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Abstract 

When a particular point is fixated b y  an active 
stereo system different portions of the world are 
brought into interocular alignment. This region is 
known as the horoptor. Through an examination 
of the horoptor under different viewing conditzons it 
is demonstrated that for certain binocular tasks at 
is desirable to manipulate the horoptor b y  rotating 
(torquing) the cameras about their optical axes. This 
manipulation can be passive for operations such as 
stereo based obstacle detection for mobile robots, or 
active for active bi,nocular heads. Techniques for both 
situations are presented. 

1 Introduction 

Stereo vision has a long history as a research topic 
in both the computational and biological literatures. 
Early stereopsis work in the computer vision field 
concentrated on static stereo systems utilizing par- 
allel optical axes. More recently the computational 
field has begun to examine how to actively control 
robotic stereo sensors (stereo heads) so as to allow 
the vision system to ‘fixate’ different structures in a 
scene[1,3,11,13]. Most of these heads concentrate on 
moving the fixation point of the stereo system (the in- 
tersection point of the two optical axes) without con- 
sidering the effect of different head geometries on the 
computational tasks that are to be performed on the 
acquired images. Although these effects may be safely 
ignored for very simple operations such as tracking a 
bright spot around the environment, these effects can 
have serious implications for more sophisticated ac- 
tive vision tasks such as obtaining environmental lay- 
out from active stereo. As computational stereopsis 
is applied under varying convergent geometry, the un- 
derlying computational tasks become more and more 
similar to the tasks encountered by biological stereo 
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systems. The biological community has considerably 
more experience in the analysis of of convergent stereo 
imagery processing and it can be instructive to ex- 
amine how biological systems exploit the camera/eye 
geometry and its relationship with image disparities. 

Given a particular head geometry, three dimen- 
sional points in the world are mapped to image points 
in the two cameras that make up a binocular head. La- 
beling these cameras as ‘1’ and ‘r’, the computational 
task associated with localizing structure in three di- 
mensions given the projection of the structure onto 
the two cameras reduces to the task of determining 
the correspondence between the projection of a point 
in one camera with its projection in the other. This is 
the classic correspondence problem and is considered 
to be the hard problem in stereo image processing. In 
the most general case the search for the correspond- 
ing feature in one camera is a two dimensional search 
through the entire image space of the other. Knowl- 
edge of the camera geometry can be used to limit the 
search to a single dimension along the epipolar line. If 
only a limited range of disparities needs to be searched, 
this search can be limited to a finite segment of the 
epipolar line. 

In a passive stereo system, different virtual fixation 
points can be constructed and searches for matches 
performed near these points. In art active stereo sys- 
tem, a fixed disparity range is considered for interocu- 
lar matches and different regions of three dimensional 
space are mapped to this disparity range by modifying 
the head geometry. In either case: when only a lim- 
ited range of disparities are to be processed (say near 
zero disparity), the relationship between the range 
of image disparities over which correspondence takes 
place and the three dimensional space to which it cor- 
responds needs to be known. If i>his relationship is 
not known then either some regions of space will not 
be sensed which should be or computational resources 
will be wasted fruitlessly searching matches in regions 
for which matches are not required. What effect do 
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different head parameters have on the 3D region 
real space that is localized near zero disparity? 

2 The horoptor 

of 

When a scene is viewed binocuarly points in the 
world are mapped onto different image points in the 
left and right eyes. In general a point will have dif- 
ferent horizontal and vertical positions in each eye. 
That vertical disparities exist and have a particular 
structure is overlooked in much of the computational 
literature although there have been some notable ex- 
ceptions, e.g. [8,9]. If P = [z y z 1IT is an arbi- 
trary point in 3 space described in homogeneous coor- 
dinates, then a pinhole camera i E (1, r )  maps P to the 
point. (ui ,  V i )  = f i ( ( M P ) z / ( M P ) z ,  ( M P ) y / ( M . P ) z )  
where Mi is the mapping in homogeneous coordinates 
from a world coordinate system to  a coordinate sys- 
tem aligned with the i’th camera and fi is the focal 
length. The region of space that has the same verti- 
cal and horizontal positions in 1 and r is then given 
by U I  = U,. and wl = w,.. Regardless of the complex- 
ity of the geometry relating the two cameras, possible 
differences in focal length, and even possible camera 
misalignment , each of these two constraints simplifies 
to a term of the form 

