
CSC 364S Notes University of Toronto, Fall 2003Dynami
 Programming AlgorithmsThe setting is as follows. We wish to �nd a solution to a given problem whi
h optimizessome quantity Q of interest; for example, we might wish to maximize pro�t or minimize
ost. The algorithm works by generalizing the original problem. More spe
i�
ally, it worksby 
reating an array of related but simpler problems, and then �nding the optimal value ofQ for ea
h of these problems; we 
al
ulate the values for the more 
ompli
ated problems byusing the values already 
al
ulated for the easier problems. When we are done, the optimalvalue of Q for the original problem 
an be easily 
omputed from one or more values in thearray. We then use the array of values 
omputed in order to 
ompute a solution for theoriginal problem that attains this optimal value for Q. We will always present a dynami
programming algorithm in the following 4 steps.Step 1:Des
ribe an array (or arrays) of values that you want to 
ompute. (Do not say how to
ompute them, but rather des
ribe what it is that you want to 
ompute.) Say how to use
ertain elements of this array to 
ompute the optimal value for the original problem.Step 2:Give a re
urren
e relating some values in the array to other values in the array; for thesimplest entries, the re
urren
e should say how to 
ompute their values from s
rat
h. Then(unless the re
urren
e is obviously true) justify or prove that the re
urren
e is 
orre
t.Step 3:Give a high-level program for 
omputing the values of the array, using the above re
ur-ren
e. Note that one 
omputes these values in a bottom-up fashion, using values that havealready been 
omputed in order to 
ompute new values. (One does not 
ompute the valuesre
ursively, sin
e this would usually 
ause many values to be 
omputed over and over again,yielding a very ineÆ
ient algorithm.) Usually this step is very easy to do, using the re
ur-ren
e from Step 2. Sometimes one will also 
ompute the values for an auxiliary array, inorder to make the 
omputation of a solution in Step 4 more eÆ
ient.Step 4:Show how to use the values in the array(s) (
omputed in Step 3) to 
ompute an optimalsolution to the original problem. Usually one will use the re
urren
e from Step 2 to do this.
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Moving on a grid exampleThe following is a very simple, although somewhat arti�
ial, example of a problem easilysolvable by a dynami
 programming algorithm.Imagine a 
limber trying to 
limb on top of a wall. A wall is 
onstru
ted out of squareblo
ks of equal size, ea
h of whi
h provides one handhold. Some handholds are more dan-gerous/
ompli
ated than other. From ea
h blo
k the 
limber 
an rea
h three blo
ks of therow righ above: one right on top, one to the right and one to the left (unless right or leftare no available be
ause that is the end of the wall). The goal is to �nd the least dangerouspath from the bottom of the wall to the top, where danger rating (
ost) of a path is the sumof danger ratings (
osts) of blo
ks used on that path.We represent this problem as follows. The input is an n �m grid, in whi
h ea
h 
ell has apositive 
ost C(i; j) asso
iated with it. The bottom row is row 1, the top row is row n. Froma 
ell (i; j) in one step you 
an rea
h 
ells (i+ 1; j� 1) (if j > 1), (i+1; j) and (i+1; j +1)(if j < m).Here is an example of an input grid. The easiest path is high-lighted. The total 
ost of the easiest path is 12. Note that agreedy approa
h { 
hoosing the lowest 
ost 
ell at every step {would not yield an optimal solution: if we start from 
ell (1; 2)with 
ost 2, and 
hoose a 
ell with minimum 
ost at every step,we 
an at the very best get a path with total 
ost 13.
Grid example.2 8 9 5 84 4 6 2 35 7 5 6 13 2 5 4 8Step 1. The �rst step in designing a dynami
 programming algorithm is de�ning an array tohold intermediate values. For 1 � i � n and 1 � j � m, de�ne A(i; j) to be the 
ost of the
heapest (least dangerous) path from the bottom to the 
ell (i; j). To �nd the value of thebest path to the top, we need to �nd the minimal value in the last row of the array, that is,min1�j�mA(n; j).Step 2. This is the 
ore of the solution. We start withthe initialization. The simplest way is to set A(1; j) =C(1; j) for 1 � j � m. A somewhat more elegant wayis to make an additional zero row, and set A(0; j) = 0for 1 � j � m.There are three 
ases to the re
urren
e: a 
ell mightbe in the middle (horizontally), on the leftmost or onthe rightmost sides of the grid. Therefore, we 
omputeA(i; j) for 1 � i � n, 1 � j � m as follows:

