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Abstract uses curvature information and tracks the derivative of curvature 
across scales to produce a syntactic description of curves. The 

In this paper the authors present a new technique for both the fact that explicit parts are extracted by both these approaches 
smoothing and decomposition of planar curves. This technique, is a very useful and appealing characteristic. Contour informa- 
dubbed “curvature-tuned smoothing” provides for robust rota- tion has traditionally been easier to extract from images than 
tion and translation invariant smoothing of planar curves. As volumetric information since it is often directly accessible. As 
the smoothing is performed, parts are extracted robustly and a result, contour information, and curvature in particular, has 
at multiple scales. These parts are subsequently usable for ob- been used as a practical recognition cue by several researchers 
ject recognition. The parts extracted correspond to regions of (Connell and Brady 1985; Bhanu and Faugeras 1984; Brooks 
roughly uniform curvature and constitute a rich description of 1981; Kehtarnavaz and deFigueiredo 1988; Milios 1988; Pent- 
the original data. This representation describes some regions at  land 1988). 
multiple scales since multiple structures may co-occur. Curvature derivatives, curvature extrema and, in fact, curva- 

ture zero-crossings are not, however, stable with respect to mi- 
nor perturbations of the curve. A complete description of curve 1 Introduction structure therefore depends on being able to deal with unstable 
characteristics of the data and structures at a variety of scales. 

In this paper the authors present a technique for object descriP- In order to capture and make explicit important structure with- tion and representation based on the robust extraction of cur- out excessive sensitivity to details, a multi.scale representation 
vature data. The technique is based on the decomposition of is required (Nishihara 1981). 
the curve of interest into segments of roughly uniform curvature. The stable extraction and measurement of curvature informa- 
From these segments a symbolic description of the input curve tion in the presence of noise has been dealt with in several ways 
is constructed. The description allows the data to be dealt with pes1  1988; L~~~ 1988; Zucker et al. 1988). one characteristic of 
either in terms of its coarse structure, or based on finer scale most existing curvature.measurement techniques is the assump- 
properties. Furthermore, because the representation is derived tion that there is a unique curvature that can be measured at 
from local properties, it allows recognition to proceed despite the each point. 1 While this is, of course, true in the analytic case, 
occlusion of parts of the object. the assumption introduces significant difficulties for inverse prob- 

in +ion. 
several reasons. Two-dimensional data can be directly applied Despite the appealing 
(without 3-dimensional reconstruction) and its value has been researchers, the need for scale-specific operators (which also man- 

and Stoever 1977). For example, there exist navigation tasks 01 the choice of an appropriate neighborhood for measurements) 
where two-dimensional world structure is a valuable cue to loca- to deal with noise problems inherent preference for 
tion (Brooks 1981; Dudek et al. 1988, are examples). Further- certain ranges of curvature value and involves strong implicit as- 
111ore, it is a longstanding open problem and serves as a stepping sumptions about the underlying signal. The actual curvature of 
stone to the related problem of shape and curvature description a depends on what we noise and what we signal, 
i n  three dimensions. The approach described here can, in fact, and consequently may on differing values depending on our 

A substantial body of work exists dealing with scale-space fl- 
1.1 Related work tering, examining the properties of zero-crossings of the second 

derivative of a one-dimensional signal under blurring (Witkin 
The utility of curvature information as a cue to object identifica- 1983). In general curve description by blurring techniques cap- 
tion has been recognized for some time. Attneave illustrated the tures the structurL of regions between zero-crossings by observing 
perceptual significance of curvature maxima Over thirty Years ago their stability Over scale-space. It may be that explicitly extract- 
( Atheave 19S4). More recently Lowe has shown that Attneave’s ing and representing the interesting structures at  various scales, 
Perceptual results can be explained equally well by a represents- as in the technique described here, has advantages over observing 
tion based on curvature inflection points (Lowe 1985). implicit properties of the structures in the image. In fact, what 