( a j x + b j y + c j z + d j ) ( e j z + f j y + g j 2 . + h j )  = 0 
j = 1 , 2  

The region of space having zero vertical and horizontal 
disparity must satisfy both of these constraints simul- 
taneously. The structure of this horoplor can be very 
complex. Rather than examining all possible head ge- 
ometries, a simpler form of the horoptor is possible 
by restricting head geometries to  those possible with 
existing stereo heads. 

In order that  the optical axes of the two cameras 
intersect, most stereo heads are either constructed so 
that they cannot raise or lower their eyes indepen- 
dently or so that they control the vertical orientation 
of the eyes as a single logical unit. The assumption 
of equal tilt and focal lengths for the pinhole cam- 
era models simplifies the form of the horoptor con- 
siderably. Affix a right handed 3D co-ordinate sys- 
tem to  the binocular head with 1 and r at (-e,O,O) 
and (e,O,O). As the two cameras will not be raised 
or lowered independently, align the y axis so that 
it is perpendicular to  the plane formed by joining 
the nodal points of the two eyes with the fixation 
point. The positive y-axis points up, the positive x- 
axis points to  the right and the negative z-axis points 

Figure 1: Coordinate system. The two eyes fixate a 
common point (the fixation point). The eyes deviate 
amounts 01 and 0,. from looking straight ahead, and 
torque about their optical axes by amounts $ 1  and $,.. 
Note that in order for the fixation point to  be in front 
of the head 0,- 2 0,. 

towards the fixation point. The cameras rotate away 
from the -z-axis by amounts 81 and 8,- and torque 
about their optical axis by amount $1  and 4,. (see Fig- 
ure 1). Under these assumptions the horoptor equa- 
tion for zero horizontal and vertical disparity results 
in two constraints; both of which are of the form 
a x 2  + 2hzz + bz2 + 292 + 2 j z  + c = 0 where 

a = cos(41) cos(81) s in(4)  - cos($,.) cos(&.) sin(&) 
h = (1/2) cos(8, + ~I)(cos($I) - cos(4p)) 
b = cos($p) cos(6‘1) sin(&-) -  cos($^) sin(8l) cos(&.) 
g = (1/2)y(sin($i) sin(&) - sin($,.) sin(81)) 
f = (1/2)e(cos($r) + cos(4r)) cos(ar - el)+ 

(1/2)Y(cos(~r) ~ 4 4 1 )  - cos(&) sin($,.) 
c = e(ecos($,.)cos(O,.)sin(O,)- 

cos(41) cos(4) cos(6’r)) 
-y(sin(O,.)sin(di) + sin($,.) sin(&))) 

are the coefficients for the horizontal constraint and 

a = 
h = 
b = 
g = 
f 1 

C =  

sin($[) sin(4) cos(&) - sin($,.) sin(&) 
(1/2) cos(& + &)(sin(41) - sin($,-)) 
sin($,)sin(Oi) cos($,.) - sin($,.) sin(&) cos(el) 
(1/2)y(sin(@-) COS($I) - sin(&) cos(&)) 
( ~ / ~ ) Y ( c o s ( $ ~ )  cos(8r) - cos($,) cos(el)) 
--(lP)e(sin($i) +sin($,.)) cos(el - e,.) 
e( e(  sin( $ 1 )  cos( e l )  cos(e,.)- 
sin($,.) cos(8,) sin(O1)) 
-y(sin(&) cos(41) + sin(&) cos($,.))) 

are the coefficients for the vertical constraint. These 
are curves of the second order and have been de- 
rived before many times using different representa- 
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Figure 2: Horoptor curve without torsion 

(see Helmholtz[l8] for an alternative deriva- 
Both of these curves are potentially el- 

not aligned with the x-z axes. Regardless 
of the torsions both constraints are satisfiedat the 
nodal points of the two cameras (*e,O,O), and 
also at  the fixation point (-esin(O, + 01)/sin(0, - 
er), 0, -2e  cos(0I) cos(d,)/sin(0, - 0,)). 