A(i; j) for the above grid.1 0 0 0 0 0 11 3 2 5 4 8 11 7 9 7 10 5 11 11 11 13 7 8 11 13 19 16 12 15 1
A(i; j) = 8><>:C(i; j) + minfA(i� 1; j � 1); A(i� 1; j)g if j = mC(i; j) + minfA(i� 1; j); A(i� 1; j + 1)g if j = 1C(i; j) + minfA(i� 1; j � 1); A(i� 1; j); A(i� 1; j + 1)g if j 6= 1 and j 6= m2



We 
an eliminate the 
ases if we use some extra storage. Add two 
olumns 0 and m + 1and initialize them to some very large number 1; that is, for all 0 � i � n set A(i; 0) =A(i;m + 1) =1. Then the re
urren
e be
omes, for 1 � i � n, 1 � j � m,A(i; j) = C(i; j) + minfA(i� 1; j � 1); A(i� 1; j); A(i� 1; j + 1)gStep 3 . Now we need to write a program to 
ompute the array; 
all the array B. Let INFdenote some very large number, so that INF > 
 for any 
 o

urring in the program (forexample, make INF the sum of all 
osts +1).// initializationfor j = 1 to m doB(0; j) 0for i = 0 to n doB(i; 0) INFB(i;m + 1) INF// re
urren
efor i = 1 to n dofor j = 1 to m doB(i; j) C(i; j) + minfB(i� 1; j � 1); B(i� 1; j); B(i� 1; j + 1)g// �nding the 
ost of the least dangerous path
ost INFfor j = 1 to m doif (B(n; j) < 
ost) then
ost B(n; j)return 
ostStep 4. The last step is to 
ompute the a
tual path with the smallest 
ost. The idea is toretra
e the de
isions made when 
omputing the array. To print the 
ells in the 
orre
t order,we make the program re
ursive. Skipping �nding j su
h that A(n; j) = 
ost, the �rst 
all tothe program will be PrintOpt(n; j).pro
edure PrintOpt(i,j)if (i = 0) then returnelse if (B(i; j) = C(i; j) +B(i� 1; j � 1)) then PrintOpt(i-1,j-1)else if (B(i; j) = C(i; j) +B(i� 1; j)) then PrintOpt(i-1,j)else if (B(i; j) = C(i; j) +B(i� 1; j + 1)) then PrintOpt(i-1,j+1)end ifput \Cell \ (i; j)end PrintOpt
3



S
heduling Jobs With Deadlines, Pro�ts, and DurationsIn the notes on Greedy Algorithms, we saw an eÆ
ient greedy algorithm for the problem ofs
heduling unit-length jobs whi
h have deadlines and pro�ts. We will now 
onsider a gen-eralization of this problem, where instead of being unit-length, ea
h job now has a duration(or pro
essing time).More spe
i�
ally, the input will 
onsist of information about n jobs, where for job i wehave a nonnegative real valued pro�t gi 2 R�0 , a deadline di 2 N , and a duration ti 2 N .It is 
onvenient to think of a s
hedule as being a sequen
e C = C(1); C(2); � � � ; C(n); ifC(i) = �1, this means that job i is not s
heduled, otherwise C(i) 2 N is the time at whi
hjob i is s
heduled to begin.We say that s
hedule C is feasible if the following two properties hold.(a) Ea
h job �nishes by its deadline. That is, for every i, if C(i) � 0, then C(i) + ti � di.(b) No two jobs overlap in the s
hedule. That is, If C(i) � 0 and C(j) � 0 and i 6= j, theneither C(i)+ ti � C(j) or C(j)+ tj � C(i). (Note that we permit one job to �nish at exa
tlythe same time as another begins.)We de�ne the pro�t of a feasible s
hedule C by P (C) =PC(i)�0 gi.We now de�ne the problem of Job S
heduling with Deadlines, Pro�ts and Durations:Input A list of jobs (d1; t1; g1),..., (dn; tn; gn)Output A feasible s
hedule C = C(1); :::; C(n) su
h that the pro�t P (C) is the maximumpossible among all feasible s
hedules.Before beginning the main part of our dynami
 programming algorithm, we will sort thejobs a

ording to deadline, so that d1 � d2 � � � � � dn = d, where d is the largest deadline.Looking ahead to how our dynami
 programming algorithm will work, it turns out that itis important that we prove the following lemma.Lemma 1 Let C be a feasible s
hedule su
h that at least one job is s
heduled; let i > 0be the largest job number that is s
heduled in C. Say that every job that is s
heduled in C�nishes by time t. Then there is feasible s
hedule C 0 that s
hedules exa
tly the same jobs asC, and su
h that C 0(i) = minft; dig � ti, and su
h that all other jobs s
heduled by C 0 end ator before time minft; dig � ti.Proof: This proof uses the fa
t the the jobs are sorted a

ording to deadline. The detailsare left as an exer
ise.We now perform the four steps of a dynami
 programming algorithm.Step 1: Des
ribe an array of values we want to 
ompute.4