The physical relevance of curvature minima motivated the rep- we require is a representation that makes useful characteristics of 
resentation of contour using “codons”, a Curve description gram- the data explicit so that they can be accessed and used by 
inar that decomposes curves at local minima, and also Cur- subsequent processes. By using curvature information directly, 
vature zero-crossing information (Hoffman and Richards 1984; we avoid several degeneracies that may occur with zero-crossing 
Richards and HOffman 1984). This decomposition Parses curves based representations and directly extract those features of the 
into a vocabulary of standard parts, however, it depends on the data that we are interested in using for 
curve being pre-smoothed appropriately so that specific struc- 
tures of interest can be isolated from noise and other independent 
structures. The close relationship between curvature informa- 
tion and axes of symmetry has been examined by Leyton (Ley- 
ton 1987). The curvature primal sketch (Asada and Brady 1986) 

The recognition of planar curves is a significant problem for lems involving noisy signals, such as those that 
that have been achieved by 

long recognized by perceptual psychologists (Pomerantz, Sager ifests itself as the need for the choice of a best smoothing scale, 

be generalized to three dimensions. goals. 

‘This assumption is often only stated implicitly. Some techniques use 
multiple scales at an intermediate filtering stage, but then concentrate on 
selecting the single correct curvature at each point. 
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Figure 1: An image of a human hand and two boundary curves extracted by simple-minded segmentations at different scales. 
Regions of roughly uniform curvature, of the sort extracted by the method, are delimited by dashed lines. Note that although 
the extracted curves differ in scale, the relative curvature structure is the same. Observe also that each high curvature region has 
naturally limited spatial extent. (The bump of the middle finger is an artifact of the grey-level segmentation processes. Delimiting 
lines were abstracted and simplified manually to illustrate the concept; the actual regions extracted overlapped.) 

1 .2  Regularization goal. 

The term “regularization” (or “variational regularization”) has 
been applied to techniques for converting ill-posed problems to  
well-posed ones; that is, guaranteeing that the problem being 
solved 1ia.s a solution, preferably a unique one, and that it is 
continuous. Poggio and his colleagues first demonstrated the l e 3  

significance of ill-posedness to computational vision and the rel- 
evance of regularization as a general framework for dealing with a In order to  improve stability of image processing operations and 
wide variety of vision problemsZ (Torre and Poggio 1984; Poggio, deal with noisy data, it  is usually necessary to  apply smoothing 
Torre and Koch 1985). As typically formulated, regularization to  natural images. Furthermore, in many cases an assumption of 
t,alies the form of transforming an original problem of the form smoothness provides not only robustness in the face of noise, but 

a crucial constraint that makes an otherwise underdetermined 
A z = y  (1) system soluble. The smoothing process, however, also alters the 

character of the data. Smooth data is, as often applied, that with 
where z is an unknown solution matrix to be found and A is minimized curvature. one conventional approach to smoothing 
a (transformation) matrix, and y is the input data, to a new to is solve a variational minimization problem such as the iithin- 
(minimization) problem of the form plate” model based on minimizing: 

Smoothing 

J (u ( t )  - d(t))2 + P ( U ” ( t ) ) 2 d t  (3) 
IIA - YI I  + X l lPZ l l  (2) 

where llPzll is a “stabilizing functional” and X is the regulariza- 
tion parameter. As usually applied in computational vision, the where we wish to  determine u(t) ,  the smoothed data, given d ( t ) ,  
st,ahilizer is usually a low-order derivative of z enforcing smooth- the input data. We do this by finding the function ~ ( t )  that min- 
iiess of the final solution, and X determines the tradeoff between imizes this functional Over the region of interest. This function 
t,he amount of smoothing and the closeness to the original prob- u( t )  is a compromise between the original data (the constraint of 
]em. The explicit and practical application of regularizing tech- the first term) and our a priori smoothness criterion (the second 
niques as smoothness constraints for surface reconstruction were term). Another common smoothing technique is Gaussian blur- 
esa.mined by Grimson (Grimson 1981) and further pursued by ring, where the curve’s function is convolved with a Gaussian. 
Tcrzopoulos (Terzopoulos 1984). These authors made use of reg- These techniques and others like them typically smooth the im- 
ularizers based on first and second derivatives; smoothing anal- age in a single uniform manner and then apply a second stage for 
ogous to the minimization of bending energy in flexible mem- picking models to  describe the data. The degree of smoothing is 
hranes and thin solid plates. It was shown that regularization also, as noted earlier, a goal-dependent problem. The structures 
]lot only allowed a variety of surface interpolation and smooth- of interest determine the required amount of smoothing. Even on 
iiig t,asks to be conveniently and elegantly described in a formal already-ideal data, smoothing will usually have some deleterious 
sett,ing, but that algorithms based on these techniques could be effect, hence altering the character of subsequent computations. 
iiiatle reasonably efficient. What we propose is to  perform a unitary operation which is 