2.1 Zero Torsion 

Now consider the (typically assumed) case of zero 
torsion (41 = 4, = 0). The horizontal and vertical 
constraints simplify to the region of space described 
by 2’ + ( z  + ecot(0, - 0,))’ = e 2 / s i n 2 ( 8 ,  - el)  and 
y = 0 or x(sin(0,) - sin(01)) + z(cos(6,) - cos(8l)) = 
e(sin(0,) +sin(&)) This curve is plotted in Figure 2 .  

As has been described many times in the biological 
literature (see [16] or [5] for example), the horoptor 
curve consists of two parts, a circle lying in the plane 
containing the nodal points of the two eyes (known as 
the longitudinal horoptor), and a vertical line perpen- 
dicular to the circle (known as the vertical horoptor). 
The longitudinal horoptor is also known as the Vieth- 
Muller circle. This circle remains unchanged as the 
eyes fixate different points along the circle (0, - 01 
remains fixed). It is also important to note that the 
vertical horoptor does not necessarily intersect the lon- 
gitudinal horoptor at  the fixation point. 

When the eyes are in symmetric vergence 0, = -01 
then the ideal vertical horoptor passes through the fix- 
ation point. Normally sighted human subjects show a 
tilt in the vertical horoptor awayfrom the observer [18] 
which implies that the corresponding retinal points in 
humans are twisted outwards[l7]. This point will be 

returned to later. 
Consider the implications of the horoptor on clas- 

sic parallel optical axes stereo algorithms. The zero- 
disparity region corresponds to two single lines in 
space. Near-zero horizontal disparities correspond to a 
cylindrical region which is perpendicular to the plane 
containing the nodal points of the eyes and the fixation 
point. Near zero vertical disparities limit the cylinder 
to regions near the 3: - z plane and a line parallel to 
the y axis. The zero-disparity region most certainly 
does not correspond to a simple flat surface. 

Another example comes from the application of 
static stereo cameras to  the task of obstacle avoidance 
in mobile robotics. Typically two (or more) cameras 
are mounted in fixed calibrated mounts with a fixed 
fixation point some distance from the robot. As the 
robot moves different regions are brought to the fix- 
ation point, and the robot is to determine if objects 
exist which might require the robot to change course. 
Unfortunately the horoptor does not correspond with 
the region of space that needs to be searched for po- 
tential obstacles. Ideally the horoptor should be either 
vertical to detect obstacles such as walls, or coincident 
with the floor to detect floor anomalies. As torsion 
does not change the property that the fixation point 
has zero disparity, perhaps the local structure of the 
horoptor can be manipulated by choosing different eye 
torques for different visual tasks. 

2.2 Symmetric Fixation 

An examination of the horizontal disparity con- 
straint shows that the ellipse can be made to align 
with the x-z axes by choosing to torque the eyes with 
the same magnitude. For the vert,ical disparity con- 
straint the torques must be identical. However if 
symmetric fixation is assumed then writing 01 = -0, 
0, = 0, 41 = -4 and 4, = 4 the horoptor simplfies 
to a parabola lying in the 5 = 0 plane (the verti- 
cal horoptor) and an ellipse which lies in the plane 
ysin(0) + 2 tan(4) = 0 (the longitudinal horoptor). 
This is shown in Figure 3. Under symmetric fixation, 
cyclotorsion defines the local surface slant to which 
zero disparity corresponds (see also [ 1 2 ] ) .  