De�ne the array A(i; t) for 0 � i � n, 0 � t � d byA(i; t) = maxfP (C)jC is a feasible s
hedule in whi
h only jobs from f1; � � � ; igare s
heduled, and all s
heduled jobs �nish by time t g.Note that the value of the pro�t of the optimal s
hedule that we are ultimately interestedin, is exa
tly A(n; d).Step 2: Give a re
urren
e.This re
urren
e will allow us to 
ompute the values of A one row at a time, where by theith row of A we mean A(i; 0); � � � ; A(i; d).� A(0; t) = 0 for all t, 0 � t � d.� Let 1 � i � n, 0 � t � d. De�ne t0 = minft; dig � ti. Clearly t0 is the latest possibletime that we 
an s
hedule job i, so that it ends both by its deadline and by time t.Then we have:If t0 < 0, then A(i; t) = A(i� 1; t).If t0 � 0, then A(i; t) = maxfA(i� 1; t); gi + A(i� 1; t0)g.We now must explain (or prove) why this re
urren
e is true. Clearly A(0; t) = 0.To see why the se
ond part of the re
urren
e is true, �rst 
onsider the 
ase where t0 < 0.Then we 
annot (feasibly) s
hedule job i so as to end by time t, so 
learly A(i; t) = A(i�1; t).Now assume that t0 � 0. We have a 
hoi
e of whether or not to s
hedule job i. If we don'ts
hedule job i, then the best pro�t we 
an get (from s
heduling some jobs from f1; � � � ig sothat all end by time t) is A(i� 1; t). If we do s
hedule job i, then the previous lemma tellsus that we 
an assume job i is s
heduled at time t0 and all the other s
heduled jobs end bytime t0, and so the best pro�t we 
an get is gi + A(i� 1; t0).Although the above argument is pretty 
onvin
ing, sometimes we want to give a more rig-orous proof of our re
urren
e, or at least the most diÆ
ult part of the re
urren
e.Step 3: Give a high-level program.We now give a high-level program that 
omputes values into an array B, so that we will haveB[i; t℄ = A(i; t). (The reason we 
all our array B instead of A, is to make it 
onvenient toprove that the values 
omputed into B a
tually are the values of the array A de�ned above.This proof is usually a simple indu
tion proof that uses the above re
urren
e, and so usuallythis proof is omitted.)for every t 2 f0; � � � ; dgB[0; t℄ 0end for 5



for i : 1::nfor every t 2 f0; � � � ; dgt0  minft; dig � tiif t0 < 0 thenB[i; t℄ B[i� 1; t℄elseB[i; t℄ maxfB[i� 1; t℄; gi +B[i� 1; t0℄gend ifend forend forStep 4: Compute an optimal solution.Let us assume we have 
orre
tly 
omputed the values of the array A into the array B.It is now 
onvenient to de�ne a \helping" pro
edure PrintOpt(i; t) that will 
all itselfre
ursively. Whenever we use a helping pro
edure, it is important that we spe
ify theappropriate pre
ondition/post
ondition for it. In this 
ase, we have:Pre
ondition: i and t are integers, 0 � i � n and 0 � t � d.Post
ondition: A s
hedule is printed out that is an optimal way of s
heduling only jobs fromf1; � � � ; ig so that all jobs end by time t.We 
an now print out an optimal s
hedule by 
allingPrintOpt(n; d)Note that we have written a re
ursive program sin
e a simple iterative version would printout the s
hedule in reverse order. It is easy to prove that PrintOpt(i; t) works, by indu
tionon i. The full program (assuming we have already 
omputed the 
orre
t values into B) is asfollows:pro
edure PrintOpt(i; t)if i = 0 then return end ifif B[i; t℄ = B[i� 1; t℄ thenPrintOpt(i� 1; t)elset0  minft; dig � tiPrintOpt(i� 1; t0)put \S
hedule job", i, \at time", t0end ifend PrintOptPrintOpt(n; d)Analysis of the Running TimeThe initial sorting 
an be done in time O(n logn). The program in Step 3 
learly takes timeO(nd). Therefore we 
an 
ompute the entire array A in total time O(nd + n logn). When6