It, is crucial to observe that the form of the stabilizing func- specifically tuned to the model classes we wish to  select. In 
t,ioiial is of great significance in determining the find solution. short, we wish to  smooth the data so that curvature information 
’This functional corresponds to an a priori assumption regard- is not distorted. An appropriate smoother for application to  
ing the nature of acceptable world models; it coerces functions planar curves should also be rotation and translation invariant. 
t h a t  are inconsistent with the assumption into other forms in a When our input is ideal data, for example a perfect circle, the 
well-behaved fashion. If our goal in a vision problem is to  detect effect of the smoothing is nil. In this way, potential model fits 
and extract object parts with given characteristics, it is of great (segments of constant curvature) are not distorted by the results 
value to select a stabilizing functional that is consistent with this of the smoothing operation. This is in contrast to conventional 

smoothing, which can potentially distort the results of the model- 
’111 fact, a variety of early vision techniques from the early 1980s used search process and yield inappropriate measurements even with 

ideal data. const raiiits that are actually regularizing functions. 
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1.4 Curvature 

We define a curve, d ( t ) ,  in the plane, parameterized by arc length 
t .  It is given by the function: 

and its curvature K is given by 

d;( t )d;( t )  - d;( t )d&(t )  
K ( t ) *  = 

(4) 

( 5 )  

(where ’ indicates differentiation with respect to t )  which reduces 
to 

K ( t )  = d!&)di(t) - d:( t )d&(t) .  (6) 
due to the arc-length parameterization. It has been frequently 
observed that curvature properties provide an apparently pow- 
erful cue to the underlying structure of the curve. The structure 
of a plane curve is completely captured by it curvature function, 
which is, in turn, an invariant property of the curve itself and 
is hence insensitive to  changes in the coordinate system (such as 
rotation). Furthermore, the curvature function is smoothly and 
monotonically related to the scale of the structure of the curve 
(i.e. the radius of curvature at  any given point). As such, lo- 
cal relationships between the curvature of different parts of the 
curve are retained even when the curve changes size (and its 
absolute curvatures change, see fig. 1).  This immediately sug- 
gests that the relative, “topological” structure of the curvature 
function may provide a scale invariant framework. 

2 Technique 

The technique we describe here is based on smoothing and sub- 
dividing an input curve by solving a set of variational optimiza- 
tion problems. We perform smoothing with discontinuities using 
a set of curvature-tuned minimization functions. The differing 
versions of the smoothed data provide a decomposition of the 
origina,l curve. 

The definition of smoothness has traditionally been closely re- 
lated to the minimization of one or more of the derivatives of 
the curve. In fact, many approaches to curve description or de- 
composition presuppose that the data have been smoothed at  an 
“appropriate” scale in advance. In general, a single “appropri- 
ate” degree of smoothing is very difficult to  determine for any 
given set of data; too much smoothing tends to obliterate struc- 
ture in the underlying data, too little fails to remove noise and 
iiistabilities. 

In general terms, we use a family of smoothing functions that 
define smoothness as the degree to which the function’s curva- 
ture matches a target value. Specifically, we propose a family of 
smoothing measures of the form: 

€ ( t , C i )  = Ilu(t) - d(t)112 + X 4 ( K ( t )  - Ci)2 (7) 