3 Passive control of cyclotorsion 

Consider the task  of utilizing stereo to detect floor 
anomalies (FAD) or obstacle avoidance for a mobile 
robot. Assuming no torsion, then the vertical horoptor 
which passes through the fixation point slopes away 
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Figure 3: Horoptor curve with torsion. As the eyes 
torque away from zero torsion the vertical horoptor ro- 
tates away from the vertical and the horizontal horop- 
tor moves out of the plane formed by the fixation point 
and the nodal points of the two eyes to meet it. 

- cally adjustable torsions although the sampling diffi- 
culties associated with sampling rotated images are 
well known[l4]. The reduced apparent surface tilt ob- 

m .* tained with torsional eye movements brings more of 
the surface within a particular range of disparities. 

n .* 

. 

from the robot. By rotating the eyes about their op- 
tical centres this slope can be set to any value. Two 
values are of particular interest; setting the vertical 
horoptor to be perpendicular to the ground, or set- 
ting the vertical horoptor to lie on the ground plane. 
Setting the vertical horoptor to be vertical would 
be useful for obstacle avoidance tasks in man made 
environments. Vertical walls would be detected as 
large structures having spatial cohesion as the robot 
moves throughout its environment. Setting the verti- 
cal horoptor to lie on the ground plane would be useful 
for detecting anomalities on the ground plane; such as 
small obstacles or hollows in the ground[4]. This is 
the strategy that appears to be used by biological sys- 
tems (see [16] for a review of this strategy in different 
animals and on the development of this strategy in 
humans). 

In order to utilize stereo vision in a robotic environ- 
ment for tasks like floor anomaly detection or obstacle 
avoidance, a reasonable amount of vision calibration 
must be performed. The optical axes of the camera 
must intersect (or intersect at infinity) in order for the 
interocular matches to be useful for later processing. 
As this calibration must be performed, and as part 
of this process is to calibrate for a particular torsion 
(typically zero), there is little additional cost associ- 
ated with calibrating for a specific non-zero torsion. 

4 Active control of cyclotorsion 

In a binocular head such as TRISH[10] capable of 
actively controlling eye torsions it is possible to dy- 
namically adjust the eye torsion so as to match the 

computing the ‘cyclodisparity’ between the left right 
images[6]. One mechanism would be to have a unique 
cyclodisparity measurement process which is specifi- 
cally designed to measure gross rotational differences 
between the two images. A second mechanism would 
combine local disparity measurements into a global ro- 
tational measurement. This second form of cyclodis- 
parity detection can be accomplished by combining 
local disparity estimates to solve in a least squares 
manner for the global image rotation. 

Assume that the eyes are currently fixating some 
locally planer surface. Then near the centre (0,O) of 
the image the distribution of disparities (Sx,Sy) can 
be related to a local torsional rotation Sq5 by Sx = 
-y6$ and Sy = 264. If that the eyes are fixated on 
some image structure, then choosing a cyclodisparity 
that minimizes in a least squares sense the fit near the 
image centre to a image rotation solves for 

Note that this computation requires only the values of 
6x and Sy which are the local image disparities which 
are typically computed by the disparity measurement 
process. 

In order to implement the cyclodisparity measure- 
ment process, some mechanism is required to measure 
local disparities. A phase based interocular matching 
process[7] is used here but other disparity measure- 
ment processes are possible. 

For rotated patterns the image rotation obtained 
using (1) recovers the correct cyclodisparity until the 
disparity grows so large that the (62, 6y) values begin 
to fall outside the disparity range to which the dis- 
parity detectors are tuned. This is illustrated quite 
clearly in Figure 4. 