d is large, this expression is dominated by the term nd. It would be ni
e if we 
ould statea running time of simply O(nd). Here is one way to do this. When d � n, instead of usingan n logn sorting algorithm, we 
an so something faster by noting that we are sorting nnumbers from the range 0 to n; this 
an easily be done (using only O(n) extra storage) intime O(n). Therefore, we 
an 
ompute the entire array A within total time O(nd). Step 4runs in time O(n). So our total time to 
ompute an optimal s
hedule is in O(nd). Keep inmind that we are assuming that ea
h arithmeti
 operation 
an be done in 
onstant time.Should this be 
onsidered a polynomial-time algorithm? If we are guaranteed that on allinputs d will be less than, say, n2, then the algorithm 
an be 
onsidered a polynomial-timealgorithm.More generally, however, the best way to address this question is to view the input as asequen
e of bits rather than integers or real numbers. In this model, let us assume that allnumbers are integers represented in binary notation. So if the 3n integers are representedwith about k bits ea
h, then the a
tual bit-size of the input is about nk bits. It is not hardto see that ea
h arithmeti
 operation 
an be done in time polynomial in the bit-size of theinput, but how many operations will the algorithm perform? Sin
e d is a k bit number, d 
anbe as large as 2k. Sin
e 2k is not polynomial in nk, the algorithm is not a polynomial-timealgorithm in this setting.Now 
onsider a slightly di�erent setting. As before, the pro�ts are expressed as binaryintegers. The durations and deadlines, however, are expressed in unary notation. Thismeans that the integer m is expressed as a string of m ones. Hen
e, d is now less than thebit-size of the input, and so the algorithm is polynomial-time in this setting.A
tually, in order to de
ide if this algorithm should be used in a spe
i�
 appli
ation, allyou really have to know is that it performs about nd arithmeti
 operations. You 
an then
ompare it with other algorithms you know. In this 
ase, perhaps the only other algorithmyou know is the \brute for
e" algorithm that tries all possible subsets of the jobs, seeingwhi
h ones 
an be (feasibly) s
heduled. Using the previous lemma, we 
an test if a set of jobs
an be feasibly s
heduled in time O(n), so the brute-for
e algorithm 
an be implemented torun in time about n2n. Therefore, if d is mu
h less than 2n then the dynami
 programmingalgorithm is better; if d is mu
h bigger than 2n then the brute-for
e algorithm is better; ifd is 
omparable with 2n, then probably one has to do some program testing to see whi
halgorithm is better for a parti
ular appli
ation.
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The (General) Knapsa
k ProblemFirst, re
all the Simple Knapsa
k Problem from the notes on Greedy algorithms. We aregiven a sequen
e of nonnegative integer weights w1; � � � ; wn and a nonnegative integer 
a-pa
ity C, and we wish to �nd a subset of the weights that adds up to as large a number aspossible without ex
eeding C. In e�e
t, in the Simple Knapsa
k Problem we treat the weightof ea
h item as its pro�t. In the (general) Knapsa
k Problem, we have a separate (nonnega-tive) pro�t for ea
h job; we wish to �nd the most pro�table knapsa
k possible among thosewhose weight does not ex
eed C. More formally, we de�ne the problem as follows.Let w1; � � � ; wn 2 N be weights, let g1; � � � ; gn 2 R�0 be pro�ts, and let C 2 N be a weight.For ea
h S � f1; � � � ; ng let K(S) = Pi2S wi and let P (S) = Pi2S gi. (Note that K(;) =P (;) = 0.) We 
all S � f1; � � � ; ng feasible if K(S) � C.The goal is to �nd a feasible S so that P (S) is as large as possible.We 
an view a Simple Knapsa
k Problem as a spe
ial 
ase of a General Knapsa
k Problem,where for every i, gi = wi.Furthermore, we 
an view a General Knapsa
k Problem as a spe
ial 
ase of a S
hedulingWith Deadlines, Pro�ts and Durations Problem, where all the deadlines are the same. Tosee this, say that we are given a General Knapsa
k Problem with 
apa
ity C and with nitems, where the ith item has weight wi and pro�t gi. We then 
reate a s
heduling problemwith n jobs, where the ith job has duration wi, pro�t gi, and deadline C. A solution tothis s
heduling problem yields a solution to the knapsa
k problem, and so we 
an solvethe General Knapsa
k Problem with a dynami
 programming algorithm that runs in timeO(nC).
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All pairs Shortest Path ProblemWe de�ne a dire
ted graph to be a pair G = (V;E) where V is a set of verti
es and E � V �Vis a set of (dire
ted) edges. Sometimes we will 
onsider weighted graphs where asso
iatedwith ea
h edge (i; j) is a weight (or 
ost) 
(i; j). A (dire
ted) path in G is a sequen
e of oneor more verti
es v1; � � � ; vm su
h that (vi; vi+1) 2 E for every i, 1 � i < m; we say this is apath from v1 to vm. The 
ost of this path is de�ned to be the sum of the 
osts of the m� 1edges in the path; if m = 1 (so that the path 
onsists of a single node and no edges) thenthe 
ost of the path is 0.Given a dire
ted, weighted graph, we wish to �nd, for every pair of verti
es u and v, the 
ostof a 
heapest path from u to v. This should be 
alled the \all pairs 
heapest path problem",and that is how we will refer to it from now on, but traditionally it has been 
alled the\all pairs shortest path problem". We will give the Floyd-Warshall dynami
 programmingalgorithm for this problem.Let us assume that V = f1; � � �ng, and that all edges are present in the graph. We aregiven n2 
osts 
(i; j) 2 R�0 [ f1g for every 1 � i; j � n. Note that our 
osts are eithernonnegative real numbers or the symbol \1". We don't allow negative 
osts, sin
e then
heapest paths might not exist: there might be arbitrarily small negative-
ost paths fromone vertex to another. We allow 1 as a 
ost in order to denote that we really view thatedge as not existing. (We do arithmeti
 on 1 in the obvious way: 1 plus 1 is 1, and 1plus any real number is 1.)For 1 � i; j � n, de�ne D(i; j) to be the 
ost of a 
heapest path from i to j. Our goal is to
ompute all of the values D(i; j).Step 1: Des
ribe an array of values we want to 
ompute.For 0 � k � n and 1 � i; j � n, de�neA(k; i; j) = the 
ost of a 
heapest path from i to j, from among those paths from i to jwhose intermediate nodes are all in f1; � � � ; kg. (We de�ne the intermediate nodes of thepath v1; � � � ; vm to be the set fv2; � � � ; vm�1g; note that if m is 1 or 2, then this set is empty.)Note that the values we are ultimately interested in are the values A(n; i; j) for all1 � i; j � n.Step 2: Give a re
urren
e.� If k = 0 and i = j, then A(k; i; j) = 0.If k = 0 and i 6= j, then A(k; i; j) = 
(i; j).This part of the re
urren
e is obvious, sin
e a path with no intermediate nodes 
anonly 
onsist of 0 or 1 edge.� If k > 0, then A(k; i; j) = minfA(k � 1; i; j); A(k � 1; i; k) + A(k � 1; k; j)g.The reason this equation holds is as follows. We are interested in 
heapest paths fromi to j whose intermediate verti
es are all in f1; � � � ; kg. Consider a 
heapest su
h path9