(8) 
and 

Energy,  ~ ( u ,  c;) = J €( t )  d t  

\There d ( t )  is the original data, ~ ( t )  is a smoothed version of 
the data, and ci is a constant that defines the target value for 
the curvature function ~ ( t )  (i.e. ci is the target curvature). By 
minimizing this functional, E ,  over the curve while allowing the 
introduction of discontinuities, we obtain a segmented version 
of the curve. Repeating this process over the range of values 
for C;  a set of decompositions of the curve are obtained. Each 
value of c, corresponds to selecting a different class of structures 
from the curve data; structures whose curvature can be approx- 
imated by the value of ci.  Observe that for c; equal to zero, 

we have a smoothing operation very much like the aforemen- 
tioned small-deflection thin-plate/thin-beam regularization. In 
fact, the ci = 0 case corresponds to a more accurate description 
of thin-beam bending energy than the usual second derivative 
approximation. Similarly, the physical analogue for arbitrary ci 
values is a bendable material with a natural degree of curvature 
and a propensity to shatter. 

The value of 6 over each segment along with the segment’s 
length indicate the appropriateness of that curvature value as 
a description of the portion of the curve to which the segment 
applies. When the spacing of discontinuities is small relative to 
ci, this suggests that the curve could not naturally be described 
using that degree of curvature. When long low-energy segments 
are extracted, this indicates that the corresponding value of c; 
was well matched to the underlying data. For example, dense 
data from a circle of curvature q will be expressed as a single 
segment at target curvature q, while at other target curvatures 
substantially different from q the energy measure E will induce 
a partitioning into many small segments with relatively high en- 
ergy. 

2.1 Local Interactions 

As a variational problem, we can examine the Euler-Lagrange 
differential equation associated with this minimization and it’s 
influence function (the Green’s function for the locally linearized 
approximation). The form of the influence function expresses the 
sensitivity of the solution to  local changes in the data. The rate of 
decay of the Green’s function predicts the locality of interactions 
in terms of the final solution to  the variational problem. The 
Euler-Lagrange equation for the functional being minimized is 
somewhat complex. We can approximate it by assuming that 
the the curve remains arc-length parameterized, which is the 
form of the input data. This leads to a a pair of (linearized) 
differential equations of the form: 

2(z(t)  - dx(t)) -t Ex = 
2X4(y’/(t)A + A‘y’(t)) - 

2X4(2A’y’’ + y”‘(t)A + y‘A) = 0 (9) 

Unfortunately, the associated Green’s function for this problem 
has not been determined analytically at  the time of this writ- 
ing. We have, however, numerically estimated the response to 
local perturbations and found that the influence function can be 
approximated by an oscillatory function with an exponentially 
decaying envelope. This is consistent with expected behavior 
for Green’s functions for similar physical systems, as well as the 
Green’s function for conventional second-derivative “thin-beam’’ 
smoothen (Blake and Zisserman 1987). 

2.2 Discontinuities 

Discontinuities are inserted into the smoothed function itera- 
tively when the local energy after convergence exceeds the dis- 
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continuity threshold, (. In principle, a discontinuity is inserted 
where the local energy function is maximal (and above E ) ,  then 
the minimization is re-solved, and the next discontinuity is in- 
serted. In practice, because of the local nature of the interactions 
and the rapid decay of the linearized smoother’s Green’s func- 
tion, multiple discontinuities can be inserted in a single pass and 
the function can be resolved rapidly. 

Unfortunately, the discontinuity detection process introduces 
unavoidable non-linearities in the process of finding the opti- 
mum solution. Pairs of discontinuities, for example, may lead to 
a single discontinuity being detected where two should actually 
occur, or the placement of the adjacent discontinuities may be 
incorrect. Fortunately, several techniques for extracting the dis- 
continuities in similar problems in a reasonably stable manner 
exist (Terzopoulos 1983; Terzopoulos 1986; Blake and Zisserman 
1987). Even more important, however, is the fact that disconti- 
nuities interact with one another primarily only when they are 
closely spaced. This is the case because the influence function 
associated with this minimization problem decays rapidly with 
distance. When discontinuities are well separated, their interac- 
tion and hence the severity of the non-linearity they introduce is 
greatly reduced. Since we are interested in finding areas where an 
underlying curve is well described at  a given curvature, and hence 
where the size of the segments that serve as “good” descriptions 
is comparatively large, the interaction between discontinuities 
for the segments that serve as the most appropriate parts will 
generally not be a major difficulty. 

