values C[1℄ = 1 <C[2℄ < : : : < C[k℄. (Note that be
ause we have a 
oin of value 1, it will bepossible to 
reate any nonnegative integer amount.) We are given an inputn 2 N, and we wish to 
reate a sequen
e of 
oin values S = u1; u2; : : : ; umthat adds up to n su
h that m is as small as possible. Here is 
ode forthe greedy algorithm dis
ussed above. In this algorithm we use Æ to denote
on
atenation of sequen
es, and we assume the empty sequen
e adds up to0. We use the variable s to denote the amount of 
hange that our algorithmhas produ
ed so far.S  empty sequen
e; s 0while s < n dou the largest member of f1; 2; : : : ; kg su
h that C[u℄ � n� sS  S Æ C[u℄; s s+ C[u℄20



end whileAssuming the 
urren
y C (and hen
e k) is 
onstant, this algorithm 
learlyruns in time O(n). (If C as well as n is an input, then it is easy to implementthis algorithm so that it runs in time O(n + k).) As we have seen, it is notguaranteed to produ
e optimal outputs. The following lemma shows one 
aseof C where the algorithm 
an be proven to be optimal.Lemma 8 Let k = 4, and let C[1℄ = 1; C[2℄ = 7; C[3℄ = 13; C[4℄ = 19. Thenthe greedy 
hange-making algorithm above always produ
es an output (S) of
oins summing to n using as few 
oins as possible.Proof: It is easy to see that at the end of ea
h ea
h stage i, S is a sequen
eof i 
oins adding up to s � n. We 
laim, furthermore, that at the end of ea
hstage S is promising in the sense that there is a way of extending S to anoptimal (in the sense of using as few 
oins as possible) sequen
e for n. Thisis 
learly suÆ
ient for proving the Lemma.We will prove this for every stage i by indu
tion on i. It is trivial trueinitially, that is after stage 0. So assume it is true at stage i, and that stagei+ 1 o

urs; we want to prove it is true after stage i+ 1.Let a1; a2; : : : ; ai be the sequen
e the greedy algorithm produ
es at the end ofstage i, and say that they sum to s < n. By the indu
tion hypothesis we 
anlet a1; a2; : : : ; ai; bi+1; : : : ; bw be an optimal solution (to the problem of making
hange for n); assume that bi+1 � bi+2 � : : : � bw. Say that ai+1 is the 
ointhe greedy algorithm produ
es in stage i+1; ai+1 is the largest denomination
oin � n � s. If bi+1 = ai+1 then a1; a2; : : : ; ai; bi+1; : : : ; bw is an optimalsolution that extends a1; a2; : : : ; ai; ai+1 and we are done. So assume bi+1 <ai+1. Let t be the smallest number su
h that bi+1+bi+2+: : :+bt � ai+1. Notethat if bt = 1, then bi+1+bi+2+ : : :+bt = ai+1; if we repla
ed the subsequen
ebi+1; : : : ; bt by the single 
oin ai+1, then we would obtain a shorter sequen
esumming to n, 
ontradi
ting the optimality of a1; a2; : : : ; ai; bi+1; : : : ; bw. Sowe 
an assume that bi+1; : : : ; bt doesn't 
ontain a 
oin of value 1. Sin
e1 < bi+1 < ai+1, we have only two 
ases for ai+1.Case 1: ai+1 = 19. 21



Case 1.0: bi+1; : : : ; bt doesn't 
ontain the 
oin 13. Then bi+1; : : : ; bt 
onsistsof exa
tly three o

urren
es of the 
oin of value 7 and nothing else. We 
anrepla
e these three 
oins by (19; 1; 1), and have an optimal solution extendinga1; a2; : : : ; ai+1, namelya1; a2; : : : ; ai+1; 1; 1; bi+4; : : : ; bw.Case 1.1: bi+1; : : : ; bt 
ontains the 
oin 13 exa
tly one time. (Exer
ise)Case 1.2: bi+1; : : : ; bt 
ontains the 
oin 13 exa
tly two times. (Exer
ise)Case 2: ai+1 = 13. (Exer
ise)Exer
ise: Prove that the greedy 
hange-making algorithm produ
es optimalresults in the 
ase of Canadian 
urren
y:k = 6 and C[1℄ = 1; C[2℄ = 5; C[3℄ = 10; C[4℄ = 25; C[5℄ = 100; C[6℄ = 200.
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