p. If p doesn't 
ontain k as an intermediate node, then p has 
ost A(k�1; i; j); if p does
ontain k as an intermediate node, then (sin
e 
osts are nonnegative) we 
an assumethat k o

urs only on
e as an intermediate node on p. The subpath of p from i to kmust have 
ost A(k�1; i; k) and the subpath from k to j must have 
ost A(k�1; k; j),so the 
ost of p is A(k � 1; i; k) + A(k � 1; k; j).We leave it as an exer
ise to give a more rigorous proof of this re
urren
e along the lines ofthe proof given for the problem of s
heduling with deadlines, pro�ts and durations.Step 3: Give a high-level program.We 
ould 
ompute the values we want using a 3-dimensional array B[0::n; 1::n; 1::n℄ in a verystraightforward way. However, it suÆ
es to use a 2-dimensional array B[1::n; 1::n℄; the ideais that after k exe
utions of the body of the for-loop, B[i; j℄ will equal A(k; i; j). We willalso use an array B0[1::n; 1::n℄ that will be useful when we want to 
ompute 
heapest paths(rather than just 
osts of 
heapest paths) in Step 4.All Pairs CPfor i : 1::n doB[i; i℄ 0B0[i; i℄ 0for j : 1::n su
h that j 6= i doB[i; j℄ C(i; j)B0[i; j℄ 0end forend forfor k : 1::n dofor i : 1::n dofor j : 1::n doif B[i; k℄ +B[k; j℄ < B[i; j℄ thenB[i; j℄ B[i; k℄ +B[k; j℄B0[i; j℄ kend ifend forend forend forWe want to prove the following lemma about this program.Lemma: For every k; i; j su
h that 0 � k � n and 1 � i; j � n, after the kth exe
ution ofthe body of the for-loop the following hold:� B[i; j℄ = A(k; i; j) 10