As a result of the non-linearity nature of the system being 
solved, it can, in principle, admit local minima. In practice this 
are not of great concern for two reasons: local minimain this type 
of system do not appear to be physically plausible (Tauchert and 
Lu  1987) and we are interested in solutions to the minization 
problem that occur close to the initial data, hence drastically 
constraining the solution space for the minimization. 

2.3 Signals t o  symbols 

Fitting the curve with smoothing functions having different cur- 
vature tunings, ci, produces several different sets of discontinu- 
ities; one for each curvature tuning. The regions between dis- 
continuities at a given tuning are those segments of the original 
curve that can be described well as a curve of curvature roughly 
c,. These segments are analogous to the straight-line segments 
that are produced by a linear approximation to a curve. Unlike 
straight-line segments, however, there may be multiple segments 
for any given region of the curve corresponding to the multiple 
curvatures at which it can be described. 

The set of segments taken together form a multi-scale struc- 
ture, with curvature being the scale parameter. Curvature serves 
naturally as a scale parameter since the maximum extent of a 
region with a given curvature is proportional to its radius of 
curvature (i.e. a circle of circumference 2n /k ) .  

We can also compute the mean fitting energy of each segment - 
t,liat is, how well it serves as a description of the underlying data. 
By extracting the largest and lowest-energy elements from this 
structure, we can determine the alternative descriptive structures 
t.hat are most salient for the given curve. It appears that by using 
only the set of segments that have locally minimal energy over 
scale. a powerful description of the curve can be extracted. As 
a result, smooth data can be described in a compact form since 
i t  is composed of rather large segments, each one capturing the 
structure of a substantial region of the data. 

3 Empirical constraints 

An implementation of the above decomposition was carried out 
and the results of its application are described below. The im- 

plementation iteratively inserts discontinuities at  local energy 
maxima using a greedy algorithm. This suffices to demonstrate 
the basic characteristics of the representation, particularly since 
precise discontinuity location is not as crucial as the detection of 
large discontinuity-free regions. 

An crucial parameter in the application of the technique is 
the sampling density in curvature space. That is, the partic- 
ular curvature tunings, c; values, at  which the smoothing and 
decomposition is performed. The maximum curvature used for 
sampling reflects the maximum curvature for which structure 
will be detected in the original data. Any variations of the data 
at higher curvatures will fail to produce a good match at  any 
scale and thus will not be faithfully represented. The spacing 
between curvature space samplings is related to the ability of 
the representation to discriminate between curves with similar 
curvatures. If the objects of interest are known to be discrim- 
inable from specific ranges of curvature, then the resolving power 
of the representation can be focused there, while sampling other 
parts of curvature space more sparsely. 

The constant that determines the amount of “smoothing”, A, 
must be chosen to give an appropriate trade-off between the local 
measurements and the global model. The choice of this constant 
is determined by observing that it is directly related to the in- 
teraction range of the resulting smoothing. An noted above, the 
influence of local perturbations falls off exponentially with dis- 
tance. The X parameter determines the rate of decay. Further, 
since we are dealing with curves, we can conclude that we do 
not expect regions of a given curvature to have an extent greater 
than the circumference of a circle with a corresponding curva- 
ture. Hence, the maximum extent of a region with curvature ci 
is 2 ~ / c i .  This implies that at  any point, the region of support 
for the smoothing should be no greater than this. We can define 
the region of support for the exponential Green’s function as the 
region over with is exceeds some arbitrary constant (eg. 0.5). 
At the edge of the region of support, which has extent 2n/ci  the 
Green’s function envelope gives us 

where A is a constant. 
smoothing constants at  each scale is given by: 

Hence the relationship between the 

where Xo is the value chosen for the base case of ci = 1. 
As the value of the discontinuity threshold, t ,  increases, the 

number of segments used to represent the data decreases, since 
energies that might have caused a discontinuity to be inserted 
no longer do so. On the other hand, the amount of change in 
the data needed to produce a change in the representation will 
also increase. Thus, ( is analogous to an error or resolution 
parameter for the fitting process, in the sense that increasing 
values o f t  produce sparser sets of segments (each being larger), 
which fit the data with less fidelity. Since both X at c; are scale 
factors, the value of E can be selected as a function of X on the 
difference between ci and ci+l. 