In order to track cyclodisparities in an active en- 
vironment some sort of control loop is desirable to 
predict the expected cyclodisparity and to smooth 
out small temporal variations. Many different con- 
trol loops are possible. One simple approach is to 
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Figure 4: Recovered cyclodisparities using a phase 
based disparity measurement process [7] and a least 
squares fit. Note the slight positive bias due to the 
use of normal disparity rather than 2D disparity and 
the failure of the measurement process as the inputs 
begin to fall outside the detection range of the dispar- 
it,y measurement process. 

model the true cyclodisparity as a constant which 
is corrupted with zero mean noise and to build a 
Kalman based control process to estimate the true 
cyclodisparity[2], i.e. to assume that d ( t )  is simply 
a corrupted version of s(t - 1) and that the measure- 
ment process given in (1) returns a corrupted version 
y(t) of d ( k ) ,  i.e. $(t) = $( t  - 1) + to(t - 1 )  and 
y(t) = d ( t )  + v ( t ) .  Assuming that the noise process is 
well behaved, i.e. E[w( t ) ]  = E[v(t)] = 0, E [ w 2 ( t ) ]  = 
U:,, E[v2( t ) ]  = U,” and E [ w ( k ) w ( j ) ]  = E [ v ( k ) v ( j ) ]  = 
0 k # j ,  then the Kalman estimate $(t)  of $(t) is given 
by $( t )  = a(t)$( t  - 1) + b ( t ) y ( t )  where a ( t )  = 1 - b ( t )  
and b ( t )  = (u,2b(t-l)+a;)/(u,26(t-l)+u;+U,”). This 
can be embedded within a simple control loop in or- 
der to recursively estimate in a least squares sense the 
current cyclodisparity at  time t given measurements 

The results of using this simple control loop to ac- 
tively determine the cyclodisparity and to account for 
it are shown in Figure 5. The surface starts out at  
zero disparity and then tilts to induce a cyclodispar- 
ity of 0.6 radians in total. The surface maintains 
this tilt and then changes tilt until the surface in- 
duces a cyclodisparity of -0.6 radians in total. Re- 
sults for two different control loops are shown. In 
the first U: = a;/10 while in the second U,” = U ; .  

In  both cases the active cyclodisparity process ac- 
curately tracks the input, nullifying the induced cy- 
clodisparity. The effect of increasing U,” is to generate 
a longer temporal averaging process so that the track- 
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Figure 5: Active control of cyclodisparity. The hori- 
zontal scale is time while the vertical scale is the in- 
duced cyclodisparity to each eye so the total cyclodis- 
parity is twice that shown. 

ing is smoother but slightly delayed. 

5 Discussion 

Although the effect of torsional rotations on the 
horoptor geometry have been understood for over 100 
years it is only recently that computational models of 
stereopsis have considered convergent stereopsis and 
have had to examine in depth the effects of differ- 
ent head geometries on the nature of the computa- 
tional processes. As binocular processing is typically 
only performed over a small range of disparities it is 
important to understand the relationship between a 
particular head geometry, a range of disparities, and 
three dimensional space. This paper has derived the 
situation for the smallest possible range of disparities 
(exactly zero disparity), and it is near this region in 
space that most active stereo heads and processes pro- 
pose to process stereo information. If stereo heads are 
to be used for more than just tracking single bright 
dots over a simple background, or to track objects at  
roughly eye height, the effects of the geometry cannot 
be ignored. 

For active heads it is not possible to precompute 
the appropriate torque for all visual tasks. Different 
torques are suitable for different tasks. The  active 
control of torsional eye movements can be used to; (i) 
make the best possible use of the range over which 
the disparity detectors operate by mapping structure 
in the world to the detection region of the operators, 
(ii) make an arbitrary surface slant, appear “frontopar- 
allel” in disparity space, and thus ideally suited to 
binocular processing by many stereopsis algorithms. 
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and (iii) replace the bottom-up search process in vision 
with a top-down search with explicit target knowledge 
which is a considerably more efficient process[l5]. Ac- 
tive binocular systems which do not take the shape of 
the horoptor into account must attempt to overcome 
the mismatch between zero-disparity surfaces in dis- 
parity space and planar surfaces in the real world by 
searching large disparity regions whose size is a func- 
tion not only of the shape of the 3D surface but also 
of the current head geometry. 
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