� B0[i; j℄ is the smallest number su
h that there exists a path p from i to j all of whoseintermediate verti
es are in f1; � � � ; B0[i; j℄g, su
h that the 
ost of p is A(k; i; j). (Notethat this implies that B0[i; j℄ � k).Proof: We prove this by indu
tion on k. The base 
ase is easy. To see why the indu
tion stepholds for the �rst part, we only have to worry about the fa
t that when we are 
omputing thekth version of B[i; j℄, some elements of B have already been updated. That is, B[i; k℄ mightbe equal to A(k � 1; i; k), or it might have already been updated to be equal to A(k; i; k)(and similarly for B[k; j℄); however this doesn't matter, sin
e A(k� 1; i; k) = A(k; i; k). Therest of the details, in
luding the part of the indu
tion step for the se
ond part of the Lemma,are left as an exer
ise. �This Lemma implies that when the program has �nished running, B0[i; j℄ is the smallestnumber su
h that there exists a path p from i to j all of whose intermediate verti
es are inf1; � � � ; B0[i; j℄g, su
h that the 
ost of p is D(i; j).Step 4: Compute an optimal solution.For this problem, 
omputing an optimal solution 
an mean one of two di�erent things. Onepossibility is that we want to print out a 
heapest path from i to j, for every pair of verti
es(i; j). Another possibility is that after 
omputing B and B0, we will be given an arbitrarypair (i; j), and we will want to 
ompute a 
heapest path from i to j as qui
kly as possible;this is the situation we are interested in here.Assume we have already 
omputed the arrays B and B0; we are now given a pair of verti
es iand j, and we want to print out the edges in some 
heapest path from i to j. If i = j then wedon't print out anything; otherwise we will 
all PrintOpt(i; j). The 
all PrintOpt(i; j)will satisfy the following Pre
ondition/Post
ondition pair:Pre
ondition: 1 � i; j � n and i 6= j.Post
ondition The edges of a path p have been printed out su
h that p is a path from i toj, and su
h that all the intermediate verti
es of p are in f1; � � � ; B0[i; j℄g, and su
h that novertex o

urs more than on
e in p. (Note that this holds even if there are edges of 0 
ost inthe graph.)The full program (assuming we have already 
omputed the 
orre
t values into B0) is asfollows:pro
edure PrintOpt(i; j)k  B0[i; j℄if k = 0 thenput \edge from",i,\to",jelsePrintOpt(i; k)PrintOpt(k; j)end ifend PrintOpt 11



if i 6= j then PrintOpt(i; j) end ifExer
ise:Prove that the 
all PrintOpt(i; j) satis�es the above Pre
ondition/Post
ondition pair.Prove that if i 6= j, then PrintOpt(i; j) runs in time linear in the number of edges printedout; 
on
lude that the whole program in Step 4 runs in time O(n).Analysis of the Running TimeThe program in Step 3 
learly runs in time O(n3), and the Exer
ise tells us that the programin Step 4 runs in time O(n). So the total time is O(n3). We 
an view the size of the inputas n { the number of verti
es, or as n2 { an upper bound on the number of edges. In any
ase, this is 
learly a polynomial-time algorithm. (Note that if in Step 4 we want to printout 
heapest paths for all pairs i; j, this would still take just time O(n3).)Remark: The re
urren
e in Step 2 is a
tually not as obvious as it might at �rst appear.It is instru
tive to 
onsider a slightly di�erent problem, where we want to �nd the 
ost ofa longest (that is, most expensive) path between every pair of verti
es. Let us assume thatthere is an edge between every pair of verti
es, with a 
ost that is a real number. The notionof longest path is still not well de�ned, sin
e if there is a 
y
le with positive 
ost, then therewill be arbitrarily 
ostly paths between every pair of points. It does make sense, however, toask for the length of a longest simple path between every pair of points. (A simple path isone on whi
h no vertex repeats.) So de�ne D(i; j) to be the 
ost of a most expensive simplepath from i to j. De�ne A(k; i; j) to be the 
ost of a most expensive path from i to j fromamong those whose intermediate verti
es are in f1; 2; : : : ; kg. Then it is not ne
essarily truethat A(k; i; j) = maxfA(k � 1; i; j); A(k � 1; i; k) + A(k � 1; k; j)g. Do you see why?
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A
tivity Sele
tion with Pro�tsThe book CLR, as well as the Notes on Greedy Algorithms, 
onsiders the problem of A
tivitySele
tion, and gives a greedy algorithm that works for this problem. We will now 
onsider themore diÆ
ult problem of of A
tivity Sele
tion with Pro�ts, and give a dynami
 programmingalgorithm for this problem.The input is information about n a
tivities; for the ith a
tivity we are given three nonnegativereal numbers (si; fi; gi) where si is the start time of a
tivity i, fi is the �nish time of a
tivity i(and si < fi), and gi � 0 is the pro�t we get if we s
hedule a
tivity i. For i; j 2 f1; 2; � � � ; ng,i 6= j, we say i and j are 
ompatible if the 
orresponding 
ourses don't overlap, that is, iffi � sj or fj � si. A (feasible) s
hedule is a set S � f1; 2; � � � ; ng su
h that every twodistin
t numbers in S are 
ompatible. The pro�t of a s
hedule S is P (S) = Pi2S gi. Wewant an algorithm for �nding a s
hedule that maximizes pro�t. (Note that we are assuming,for 
onvenien
e, that si < fi for every a
tivity i, rather than merely si � fi. This is no greatloss: if trivial a
tivities { that is, a
tivities of 0 duration { exist, we 
an always remove them,�nd an optimal s
hedule S, and then add the trivial a
tivities to S.)Before starting the dynami
 programming algorithm itself, we do some pre
omputation, asfollows. We �rst sort the a
tivities a