The following figure (fig. 2) illustrates the result of applying 
this decomposition to a curve with structures at  several scales. 
The portions of the decomposed curves marked with darker lines 
are the components that are locally minimal in energy and used 
to make up the representation. 

It can be observed that the marked sections of the curve ap- 
pear to be major structures of the curve. Any section of a curve 

3The properties of the data and model allow ns to determine the apprw 
priate value for XO in a principled manner. 

133 



a Input data 

- 0 . 0 2 5  

0.005 

3.080 

Minimal 

_______.___.._____________. unselected 

-0.030 

0.000 

0 . 0 4 5  

! i  -> 
' ' L... 

- 0 . 0 3 5  

-0.005 

0 . 0 3 0  

- 0 , 0 5 0  

- 0.010 

3.015 

-0.060 
~ 

0.010 

Figure 2: A curve decomposed at a variety of curvature scales. Each box is the decomposition (and smoothing) at  a different 
curvature tuning. The small number in each box indicates the curvature value for the tuning. Low-energy (i.e. minimal) segments 
are marked by heavy lines. 

having relatively uniform curvature will produce a low energy at 
some curvature scale. If this region is of a different curvature 
from that of its neighbors, it will be bounded by discontinuities. 
The threshold determining how different the neighboring curva- 
tures must be is controlled by the parameter [. Note, however, 
that merely concatenating the major segments does not produce 
a reconstruction of the original curve. Segments from different 
scales correspond to decompositions of the curves which are not 
directly compatible since, among other things, they are based on 
incompatible partitionings of the underlying data. Although we 
can relate the positions of the segments from different scales to 
one another, inferring a single structure is a more complex, and 
potentially unnecessary, process. Although it appears that the 
multi-scale representation can be shown to be complete under 
appropriate sampling conditions, the existence of a reconstruc- 
tion procedure is neither necessary to establish this result, nor is 
it even a particularly critical requirement for a useful represen- 
tation. 

4 Discussion 
The representation presented above would appear to have a va- 
riety of desirable characteristics. It is multi-scale, and hence 
deals with noise naturally. It allows arbitrary degrees of preci- 
sion in describing the underlying data. It has intuitively appeal- 
ing characteristics, decomposing curves in readily comprehen- 
sible manner. By selecting the appropriate segments from the 
curvature-space description of the curve, it produces a compact 
representation for smooth curves. 

When any structure of significant size is added to a plane 
curve, or existing part of the curve is deformed, this changes 

the curvature function in the region. If the curvature of the 
changes introduced is below the maximum curvature being used 
for the decomposition, then these changes will be manifested in 
the representation. Furthermore, the extent of the perturbation 
to the representation of the curve will be local to the region 
modified. As such, this representation should produce similar 
representations for similar curves. Likewise, the topology of the 
representation will be preserved under rotation and scaling of 
the underlying curve. In other words, as the underlying data 
is rotated or scaled, the part decomposition produced by this 
technique will retain its structure. This suggests that this repre- 
sentation is appropriate to curve matching and recognition since 
its structure is sensitive to the underlying curve data rather than 
the viewing conditions. 

By correctly sampling curvature space and approgriately set- 
ting the discontinuity threshold, [, it appears that this represen- 
tation can be made complete. That is, it can be made arbitrarily 
precise in discriminating two curves and can, in principle, be used 
to fully reconstruct the original curve data. 

The representation has been used in a simple curve matching 
algorithm and is readily applicable. Typical objects that have 
been discriminated are shown in figure 3. Low curvature areas 
and large segments are useful for matching gross characteristics 
of objects and narrowing the search space. Small segments and 
those with high curvature provide additional information for dis- 
crimination between qualitatively similar objects. 

5 Summary 

The approach presented in this paper serves as a new robust 
technique for the description of curved objects. Since the method 
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Figure 3: Several of the types of curved objects that have been discriminated using a simple matching algorithm based on the 
representation described here. Examples are shown of objects that differ both in “qualitative” and “quantative” properties. 
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