ording to �nish time, so that f1 � f2 � � � � � fn. Wealso 
ompute, for every a
tivity i, a number H(i) de�ned asH(i) = maxfl 2 f1; 2; : : : ; i�1g j fl � sig; the maximum value of the empty set is 0. We 
an
ompute ea
h value H(i) in time O(logn) using binary sear
h, so all of the pre
omputation
an be done in time O(n logn).We now perform the four steps of the dynami
 programming method.Step 1: Des
ribe an array of values we want to 
ompute.For every integer i, 0 � i � n, de�neA(i) = the largest pro�t we 
an get by (feasibly) s
heduling a
tivities from f1; 2; : : : ; ig.The value we are ultimately interested in is A(n).Step 2: Give a re
urren
e.� A(0) = 0.This is true be
ause if we are not allowed to s
hedule any a
tivities at all, then thehighest pro�t we 
an make is 0.� Let 1 � i � n. ThenA(i) = maxfA(i� 1); gi + A(H(i))g:To see why this equality holds, 
onsider a best possible s
hedule S among those 
on-taining a
tivities from f1; 2; : : : ; ig. If i =2 S, then P (S) = A(i � 1). Otherwise i 2 S;be
ause the a
tivities were sorted by �nish time, the other a
tivities in S have �nishtimes � fi, and therefore must have �nish times � si; so the rest of S must be an13



optimal s
hedule among those that 
ontain a
tivities from f1; 2; : : : ; H(i)g.Step 3: Give a high-level program.We leave it as an exer
ise to give a program for 
omputing the values of A in time O(n).Step 4: Compute an optimal solution.This is left as an exer
ise. If one is 
areful, then using the array A, one 
an 
ompute anoptimal s
hedule in time O(n).The total time used by this algorithm is O(n logn). It is a polynomial-time algorithm.Example A
tivity i: 1 2 3 4Start si: 0 2 3 2Finish fi: 3 6 6 10Pro�t gi: 20 30 20 30H(i): 0 0 1 0A(0) = 0A(1) = maxf0; 20 + A(H(1))g = 20A(2) = maxf20; 30 + A(H(2))g = 30A(3) = maxf30; 20 + A(H(3))g = 40A(4) = maxf40; 30 + A(H(4))g = 40The reader should note that the problem of s
heduling a
tivities with pro�ts 
an be gen-eralized to multiple pro
essors, and an appropriate generalization of the above dynami
programming algorithm 
an be used to solve this more general problem. This algorithm willrun in polynomial time, but only if the number of pro
essors is �xed. (That is, if the runningtime is O(n
), then the exponent 
 may depend on the number of pro
essors.)
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Longest Common Subsequen
eThe input 
onsists of two sequen
es ~x = x1; : : : ; xn and ~y = y1; : : : ; ym. The goal is to �nd alongest 
ommon subsequen
e of ~x and ~y, that is a sequen
e z1; : : : ; zk that is a subsequen
eboth of ~x and of ~y. Note that a subsequen
e is not always substring : if ~z is a subsequen
eof ~x, and zi = xj and zi+1 = xj0, then the only requirement is that j 0 > j, whereas for asubstring it would have to be j 0 = j + 1.For example, let ~x and ~y be two DNA strings ~x = TGACTA and ~y = GTGCATG; n = 6and m = 7. Then one 
ommon subsequen
e would be GTA. However, it is not the longestpossible 
ommon subsequen
e: there are 
ommon subsequen
es TGCA, TGAT and TGCTof length 4.To solve the problem, we noti
e that if x1 : : : xi and y1 : : : yj are pre�xes of ~x and ~y re-spe
tively, and xi = yj, then the length of the longest 
ommon subsequen
e of x1 : : : xiand y1 : : : yj is one plus the length of the longest 
ommon subsequen
e of x1 : : : xi�1 andy1 : : : yj�1.Step 1. We de�ne an array to hold partial solution to the problem. For 0 � i � n and0 � j � m, A(i; j) is the length of the longest 
ommon subsequen
e of x1 : : : xi and y1 : : : yj.After the array is 
omputed, A(n;m) will hold the length of the longest 
ommon subsequen
eof ~x and ~y.Step 2. At this step we initialize the array and give the re
urren
e to 
ompute it.For the initialization part, we say that if one ofthe two (pre�xes of) sequen
es is empty, thenthe length of the longest 
ommon subsequen
e is0. That is, for 0 � i � n and 0 � j � m,A(i; 0) = A(0; j) = 0.The re
urren
e has two 
ases. The �rst is when thelast element in both subsequen
es is the same; thenwe 
ount that element as part of the subsequen
e.The se
ond 
ase is when they are di�erent; thenwe pi
k the largest 
ommon sequen
e so far, whi
hwould not have either xi or yj in it. So, for 1 � i �n and 1 � j � m,

A(i; j) for the above example.; G T G C A T G; 0 0 0 0 0 0 0 0T 0 0 1 1 1 1 1 1G 0 1 1 2 2 2 2 2A 0 1 1 2 2 3 3 3C 0 1 1 2 3 3 3 3T 0 1 2 2 3 3 4 4A 0 1 2 2 3 4 4 4
A(i; j) = (A(i� 1; j � 1) + 1 if xi = yjmaxfA(i� 1; j); A(i; j � 1)g if xi 6= yjStep 3. Skipped.Step 4. As before, just retra
e the de
isions.
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Longest In
reasing Subsequen
eNow let us 
onsider a simpler version of the LCS problem. This time, our input is only onesequen
e of distin
t integers ~a = a1; a2; : : : ; an., and we want to �nd the longest in
reasingsubsequen
e in it. For example, if ~a = 7; 3; 8; 4; 2; 6, the longest in
reasing subsequen
e of ~ais 3; 4; 6.The easiest approa
h is to sort elements of ~a in in
reasing order, and apply the LCS algorithmto the original and sorted sequen
es. However, if you look at the resulting array you wouldnoti
e that many values are the same, and the array looks very repetitive. This suggest thatthe LIS (longest in
reasing subsequen
e) problem 
an be done with dynami
 programmingalgorithm using only one-dimensional array.Step 1: Des
ribe an array of values we want to 
ompute.For 1 � i � n, let A(i) be the length of a longest in
reasing sequen
e of ~a that end with ai.Note that the length we are ultimately interested in is maxfA(i) j 1 � i � ng.Step 2: Give a re
urren
e.For 1 � i � n,A(i) = 1 + maxfA(j) j 1 � j < i and aj < aig.(We assume max ; = 0.)We leave it as an exer
ise to explain why, or toprove that, this re
urren
e is true.Step 3: Give a high-level program to 
ompute thevalues of A.This is left as an exer
ise. It is not hard to designthis program so that it runs in timeO(n2). (In fa
t,using a more fan
y data stru
ture, it is possible todo this in time O(n logn).)

LCS and LIS arrays for the exampleA(i,j) ; 7 3 8 4 2 6; 0 0 0 0 0 0 02 0 0 0 0 0 1 13 0 0 1 1 1 1 14 0 0 1 1 2 2 26 0 0 1 1 2 2 37 0 1 1 1 2 2 38 0 1 1 2 2 2 3A(i) 1 1 2 2 1 3Step 4: Compute an optimal solution.The following program uses A to 
ompute an optimal solution. The �rst part 
omputes avalue m su
h that A(m) is the length of an optimal in
reasing subsequen
e of ~a. The se
ondpart 
omputes an optimal in
reasing subsequen
e, but for 
onvenien
e we print it out inreverse order. This program runs in time O(n), so the entire algorithm runs in time O(n2).m 1for i : 2::nif A(i) > A(m) thenm iend ifend for
put amwhile A(m) > 1 doi m� 1while not(ai < am and A(i) = A(m)� 1) doi i� 1end whilem iput amend while16


